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Natural Exponential Family

> Suppose yi, y2, -, yn are independent observations where y;
has desnsity from natural exponential family

Fyil0i) = h(yi) exp{(n(0:) T (yi) — (6:))},

where i =1,2,--- ,n.

» 1(0;) is known as canonical parameter

» 9(.) and h(.) are known function



Binomial distribution
> SUppOSE Yi,Y2,- s ¥Yn Bin(mygi)

f(yil0) = ™C,07(1—6,)",

e () a0

= ’"C,.exp{log< ﬁi _)Yi—mlog(l—ﬁi)}
?(;,-Z)/ # ¥(0;)

where i =1,2,--- ,n.
> h(yi) =" C}/f

> 1(0;) = log(1%;)

> T(yi) =i °
cmny
> ’Lﬁ(@,) = —mlog(l — 9,)



Poisson distribution

» Suppose y1,y2,: -, yn ~ Poisson(6;)

%
f(yilbr) = y’_!exp{—ei},

1
= W exp{log(0;)y; — 6;}
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Normal distribution

> Suppose y1,¥2, -+ , Yo ~ Normal(0;,02) (o2 is known)
1 — 1 (v.—0:)2
Flyil6)) = e 2,2 i :),
(vil0i) s
! x exp{ i } x exp{0 i
pr— X —_ X . [
W p 20_2 p I.yl 2
where i =1,2,--- . n.
> h(y:) = ﬁ x exp{—3t
> n(0;) =0,
> T(yi)) =i

2
> Y(0) = o



Generalized Linear Model

1. Random Component y; ~ NEF(6;) with pdf
F(yildi) = h(yi) exp{(n(0:) T (vi) — (0:))},
where i =1,2,--- ,n.
2. Link function: n(6;) = z

3. Systematic component: z; = x,-T,B



Generