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—— Abstract

We study procedures for the derivability problem of fragments of intuitionistic logic. Intuitionistic logic is
known to be PSPACE-complete, with implication being one of the main contributors to this complexity. In
fact, with just implication alone, we still have a PSPACE-complete logic. We study fragments of intuitionistic
logic with restricted implication, and develop algorithms for these fragments which are based on the proof
rules. We identify a core fragment whose derivability is solvable in linear time. Adding disjunction elim-
ination to this core gives a logic which is solvable in co-NP. These sub-procedures are applicable to a wide
variety of logics with rules of a similar flavour. We also show that we cannot do better than co-NP whenever

disjunction elimination interacts with other rules.
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1 Introduction

Intuitionistic logic is well-known to be a PSPACE-complete logic [17]. One of the main contributors
to this complexity is implication, particularly the implication introduction rule. The very form

of the rule, displayed below, provides a hint as to the difficulties involved.
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Suppose we try to determine if a set of formulas X derives o. If o were derivable only using
rules for conjunction, say, then we could compute the ‘closure” of X by repeatedly adding to it all
formulas derivable in one step, and see if we ever reach o this way. The point to note here is that
the “context’, X, is fixed. But the moment the proof involves the — i rule, we cannot work with a
fixed context anymore. To verify whether X derives a — [3, we have to change context, and verify
if XU {a} derives (3. This ‘context switch” is at the heart of the complexity of intuitionistic logic.

Another rule which forces this kind of context switch in intuitionistic logic is disjunction

elimination, displayed below.

XFaVvB XoabFy XPBFy
Ve
Xky

! Supported by a TCS Research Fellowship, and partially by a grant from the Infosys Foundation.
® Partially supported by a grant from the Infosys Foundation.


mailto:jam@imsc.res.in
mailto:vaishnavi@cmi.ac.in
mailto:spsuresh@cmi.ac.in

The complexity of disjunction in intuitionistic logic

To verify if X derives y when we already know that it derives a V [3, we might have to check if y is
derived both from X U {o} and X U {{3}.

An interesting question to consider is whether these two rules have similar contributions to
the complexity of derivability. Since implication by itselfis PSPACE-complete [17], we need to study
disjunction in the presence of restricted forms of implication to address this question. We are
able to show that disjunction by itself is solvable in PTIME, and in the presence of conjunction and
restricted forms of negation and implication, it is solvable in co-NP. We also show that we can do

no better than co-NP, even for minimal fragments involving disjunction.

The decision procedure is interesting in its own right. We identify a core fragment that does
not involve context switches of the kind alluded to above. We solve this fragment in PTIME (lin-
ear time, in fact) in Section 3, and show how to extend this to a co-NP procedure when we add
disjunction elimination (in Section g). This offers a source of parametrization, and we obtain
a PTIME decision procedure when we bound the set of formulas on which we apply disjunction

elimination (in Section 4.2).

We have already mentioned that we study disjunction in the presence of restricted forms of
implication and negation. What sort of restrictions are natural to impose? We have seen that the
problematic thing about implication is that the — i rule forces a context switch. So we could re-
strict intuitionistic logic by only considering the elimination rule for implication®, while leaving
out the introduction rule. We can do a little better, by considering a variant known as primal im-
plication [11] (also referred to as semi-implication [2]). This is defined by the following introduction

rule.
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Primal implication defines a strict sublogic of intuitionistic logic. For instance, intuitionistic
validities like p — p are not provable using the above rule. But more importantly, the rule is so
designed that no context switch is forced while trying to check if X derives a. In fact, this feature
is crucial to the PTIME solvability of primal infon logic [11], which is a logic with primal implication,

conjunction, and some modalities.

It is worth noting that we consider the complexity of the derivability problem, and not the validity
problem as is usually done. While these two problems are equivalent in the presence of the — i rule,

for the restricted fragments that we consider, derivability is more general.

For precisely the same reason (that we consider fragments without — i), we cannot define —a
as o — L. We need to have explicit rules for negation. Of these, the elimination rule for negation
does not force a context switch, but the introduction rule does, just as in the case of implication.
The precise effect of negation introduction in the absence of — i on complexity is unclear, so we

only consider restrictions where we drop negation introduction altogether.

® Itis clear that modus ponens does not force context switches of the kind we are discussing.
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Applications

Intuitionistic logic is a subject with a rich history, with connections to fundamental aspects of
mathematics, philosophy and computer science, but it also finds application in such concrete
areas of computer science as system security and communication security in distributed proto-
cols. Consider the derivability question: given a finite set of formulas X, a formula o, does X derive
o? This question is of practical importance when X is a security policy that specifies permissions
and o is the assertion of someone being permitted some action [1, 10]. Or it might be the case
that X is a set of terms picked by an eavesdropper watching a channel and « is a term to be kept
secret [8]. Inference in such situations is typically intuitionistic. This is essentially due to the fact
that terms are constructed in cryptographic protocols using encryption keys etc, and when a term
tis not constructible by an agent A, then A cannot even assert “(m occurs in t) V —(m occurs in t).”
For examples of such reasoning, see [15].

In the applications mentioned above, the complexity of derivability is of prime importance,
since a derivability check is often a vital component of more detailed security structures [6]. These
systems are usually disjunction-free, with a PTIME derivability procedure [3, 7, 11]. But reasoning
about disjunction is also important for security applications, even though it typically increases

the complexity of the derivability problem (see [15], for example).

Related work

The results reported in this paper are very close to work done in the realm of authorization lo-
gics, specifically primal infon logic and its extensions. It was shown that primal infon logic is
in PTIME [3, 11] but adding disjunction makes the problem co-NP-complete [4]. Specifically, it was
shown that a system with primal implication, conjunction, disjunction and L is co-NP-hard, using
a translation from classical logic. Our lower bound results can be seen as a refinement of the result
in [4], as we show that disjunction with any one of these other connectives is already co-NP-hard.
The upper bound results are also very similar to those in [4], but we provide explicit algorithms
while the results there are obtained via a translation to classical logic. Our procedures can be seen
as a way of lifting PTIME decision procedures for local theories [7, 14] to co-NP procedures for the
same logics with disjunction. More recently, the complexity of primal logic with disjunction was
studied in further detail in [13], but the proofs are via semantic methods.

Another important area of study is the disjunction property and its effect on complexity. A
system is said to have the disjunction property if it satisfies the following condition: whenever
X F a V3 and X satisfies some extra conditions (for example, V does not occur in any formula of
X), then X F a or X - 3. The disjunction property and its effect on decidability and complexity
have been the subject of study for many years. For example, it has been proved that as long as any
(propositional) extension of intuitionistic logic satisfies the disjunction property, derivability is
PSPACE-hard, while otherwise it is in co-NP (see Chapter 18 of [5]). Various other papers also in-
vestigate extensions of intuitionistic logic with the disjunction property [9, 12, 16]. In contrast to
these results, our paper considers subsystems of intuitionistic logic obtained by restricting implica-
tion. Further, in our paper, the focus is more on the left disjunction property: namely that X,aV[3 vy
iff X,alyand X, Fv.
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2 Preliminaries

Assume a countably infinite set of atomic propositions &. The set of formulas ® is given by

aBu=pl-alaABlaVB|a—f

For a set of operators &, we denote by ¢ the set of all formulas consisting only of the operators
in 0. For example, &} is the set of all formulas built only using the V operator, &V} is the set of
all formulas built only using the V and A operators, &c. For ease of notation, we ignore the braces
and instead use ®V, ®V", &.

The set of subformulas of a formula a, denoted sf(), is defined to be the smallest set S such that:
aecSif-BeS BeS;andif PAyeSorBVyeSor — veS {3y} CS. Foraset X of formulas,
sf(X) is defined to be Usf(ot).
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Figure 1 The system IL. Note that — i subsumes —, but we need to define both these rules since we con-

sider fragments without — i but with — .

The logic IL is defined by the derivation system in Figure 1. Two important fragments of IL are
DL (disjunction logic), which has all the rules except for —i and — i, and CL (core logic), which has all
the rules except for —i, — i, and Ve. By X | o, we mean that there is a derivation of X - o in the
subsystem L C IL. (For ease of notation, we drop the suffix and use X - o when it is clear from the

context which subsystem is being referred to.)
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» Definition 1 (Derivability problem). Given X, o, and a subsystem L C IL, is it the case that X I, a?

Among the rules, ax, Ac and — ¢ are the pure elimination rules, —e, —i and Ve are the hybrid rules
and the rest are the pure introduction rules. A normal derivation is one where the major premise of every
pure elimination rule and hybrid rule is the conclusion of a pure elimination rule. The following
fundamental properties hold, and the proofs are standard in the proof theory literature. Detailed

proofs are presented in Appendix A, for ease of reference.

» Proposition 2.
1. (Monotonicity) If X F a.and X € X/, then X' a.
2. (Admissibility of Cut) If X - aand X, a3, then X = [3.

> Theorem 3 (Weak normalization). If there is a derivation m of X b= o then there is a normal derivation o of
X I o Further, if a formula oV [3 occurs as the major premise of an instance of Ve in o, it also occurs as the

major premise of an instance of Ve in .

» Theorem 4 (Subformula property). Let 1 be a normal derivation with conclusion X - o and last ruler. Let
X'k occur in r. Then X' € sA(XU{a}) and 3 € sA(XU{a}). Furthermore, if r is a pure elimination rule, then
X' Csf(X) and [3 e sf(X).

» Proposition 5 (Left Disjunction Property). X,aVFy iff X,atyand X, F .

Proof. SupposeX,aV{3 F y. Notethat X, ok aV3 and X,[3 - aV[3 (by the Vi rule). By Admissibility
of Cut, we have X,a -y and X,3 - .

On the other hand, suppose X, o - v and X, 3 I yv. By Monotonicity, it follows that X, a V3, a -
vand X,aV (3,3 - y. We also have X,V 3 - aV [3 (by the ax rule). From these, we can build a
proof of X I~ v using the Ve rule.

» Proposition 6 (Left Conjunction Property). X,a AR F vy iff X,0,BF .

Proof. Suppose X,aA[3 Fvy. Note that X,a,3 - a A3 (by the Ai rule). By Admissibility of Cut, we
have X, o, 3 F .

On the other hand, suppose X, o, 3 - yv. Note that X,a A3 - aand X, a A3 3 (by the Ac rule).
By Admissibility of Cut, we have that X,a A3 F .

3 Linear time algorithm for CL

In this section, we consider CL and solve its derivability problem in linear time. The algorithm is
based on the linear time procedure presented in [11], and can be thought of as a core subroutine

in the solution of more complex fragments.
» Theorem 7. The derivability problem for CL is solvable in linear time.
Fix a set of formulas X, U {o} for the rest of the section. Let sf = sf(X, U {a,}). Let N = [sf].

» Definition 8. For any X C sf:
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closure(X) = {aesf| Xt ol
derive(X) = {oesf| Xtp, o}
core(X) = {aesf| Xt ol

Checking if X, ¢ o, amounts to checking if o, € core(X,). In the rest of this section, we
describe how to compute core(X) for any X C sf. We compute core(X) by a marking procedure which
initially marks all elements of X and propagates the marking in a clever manner. To understand
its working, we first consider a naive strategy for propagating the marking. It would, for example,
detect all pairs a, 3 of marked formulas and mark o A3, 2V v, BV 3, &. (if those formulas are in
sf). This propagation step itself is repeated many times till no new formula can be marked. In the
course of this, the same formula o may be “touched” many times - in deriving a A3, aVy, & Our
marking proceeds differently. When we “process” a marked a, we mark all of its consequences that
we can determine at that stage, and do not process it again. For this to work, we need information
about o being already marked when we process some other marked (3 (to mark oA 3, for instance).
Towards this, we maintain some auxiliary lists. For instance, for each formula o there is a list of
conjunctions whose left conjunct is o. While processing o, we mark each 3 = a Ay in this list such
that vy is also marked. We maintain similar lists for other operators and the position of «, as is
made clear below.

For a formula o, we define left(), right(e), and op(a) as follows:

If e 2, left(a), right(a) and op(«) are all undefined.

If o= B AY, left(a) = 3, right(a) = v, and op(a) = A.

Ifa =B Vy, left(a) = 3, right(a) = v, and op(a) = V.

Ifo =03 -, left() = 3, right(a) = v, and op(a) =—.

If o = =3, left(a) = 3, right(a) is undefined, and op(a) = —.

For every a e sf, we define the following sets.

Ae) = {B esf|op(B) = Aand left(B) = o}

A(a) = {B esf|op(B) = Aand right(3) = o

Oi(@) = {Besf|op(P) =V and left(B) = o}.

0,(a) = {B esf|op(B) =V and right((3) = o}.

(@) = {B esf|op(3) =— and right(3) = o}.

Ni(e) = {B esf | op(B) = — and left(3) = o}

The procedure to compute core(X) is described in Algorithm 1. For each o € sf it maintains a
variable status(a) € {raw, pending, processed}. It also uses a queue Q of formulas, with the correspond-

ing enqueue and dequeue functions. The correctness of the algorithm is presented below.
» Lemma 9 (Soundness). If status(3) = processed, then [3 € core(X).

Proof. Initially, the status of every (3 e sf is either raw or pending. It is clear from the code that
status([3) becomes processed only after becoming pending. Itis also clear that any formula is enqueued
only after it becomes pending. We prove by induction that if status(3) becomes pending at any stage
of the while loop, 3 € core(X).

The base case is when status([3) becomes pending before the start of the loop. This means that
[3 € X and hence [3 € core(X).
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Algorithm 1 Linear time algorithm for core(X)

Qg

2: forall o € X : status(a) < pending; enqueue(Q, o);

3: forall o e sf\ X : status(a) < raw;
4: whileQ # @ do

5: o« dequeue(Q);
6:
7: if (op(a) = A) & (status(left(ar)) = raw) then > o is premise of Ae.
8: status(left(a)) « pending;  enqueue(Q, left(a));
9: end if
10: if (op(a) = A) & (status(right(a)) = raw) then > o is premise of Ae.
I status(right(a)) < pending;  enqueue(Q, right(a));
12: end if
13: if (op(oc) =—) & (status(left(a)) # raw) & (status(right(a)) = raw) then
14: status(right(a)) < pending; > o 1s major premise of —e.
15: end if
16:
7: if (a0 = —y) & (status(y) # raw) then
18: status((3) < processed for all 3; return sf; > Everything derivable.
19: end if
20: if (—a e sf) & (status(—a) # raw) then
or: status((3) < processed for all 3; return sf; > Everything derivable.
22: end if
23:
24: forall B e Aj(a) st (status(right(ﬁ)) # raw) & (status(@) = raw) do
25: status(3) < pending; > o is left premise of Al.
26: enqueue(Q, 3);
27: end for
28: forall 3 e A (o) sit. (status(leﬁ(@)) # raw) & (status(ﬁ) = raw) do
29: status((3) < pending; > o is right premise of Al.
30: enqueue(Q, B);
3 end for
32: forall B € /() s.t. status(3) = raw do > o is premise of Vi.
33 status((3) < pending;  enqueue(Q,B);
34: end for
35: forall 3 € O,(a) s.t. status(3) = raw do > o is premise of Vi.
36: status((3) < pending; enqueue(Q, B);
37: end for
38: forall 3 € 1,(o) s.t. status((3) = raw do
39: status((3) < pending; > o is premise of —,.
qo: end for
qr:
42: status(o) < processed;
43: end while

44: return {o e sf | status(a) = processed};




The complexity of disjunction in intuitionistic logic

Suppose status([3) becomes pending in some iteration of the loop. We consider a few sample

cases that might occur.

status([3) changes at line 8: Here 3 = left(a). Since o has been dequeued, status(o) became pending
in an earlier iteration. So by induction hypothesis, a € core(X). Now, since 3 = left(a), o = BAYy
for some y. It is clear that 3 can be derived from o using the Ac rule. Thus 3 € core(X).

status(3) changes at line 18: Here [3 changes status because a = —y and status(y) # raw. Since o has
been dequeued, status(a) became pending in an earlier iteration. Since status(y) # raw, status(y)
became pending at an earlier stage of the while loop (in an earlier iteration or earlier in the same
iteration). So a, y € core(X), by induction hypothesis. It is clear that any 3 can be derived from
o and vy using the —e rule. Thus (3 € core(X).

status(3) changes at line 25: Here o = left((3). Let right([3) = v. Since a was dequeued at the start of
the iteration, status(a) became pending in an earlier iteration. We see that status(y) # raw, and
therefore status(y) became pending at an earlier stage of the while loop (in an earlier iteration or
earlier in the same iteration). So by induction hypothesis, o, v € core(X). It is clear that 3 can
be derived from a and y using the Ai rule. Thus 3 € core(X).

The other cases proceed similarly, and we have the required claim.

» Lemma 10 (Completeness). If 3 € core(X), eventually status((3) = processed.

Proof. We first prove by induction on size of proofs that if 3 € core(X) then eventually status([3)

becomes pending (it is enough to show this - if 3 ever becomes pending, it is enqueued, and upon

dequeue it gets assigned the status processed).
Suppose  is a proof of X I 3 that does not use the Ve rule. Let r be the last rule of ©. We

consider a few sample cases.

risax: Inthis case, 3 € X and status(3) becomes pending in line 2.

ris Ae: Suppose the premise of ris X - 3 Ay. Then by induction hypothesis, status(3 Avy) becomes
pending eventually and enters the queue Q. Since each iteration of the while loop terminates,
eventually 3 Ay is dequeued. In that iteration of the loop, status([3) becomes pending in line 8.

ris —e: Suppose the premises of r are X - o and X - v, where o = —vy. By induction hypothesis,
status(at) and status(y) become pending eventually. Without loss of generality, let o be the second
element to be dequeued from Q. When o is dequeued, it is certainly the case that status(y) # raw.
Now one can see that status(3) directly becomes processed in line 18. (In fact, the status of all
formulas becomes processed and the algorithm terminates.)

ris Ai: Suppose 3 = a A y. Then the premises of r are X - o and X - y. By induction hypothesis,
status(o) and status(y) become pending eventually. Without loss of generality, let o be the second
element to be dequeued from Q. When o is dequeued, it is certainly the case that status(y) # raw.
Now one can see that status(3) becomes pending in line 25, when a is being processed.

A similar analysis for the other cases completes the proof.

» Lemma 11 (Running time). The algorithm terminates in O(N) time.
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Proof. Each element enters Q at most once (when its status changes from raw to pending). We pro-
cess each element of Q exactly once, after dequeuing it and before marking it processed. Processing
an element involves setting the status of left(«) and right(o) and perhaps enqueueing them (all
these operations take constant time). It also involves going through each element of the five sets
Al(a), A (), Oy(ar), O,(a), and I (o). Each of these for all loops takes at most O(N) time. So it would
appear that the algorithm takes O(N?) overall. But we need to use the following crucial property.
For distinct o and {3 and f € {A, A, 0,0, 1,}: fa) Nf(B) = @.

Thus the total time spent processing the sets Aj(a) is O(N) across all o € sf. And similarly for
A, O, & From this it follows that the algorithm terminates in O(N) time.

4 Decision procedures for DL

We now solve the derivability problem for the fragment DL, the fragment of IL without — { or —i.*

Fix a set of formulas X, and a formula o, for the rest of the section. Let sf = sf(X_ U {«,}) and
N = |sf|, as in Section 3.

Recall the definitions of closure(X), derive(X), and core(X) from Section 3. In this section, we
show how to compute derive(X) for any X C sf. We can then check whether X, by, o, by checking
if a, € derive(X,,). The following properties of derive and core are useful in this regard.

X C core(X) C derive(X).

derive(X) = core(derive(X)) = derive(derive(X)) (by Admissibility of Cut).

core(X) = core(core(X)) (by Admissibility of Cut).

If X = core(Y), then core(X) = X. If X = derive(Y), then derive(X) = X.

4.1 A co-NP procedure for derive

Algorithm 2 checks if X, ¥ a. It uses the notion of a down-closed set. A set X of formulas is down-
closed if it satisfies the following two conditions:

core(X) € X.

whenever oV 3 € X, then either o e X or 3 e X.

Y is said to be a down-closure of X if Y is down-closed and X C Y.

Algorithm 2 Algorithm to check if X, ¥ o
1 Y« core(X,);
2: while (Y is not down-closed) do
3: guess a formula 3, V3, e Ysuchthat B, ¢ Yand 3, ¢V;
q: guess i € {0, 1};
5 Y — core(YU{(3;});
6: end while
7: Return “Yes” if o, ¢ Y, and “No” otherwise.

* It is important to note that we consider only the negation elimination rule. The algorithms in this section do
not work in the presence of the —i rule. Nor do we know of a straightforward modification to handle the —i rule.
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In Algorithm 2, it is an invariant that Y = core(Z) for some Z and hence core(Y) C Y. Thus when
Y is not down-closed, there exists 3, V 3, € Y such that neither 3, nor 3, isin Y.
The algorithm guesses a down-closure Y of X, such that o, ¢ Y. The next theorem guarantees

that one can successfully guess such a Y iff X_ ¥ o,. This ensures the correctness of the algorithm.
» Theorem 12. For any X and o (with XU {c} C sf), X I a iff o € Y for every down-closure Y of X.

This theorem is a consequence of the following three lemmas. But first we need a general claim
related to the Left Disjunction Property.

» Proposition 13. Suppose ¢,V ¢, € Zand i€ {o,1}. Then Z\ {o, V ¢}, 0; - O iff Z, ;- 6.
» Lemma14. Forany X and o (with XU {a} C sf), X F o iff Y = o for every down-closure Y of X.

Proof. Suppose X - o and Y is a down-closure of X. Then X C Y and hence it is immediate that
Yo
Suppose on the other hand that X ¥ o. We show that there is a sequence

CY, G- CY, Csf

of sets such that

Xcy,,

Y, is down-closed,

forall i < n, core(Y;) € Y;, and

foralli<n, Y;¥ o.
The sequence is constructed by induction. Y, is defined to be core(X). Since X ¥ o, it follows that
Y, ¥ o. Suppose Y| has been defined for some k > o such that Y} ¥ o. If Y} is down-closed, we are
done. Otherwise, since core(Y)) C Yy, there is a 3, V [3; € Y} such that 3, ¢ Y and 3, ¢ Y;. Since
Y| ¥ o, it follows that Y} \ {3, V,[3,}, 3; ¥ o for some i € {0, 1}, by the Left Disjunction property. By
Claim 13 it follows that Yk,ﬁi ¥ a for someie{o,1}.

core(Y, U{B,})  if Y}, 3, ¥ a

Yk+1 = .
core(Y, U{B3;}) otherwise

CIearIka C Yy and core(YkH) = Yiir Assume w.lo.g. that Yiir = core(YkU{ﬁo}). By construction,
Y, U{B,} ¥ a. Now suppose Y, I a. Since Y U{3,} - ¢ for every ¢ € Y, ,, it would follow by
Admissibilty of Cut that Y, U{3,} - o, which is a contradiction. Thus Y}, ¥ o and we can always
extend the sequence as desired.

Further, the Y;'s are strictly increasing, and are all subsets of sf. Thus n < [sf| and the above

construction terminates. Y, is a down-closure of X that does not derive a.

> Lemma15. Let 1 be a proof of X = ot with at least one occurrence of the Ve rule. Then there is an occurrence
of Ve in m with major premise X I o V { such that ¢ V € core(X).
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Proof. In any proof of the form

Yl—y

we say that any rule in 1| is to the left of r, r is to the left of any rule in rt,, and any rule in rt, is to
the left of any rule in ;.

Now consider the leftmost occurrence of Ve in . It is the last rule of a subproof n’ of ™ which
looks as follows.

/ / /
™
T 3

T 2

I

XFovd X,0F6 X 46
X6

Since this is the leftmost occurrence of Ve, there is no occurrence of Ve in nt/. Further, if X’ # X,

Ve

it means that =’ is part of the proof of a minor premise of some other Ve rule in m. But that
contradicts the fact that n’” ends in the leftmost Ve in r. Thus X’ = X, and n/ witnesses the fact

that ¢ V { € core(X).

> Lemma16. Fora down-closed Y, YF aiffaeY.

Proof. If a € Y, then it is obvious that Y+ a.

In the other direction, suppose Y - o via a proof m with kinstances of Ve. We prove the required
claim by induction on k.

In the base case, k = 0, and o € core(Y). Since Y is down-closed, core(Y) C Y, and hence a € Y.

In the induction step, suppose there is an instance of Ve in the proof of Y I~ o. By Lemma 15,
we know that there is at least one occurrence of Ve (say Y I v) with major premise Y F ¢ V ¢ such
that ¢ V { € core(Y) C Y, which looks as follows.

T
st U 3

Y"(;)VLIJ Y,cp.l—y Y,(l).l—y
Ve
YEvy
Thus we have ¢ V { € Y. Since Y is down-closed either ¢ € Y or { € Y. Suppose, without loss of
generality, that ¢ € Y. Now consider mt,. Since ¢ € Y, we know that YU{¢} = Y, and we can replace

the big proof of Y vy by m,, thereby reducing the number of instances of Ve in the proof of Y I a.
By induction hypothesis, o € Y, and the lemma follows.

Running time

We now analyze the running time of Algorithm 2. Since Y strictly increases with each iteration

of the loop, there are at most N = |sf| iterations of the loop. In each iteration, we test whether Y is

1
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down-closed, which amounts to checking whether there is some 3, V 3, € Y such that neither 3,
nor 3, is in Y. This check takes O(N) time. We also compute core(Y) in each iteration, which takes
time O(N). Thus the overall running time is O(N?).

4.2 Bounding disjunction elimination

It is evident from the algorithm for derive that the use of the Ve rule is an important resource. It
makes sense to bound its use and explore its effect on the efficiency of the algorithm. In this sec-
tion, we show that if we bound the set of formulas on which disjunction elimination is performed,
we get a procedure whose running time is polynomial in the input size, though exponential in the

number of disjunction eliminations allowed. The following definition makes this notion precise.

» Definition 17. Let A be a set of disjunctive formulas. We define a proof of o from X using A (denoted X -, o)
as a proof where any Ve rules are applied only to formulas which appear in A.

Recall that we have fixed a set sf of size N, and consider the derivability of X - o where sf(X U
{o}) € sf. We define derive, (X) to be {3 e sf | X -4 ). Note that derive,,(X) is core(X). The check for
X 4 ois done by using Algorithm 3 to compute derive, (X) and then testing whether o € derive, (X).
(For the purposes of the algorithm, we assume that the set A is equipped with a linear order, so we

can refer to the least formula in any subset of A.)

Algorithm 3 Algorithm to compute derive, (X)
r: function f(A, X)
Y « core(X);
if ANY = o then
return 'Y;

N

else
A" — A\ {oV 3}, where oV 3 is the least formula in ANY;
return f(A’, Y U {e}) Nf(A", YU {B});

8: end if

9: end function

v B oW

In order to prove the correctness of the above algorithm, we require the following claim.

» Proposition 18. Let A be a set of disjunctions and oV [3 € A. Let A’ = A\ {aV 3}. Then the following hold:
IfX|_A YthCnX,dl_A/ YandX,B '_A/ Y-
IfX|_A OLVB,X,O”_A/ Y andX,B |_A/ Y, thenXl—A Y-

Proof.
Suppose X |-, v. Then by monotonicity, we obtain a proof m of X, o - vy, such that the major
premise of every instance of the Ve rule in 7 is in A. Note that for every sequent X'+ 8 in m,
it is the case that o € X’. Consider any subproof n’ of m whose conclusion is X’ - 8 and last
rule is Ve with major premise oV [3 (if there is no such subproof, then r witnesses the fact that

X,a b4, v). 7’ has the following form.
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/ / /
T
T LS 3

XFavB X,aFS X,BES

7 Ve
XE3

But observe that since a € X', X’ U {o} = X’. Thus mt/, is itself a proof of X’ I 8. We can replace
n’ by 1/, thereby removing at least one instance of the Ve rule involving o V[3 in nt. Repeating
this, we obtain that X, a4, y. A similar reasoning gives us the result for X, 3 F,, v.

Aplying Ve on a V [3 using the given proofs of X, by, v and X,3 k4, vy and X -, oV 3 for

premises gives us the required result of X I, vy.

» Lemma 19 (Correctness of Algorithm 3). For all X and A,
derive, (X) = f(A, X).

Proof. The proof is by induction on the size of A. The base case is when A = @, when clearly the
procedure f returns core(X).

For the induction case, suppose X -, v, and let Y = core(X). Consider a normal proof n wit-
nessing X -, v and assume without loss of generality that there is at least one instance of Ve in .
From Lemma 15, we see that there is an instance of Ve in r with major premise X - ¢ V ¢, where
¢V ecore(X). Thus ANY # @. Let oV 3 be the least formulain ANY. Now since X C Y, Y, .
Furthermore, oV 3 € Y. Hence, by Claim 18, Y,a -4, vy and Y,3 b,/ v, where A’ = A\ {a V 3}.
Since A’ is of smaller size than A, by the induction hypothesis, derivey,(Z) = f(A’,Z) for any Z.
Thus y € f(A", YU {a}) Nf(A", Y U {3}). It follows from the definition of f that y € f(A,X). Thus
derive, (X) C f(A, X).

On the other hand, suppose that y € f(A, X), and assume w.l.o.g. that ANY # @, where Y =
core(X). Letting oV [ be the least formulain ANY and A’ = A\ {aVV [3}, it is clear that y € f(A, YU
{a}) Nf(A", YU {3}) from the definition of f. Since A’ is of smaller size than A, it follows from the
induction hypothesis that Y,o -5, y and Y,[3 4, v. Since Y = core(X), it is the case that X -,/ v
for every v € Y. Thus we can appeal to the admissibility of cut to conclude that X,a 4, v and
X, F4 . It follows from Claim 18 that X -, . Thus f(A, X) C derive, (X).

» Theorem 20. If |A| = k, then derive 5 (X) is computable in time O(2K - N).

Proof. There are at most 2K recursive calls to f, and in each invocation we make one call to core,
which takes O(N) time. Thus the overall running time is 0(2k. N).

5 The complexity of disjunction

We have seen that CL is solvable in linear time, and that DL is solvable in co-NP. Is this the best
we can do? Might there not be some clever way to handle disjunction elimination that yields a

PTIME algorithm? In this section, we answer these questions by proving co-NP-hardness for three
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(reasonably minimal) fragments involving disjunction. But first, as a study in contrast, we con-
sider disjunction by itself, and show that that fragment is solvable in PTIME. This indicates that the
lower bound results that appear later in this section are a result of interaction between the various

logical rules, rather than due to disjunction alone.

5.1 The disjunction-only fragment

Let IL[V] denote the fragment of IL consisting of the ax, Vi and Ve rules, and involving formulas of
oV,

» Theorem 21. The derivability problem for IL[V] is in PTIME.

Suppose X = {o} Vo V-V a{? | 1 < i< n}isa set of formulas from ®V, with each o({. €. Let

B=BVE2V...VBkedY with each 3l € 2. (Note that any input to the derivability problem of
ILV can be converted to the above form by choosing appropriate k, flattening the disjunctions, and

repeating disjuncts). We now have the following claim.
» Proposition 22. X -3 iff there exists { < nsuch that of V o V -+ V oc{.‘ FB.

Proof. Itis obvious that if o(l? V ociz VeV a{f (3 then X F 3 (by Monotonicity).
For proving the other direction, suppose (towards a contradiction) X I- 3, but there is no i such
thatog Vag V.- '\/aiﬁ I {3. In particular, from the Left Disjunction Property, for every i, some o/ ¥ 5.

W.lo.g., assume that j; = 1 for every i. Therefore we have
0 I CRIC S CRINC Y S )

Now, since X3 and o - of V-V oti.‘ for each i < n, it follows by Admissibility of Cut that

I oy (3 (and there is a normal proof n with that conclusion). Since all the oc%s are atomic

D

o
propositions, the only rules that can appear in r are ax and Vi. Therefore, at some point, one of
the afs must have contributed to a Bj via an ax rule. However, this gives us o F (3 (by deriving Bi
and then applying Vi), which is a contradiction. Thus we have the required claim.

<

Given this claim, we know that it is enough to see if a particular formula on the left (say o;)
derives 3. In particular, from the Left Disjunction Property, we get that every disjunct in o; needs
to derive 3. Therefore, the derivability problem is equivalent to checking if there is a formula in X

all of whose disjuncts occur in (3, and thus we obtain the required PTIME procedure.

5.2 Disjunction and conjunction

We have now confirmed that the V-only fragment is in PTIME. It is also known that some other
fragments without disjunction elimination (CL, for example) give rise to PTIME logics. However,

we obtain the following result for the logic with conjunction and disjunction.®

® This fragment is interesting: one can show that X b 1, 1] @ iff o is a consequence of X in classical logic. Thus an
NP procedure for non-derivability would just guess a valuation that satisfied X but not «. While this translation
to classical logic yields a simple algorithm, it is not clear to us how to use this translation to prove lower bounds.
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LetIL[V, A] denote the fragment of IL consisting of the ax, Vi, Ve, Ai and Ac rules, and involving

formulas of ®V.
» Theorem 23. The derivability problem for IL[V, A] is co-NP-hard.

The hardness result is obtained by reducing the validity problem for boolean formulas to the
derivability problem for IL[V,A]. In fact, it suffices to consider the validity problem for boolean
formulas in disjunctive normal form. We show how to define for each DNF formula ¢ a set of
IL[V, Al-formulas S, and an IL[V, A]-formula ¢ such that S, - iff ¢ is a tautology.

Let {x,,x,, ...} be the set of all boolean variables. For each boolean variable x;, fix two distinct

atomic propositions p;, q; € 2. We define $ as follows, by induction.

Let Voc(¢), the set of all boolean variables occurring in ¢, be {x,,...,x,}. Then

So =11 Vianspn Vauk
> Lemmazs. S, ¢ iff ¢ is a tautology.

Proof. Recall that a propositional valuation v over a set of variables ¥ is just a subset of ¥, namely
those variables that are set to true by v.

For a valuation v C {x,,...,x,}, define S, = {p; | x; € v} U{q; | x; & v}.

By repeated appeal to the Left Disjunction Property, it is easy to see that S, @ iff for all
valuations v over {x,,...,x.}, S, F 3. We now show that S, - 9 iff v |= ¢. The statement of the
lemma follows immediately from this.

We first show by induction on { € sf(¢) that whenever v |= ), it is the case that S, - $

If § = x; or § = —x;, then S, - { follows from the ax rule.

If § = &, A d,, then it is the case that v = ¢, and v |= §,. By induction hypothesis, S, F J;
and S, @ Hence, by using A{, it follows that S, - W

If § = ¢, V{,, then it is the case that either v |= ¢, or v = ¢,. By induction hypothesis,
S,F &, orS, Fd,. In either case it follows that S, F &, V &,, by using Vi.

We now show that if S, - @, then v |= ¢. Suppose  is a normal proof of S, F @, and that

there is an occurrence of the Ae rule or Ve rule in m with major premise S’ - y. We denote

by w this subproof with conclusion S’ | y. Note that @ ends in a pure elimination rule,

since m is normal and every pure elimination rule and hybrid rule has as its major premise the

conclusion of a pure elimination rule. By Theorem 4, we see that §’ C sf(S,) = S, and y € sf(S).

But vy is of the form oV 3 or a A 3, and this contradicts the fact that S, € . Thus ~ consists
of only the ax, Ai and Vi rules. We now show by induction that for all subproofs n’ of r with
conclusion S, I ¢, it is the case that v |= .
Suppose the last rule of rt’ is ax. Then § € S, and for some i < n, ¢ = x; or ¢ = —x;. It can be
easily seen that v |= ¢ (by the definition of S,).

15
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Suppose the last rule of =’ is Ai. Then ¢ = b, A,, and S, - ¢, and S, - &,. Thus, by
induction hypothesis, v = ¢, and v |= {,. Therefore v |= .

Suppose the last rule of =’ is Vi. Then { = §, V {,, and either S, - {, or S, I J,. Thus, by
induction hypothesis, either v |= ¢, orv |= {,. Therefore v |= .

5.3 Disjunction and implication elimination

We now consider another minimal system, IL[V, —¢], consisting of the rules ax, Vi, Ve and — e and

involving formulas from ", and prove the following result.
> Theorem 25. The derivability problem for IL[V, — €] is co-NP-hard.

The proof is by reduction from the validity problem for 3-DNF, as detailed below.

Let ¢ be a 3-DNF formula with each clause having exactly 3 literals. Let Voc(¢) be {x,...,x,}.
We define indx(¢) = {1,...,n} U{’,...,n’}, where (')’ = i for any i € indx(¢). For i < n, we define
(D) = x;and [({') = —x;.

We define the following sets.

S<P = {pa ™ |ae indx(cp)}.

T, := {Pa—= Pb = Pc = Pabe | 0,b,c < indx(p) }.
We define @ as follows:

7= \/ {Pabe | 1@ A LB) Al(c) is a disjunct of ¢ }.
For each valuation v C {x,,...,x,}, define S, to be
{pi [ x; e v} U{py | x; 2 v},

> Lemma26. S, T, b iff ¢ is a tautology.

Proof. By repeated appeal to the Left Disjunction Property, it is easy to see that S, T, F ¢ iff
Sy Ti? F & for all valuations v over {x,,...,x,}. We now show that for all such valuations, v |= ¢ iff
SuT,Fo.

Let = be a normal proof of S, T, F . The last rule of w has to be Vi, since if  ends in an
elimination rule, from the Subformula Property it follows that a disjunction is a subformula of
S, U T(P, which is not the case. Repeating this argument, we see that there is a subproof of ~ with
conclusion S, T,, = pgp for some disjunct [(a) Al(b) Al(c) of ¢. We now show that for any valuation
v, Sy, T<P F pape iff v |= (@) AL) Al(C).

If v = [(a) Al(b) Al(c), then we have p,,py, p, € S, (from the definition of S,), and therefore by
applying the — e rule to p, — py — p. = pgy in Ty, we have S, T, = pgp,.. In the other direction,
suppose we have a normal proof m of S» Ty F Pape By examining S, and T, we see that only
Pa = Pb — Pc — Pabc Mentions pyy, . So it is clear that p. must be derivable from S, T,, and the last
rule of m must be —e¢, applied to p, — p,.. Now in order for this formula to be derivable, p, must
be derivable, and similarly p, must be derivable. Since p,, p, and p, can only be obtained by ax, it
must be that p,, py, p, € S, and therefore v |= [(a) A l(b) A l(c).

Thus we have that S, T, F pg, iff v |= (@) A l(b) Al(c), and the required claim follows.
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5.4 Disjunction and negation elimination

We consider yet another minimal system, IL[V, —¢], consisting of the rules ax, Vi, Ve and — ¢ and

involving formulas from "7, and prove the following result.
> Theorem 27. The derivability problem for IL[V,—e] is co-NP-hard.

The proof is again by reduction from the validity problem for 3-DNF, as detailed below.

Let ¢ be a 3-DNF formula with each clause having exactly 3 literals. Let Voc(¢) be {x,,...,x,}.
We define indx(¢) = {1,...,n} U{r’,...,n’}, where (')’ = i for any i € indx(¢). For i < n, we define
l()) = x; and (') = —x;. For i < n, we define p; = —p; and p;; = p;.

We define the following sets.

Sy 1= {piv-p;li<n}.
Ty = {Pa VP Ve V Pape | b, c < indx(e) |-
We define 3 as follows:
1= \/ {pate | 1@ A LB ALO) € 0}
For each valuation v C {x,,...,x,}, define S, to be
{pi | x; e v} U{py | x; 2 v}
> Lemmaz8. S,, T, ¢ iff ¢ is a tautology.

Proof. Let us assume that ¢ = \/ {l(ai) AlB) Al [ T< m}, for ease of notation. By repeated ap-
peal to the Left Disjunction Property, it is easy to see that S, T, - 9 iff S, T, - ¢ for all valuations

vover {x,,...,x,}. We now show that for all valuations v,
vEo iffSu,TCP Fo.

Suppose v |= ¢. This means that v |= l(a;) A [(b;) A [(c;) for some i. For the sake of readability,
let us refer to this disjunct as l(a) A l(b) A l(c). It is clear in this case that {p_,py,p.} € S,. Let
T = T, P VP, V Pe V Papel- Now

SuT, ko (1)

iff
S,T.paF3 and )
S, T, ppF3  and (3)
S, T piF3  and (@)
ST Pabe - @ (s)

Now it is easily seen that (2), (3) and (4) are true, since {p,,pp,p.} € S, and we can use the —e
rule. Now Sy, T/, pape I Pabe» and hence (5) follows (by a series of applications of Vi rules). Thus
S»To Fo.
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Suppose v . This means that for every i < m, either v # [(a;) or v [(b;) or v [(c;). Without
loss of generality, let us assume that v} [(a;) for all i < m. Now it is clear that p, ¢S,, and thus
ﬁa\i €S§,, foreachi<m.

Now suppose S, T, - ¢. This implies that S,, {f); | i <m} k3. However, ﬁ; €S, foralli<m,
and therefore S, - §. Suppose there is a normal proof = for the same. Since S, € 2, the only
rules that can occur in m are ax and Vi. This in turn implies that S, - Pabic, for some i < m. But
aproof of §, - p, ... can only use the ax rule, but p, ;... # S, so we have a contradiction. Thus

we have proved that if v ¢ then S, T, ¥ .

6 Discussion

To summarize our results, we have presented a core fragment of IL, which we call CL, whose deriv-
ability problem is solvable in linear time, and used this algorithm as a core subroutine in a co-NP
decision procedure for the larger fragment DL (which includes the Ve rule). We cannot do bet-
ter than co-NP when we consider disjunction interacting with other operators, as demonstrated
by the lower bound proofs we have provided for IL[V,Al, IL[V,— ¢], and IL[V, —¢]. The fragment
IL[V] (which includes only the ax, Vi, and Ve rules) though, is solvable in PTIME, in contrast to the
implication-only fragment of IL. Of the two rules for negation, —¢ does not modify the assump-
tions in the sequents, whereas —i discharges the assumption o while concluding —a. There does
not appear to be a straightforward adaptation of our algorithms to handle —i.°

We can also consider adding O-like modalities to the [A, V] fragment of our logic. This system
is in co-NP, and the algorithm proceeds along similar lines to the one in [15]. On the other hand,
if we add modalities to a logic with implication (even primal implication), the system is PSPACE-
complete [4].

Perhaps the most important way to take this work further is to identify restricted forms of
disjunction that are efficiently solvable, as this would be of use in many practical applications. If
we can identify scenarios in which a bounded number of applications of the disjunction elimin-
ation rule would suffice, our PTIME algorithm in Section 4.2 would come very handy, opening the

door for parametrized algorithms for derivability.
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A Weak normalization and subformula property

Among the rules, ax, Ac and — ¢ are the pure elimination rules, —e, —i and Ve are the hybrid rules and the
rest are pure introduction rules. A normal derivation is one where the major premise of every pure elim-
ination rule and hybrid rule is the conclusion of a pure elimination rule. A derivation is normal

iff its cut rank is o, as given by the following definition.

» Definition 29 (Cut rank of a derivation). Let m be a derivation with conclusion X = o and last rule r. Let
T, ..., T, be the immediate subproofs of . Let each t; end with rule r; and have conclusion X; = o;. Also, let
X, - a, be the major premise of r. By induction on m, we define cutrank(r) as follows:

If ris a pure elimination rule or a hybrid rule and r, is not a pure elimination rule, then
cutrank(m) = max(| o, |, cutrank(m,), - - , cutrank(r,)).
Otherwise

cutrank(m) = max(cutrank(r,),- - -, cutrank(rc,)).
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(Note that if r is ax, cutrank(m) = o, by the second clause above.)

» Proposition 30 (Monotonicity). If there is a proof of X - ot with cut rank m and X € X/, then there is a proof
of X' b awith cut rank m.

Proof. Let m be a proof of X - o, and let Y = X"\ X. It is easy to check that replacing every sequent
ZF [3 occurring in 7 by ZUY - [3, we still have a valid proof n’, with conclusion X’ I- o.. (The point
is that in rules involving a discharge of the premises, the discharge is optional, so if some rule in
n discharges a formula in Y, we can apply the same rule in n’ without discharging that formula.)
Since the structure of the proof does not change, the cut rank remains the same.

<

» Proposition 31 (Admissibility of Cut). If 1, is a derivation of X - o (with last rule r)) and = a derivation of
Y F 3 (with last rule r), then there is a derivation o of X,Y - a3 such that

cutrank(os) < max(cutrank(r,), cutrank(r), [o).

Further, either the last rule of o isror 3 = a and the last rule of o isr,.

Proof. The proofis by induction on the size of rt, and a case analysis on r. For notational ease, we
let cutrank(r ;) = m;, cutrank(m) = m, and n = max(m,, m, |a]). We present a few sample cases below.

risax: If3 # o, then 3 € Y - o and we can take @ to be the following proof:

XY-al( ax
Clearly cutrank(os) = o < n and the last rule of @ isr.
If B = o, then we take o to be the proof of X,Y - a |- [3 guaranteed by Monotonicity (applied
to m,). Clearly cutrank(os) = m; < n, and the last rule of @ is r; as required.
ris Ai: Then = has the following structure:

T

1 T

2

Yhp YRR,
— Al
YEPB
By induction hypothesis, there exist proofs w, and o, with conclusions X,Y - o I 3, and
X,Y - o | (3, respectively, both of which have cut ranks at most n. We define w to be the
following proof:

T

1 (e}

2

X,Y—.ozl—BI X,Y—.ocl—ﬁ2 )
AL
X,Y—ocl—ﬁ

Clearly cutrank(ws) = max(cutrank(ws,), cutrank(cs,)) < n. Further, the last rule of o is .
ris— ¢ Then[3 = ¢ — ¢ and ~ has the following structure:

T1

Y,cp'F(,{)

S S SN
Yl—cp—w,[)
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By induction hypothesis, there exist a proof o, with conclusion X, (Y, ¢) - o - ¢ whose cut
rank is at most n. By appealing to Monotonicity if necessary (in the case when ¢ = o), we can

take the conclusion of o, to be X,¢,Y - a k- {. o is the following proof:

mI
X9, Y-ak{ )
_— 1
XY-alFo—4¢
Clearly cutrank(os) = cutrank(ws,) < n. Further, the last rule of w isr.

ris Ve: Then = has the following structure:

T1

T
T 3
/

Yhovd ' Yerp K#FBV
YFQ ‘

By induction hypothesis, there exist proofs w,, @, and @,
XY-akF oV X (Y,) -alk [ and X,(Y,¢) - a F (3, all of whose cut ranks are < n. By

appealing to Monotonicity if necessary (in the cases when o is ¢ or {)), we can take the conclu-

with conclusions respectively

sion of w, and w, tobe X,¢,Y - a3 and X,{,Y - a+ 3. = is the following proof:

W,
. w
wz 3

/7

-, : ;
X,Y-aFoVd ' XoY-aFB X4 Y-aFp
Ve
X Y-akf

n. Otherwise, cutrank(w) < max(lgo \Y, Ll)l, n). But
m<n),ora=¢Vd¢andr! =r, (in which case

Now if r/ is a pure elimination, cutrank(w) <
then either r/ = r, (in which case |¢ V | <
[o V| = |a| <n). Thus cutrank(cs) < n. Again the last rule of o isr.

|

» Lemma32. Let =t be a derivation with conclusion X F o and last rule r with cutrank(m) = m > o, such that
all proper subderivations of m are of rank < m. Then the following hold.
1. Ifrisa pure elimination rule, [a| < m.

2. There is a derivation 7’ of X I o such that cutrank(n’) < m.

Proof. Let m,,...,m, be the immediate subproofs of m. Let each m; end with rule r; and have con-
clusion X; F- o;, and let X, I o, be the major premise of r. Given the conditions of the lemma, it is
clear that cutrank(m) = |o,| = m, r, is not a pure elimination rule, r is a pure elimination rule or a
hybrid rule, and X, = X.
1. If ris a pure elimination rule, then we have the following cases:
o, =aABora, = Aa, for some 3.
o, = — afor some 3.
In both these cases, it is clear that o < o, | = m.

2. To show the existence of 1/, we perform an induction on ||rt|| and a case analysis on r,.
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Suppose r, is Al. Then r has to be Ae. In this case we can take ©t’ to be one of the immediate
subproofs of 7, and clearly cutrank(m’) < m.

Suppose r; is Vi. Then r has to be Ve. Say o, = 3V y and the major premise of r; is 3. Note
that [B] < [BVy| = m. Let =, be the immediate subproof of m with conclusion X, (3 I+ «,
and let rt;; be the subproof of t; with conclusion X I- 3. Thus we can apply cut on r,; and

T, to get a derivation ’ of X - o such that
cutrank(r) < max(|(3], cutrank(m,,), cutrank(m,)) < m.

Suppose r, is — i. Thenris —e¢and a; = 3 — o, and = has the following form:

T\-"II
. T,
XpFa ) :
B :
XFR—>a XEpB
—e
XFa

Now by applying cut on mt,; and m,, we see that there is a proof n’ of X F o of cut rank
<max(m - 1,[B]) < m(since [B] < [B — o = m).
Suppose r, is —i. Then r is either —i or —e. We consider the case when r is —i - the other case

is handled similarly. In this case a = —o/ and  has the following form:

T

11 T

12

11

r r
X,ot/,ﬁl——-y X,oc/,Bl—Y u.
7 it 7 P
X, o - X FpB
X+ —o

1§

Now by applying cut on =, and =, as well as on nt, and m,, we see that there are proofs
n; and 7)) of X, o F —y and X, o - v respectively, with last rules r/ and r}, and both of cut

rank < max(m - 1, [3]) < m (since |B] < [=f] = m). n/ can be taken to be the following:

/ /
Ty ™

X‘oc/l——'\( X,a/l—y ;
XF—o

Now if ¥/ is a pure elimination,
cutrank(r’) = max(cutrank('rci),cutrank(rc;)) <m.

Otherwise, cutrank(n’) < max(m - 1,|—y|). But by Proposition 31, either r; = r,,, orv; = r,
(and —y = (3). In the former case, [-y| < cutrank(m,) < m. Otherwise |—y| < [=f] = m.
Therefore cutrank(r’) < m.

Suppose r, is —¢. r could be any pure elimination or hybrid rule. We shall consider the cases

when it is —i and Ve. The other cases are similar or simpler.
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Suppose ris —i. Then & = —o and r has the following form:

T\-"II ﬁ'IZ
: . T,
X‘o(/l——'y X,o(/l—y :
—e °
X,ocll——'ﬁ X,all—ﬁ )
-

X+ —o
n’ is taken to be the following:

TC

11 T

12

X,oc/l——w( X,o(/l—y i
XF—o

Clearly cutrank(r’) = cutrank(m,) < m.

Suppose r is Ve. Then m has the following form:

T

I1 T

I2

T
T 3

Xl—'—\y Xl;y .
-  —e . .
XFoVid Xola X la
XFa

' is taken to be the following:

Ve

TC

11 T

12

Xl—.—'y Xl;y
XtFa

Clearly cutrank(r’) = cutrank(r,) < m.
Suppose r, is Ve. Now r can be any pure elimination or hybrid rule. We consider the case
when it is Ve. The rest of the cases are similar. Now o, = 3V 3’ and = has the following

e

form:
T‘}I T[.IZ T\—'.B
. . . m, T,
Xl‘yVY/ X,Yl—BVﬁ/ X,Yll—ﬁ\/@/ .
Ve . y
XFBvE XprFa Xp'Fa
Ve
Xt a
Let =, be the following proof
e T T

12 2

X,YI—BVB/ X,Y,.Bl—o( X,Y,B/I—tx

Ve
X,ykFa
and let 7, be the following proof.
T3 T ™3

Xy FBVE Xy BFa Xvy.pFa
X,Yll—oc

Ve
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Now it is possible that cutrank(t,) = cutrank(t;) = m,but ||, || < |||l and ||=,|| < ||=||. Hence
by induction hypothesis, there are proofs =/, and n;, both of cut rank < m, with conclusions

X,y Foand X,y o respectively. We take m’ to be the following proof:

/
Tt.n TC; ™3
XI—Y\/Y/ X,Y'l—ot X,Y/I—ot
XFa

Ve

Now if rt,, ends in a pure elimination,
cutrank(r’) = max(cutrank('rcn),cutrank('rtg),cutrank(n;)) <m

Otherwise cutrank(m’) < max(m - 1, |y V y’|). But if 7t;, does not end in a pure elimination,

[v V'] <cutrank(r,;) < m, and it follows that cutrank(r’) < m.

|

> Theorem 33 (Weak normalization). If there is a derivation m of X b= a then there is a normal derivation o
of X I a. Further, if a formula oV 3 occurs as the major premise of an instance of Ve in o, it also occurs as the

major premise of an instance of Ve in .

Proof. For every derivation m, define p.(r) to be the pair (m,n) where m = cutrank(m), and n is
the number of subderivations of n of rank m. If cutrank(m) is o, r is already normal. If not,
let cutrank(mt) = m > o and let w be a subderivation of m with conclusion X’ F [ such that
cutrank(ows) = m and no proper subderivation of o is of rank > m. By Lemma 32, there is an-
other derivation w’ with the same conclusion such that cutrank(w’) < m. Replace @ by =’ in
to get the proof n’. Now one subderivation of rank m has been eliminated in the process of going
from = to n’. But we need to check that no new derivations of rank > m have been introduced in
. The only way this can happen is if w’ is not a pure elimination rule and is the major premise
of an elimination rule or hybrid rule in /. But then either || < m or w itself ends in a hybrid
rule. In either case, no new subderivation of rank > m gets introduced. Thus p(n’) < u(m). Since
lexicographic ordering on pairs of natural numbers is a well order, by repeating the above process
we eventually reach a proof of rank o - a normal proof, in other words.

Also note that the transformations in Lemma 32 do not introduce new formulas as major
premises of Ve, even though it might increase the number of instances of Ve. This proves the

second part of the theorem.

» Theorem 34 (Subformula property). Let w be a normal derivation with conclusion X o and last ruler. Let
X'+ [ occur in . Then X' CsAXU{a}) and [ e sA(XU{o}). Furthermore, if r is a pure elimination rule, then
X' Csf(X) and [3 e sf(X).

Proof. The proof is by induction on the structure of m, and based on a case analysis on r. We

present a few representative cases here.
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Suppose ris Al. Then a = o/ Ao’ and m is of the following form:
/ /"
I gt
Xtd XEo
XFa

Al

Clearly o e sf(ar) and o € sf(or). Now either X/ = X and [} =oaor X'+ [3 occurs in n’orn”. In

the second and third cases, X’ C sf(XU{o, o”'}) and [  sf(XU{c/, &’}), by induction hypothesis.

But sf(X U {o, o”’}) C sf(X U {a}), and hence we are done.

Suppose ris — i. Then o = o/ — o and = is of the following form:

T

X, o Fo’
XtFa

— 1

Clearly o € sf(a) and o’ € sf(a). Now either X’ = Xand 3 = aor X’ 3 occursin mt,. In the latter
case, by induction hypothesis X’ C sf(XU{o/, o”’}) and [ e sf(XU{c/, &”’}). But sf(XU{a/,o«”'}) €
sf(X U {a}), and hence we are done.

Suppose r is Ve. Then m is of the following form:

T

T
I T 3

2

XFoVd XoFa XdFa
XFa

Ve

Again, either X’ = X and 3 = o or X’ I [3 occurs in one of the m;’s. Suppose it occurs in .

Notice that since m is normal, the last rule of | is a pure elimination, and hence by induction
hypothesis, X' C sf(X) and [3 e sf(X). In particular, ¢ V { € sf(X) and thus {¢, {} C sf(X). Now
suppose that X’ F [3 occurs in T, or . Then we have X’ C sf(X U {o,d,a}) Csf(XU{a}) and
Besf(XU{p,,a}) Csf(XU{a}), by induction hypothesis.

Suppose ris —e. Then = is of the following form (w.l.o.g.):

TF/ ’]T,//
Xt (p —a X l— ¢
Xk o

—¢€

Again, either X’ = X and 3 = e or X' I 3 occurs in t” or /. Since  is normal, n’ ends in a
pure elimination rule. Therefore for any X’ - 3 occurring in =/, X’ € sf(X) and e sf(X). In
particular, ¢ — o € sf(X) and so {p,a} C sf(X). If X'+ {3 occurs in n”, by induction hypothesis
X' C sf(XU {¢}) C sf(X) and 3 € sf(X U {¢}) C sf(X). Finally, as already shown, o € sf(X), as

required for a proof ending in a pure elimination rule.

25



	1 Introduction
	2 Preliminaries
	3 Linear time algorithm for CL
	4 Decision procedures for DL
	4.1 A co-NP procedure for derive
	4.2 Bounding disjunction elimination

	5 The complexity of disjunction
	5.1 The disjunction-only fragment
	5.2 Disjunction and conjunction
	5.3 Disjunction and implication elimination
	5.4 Disjunction and negation elimination

	6 Discussion
	A Weak normalization and subformula property

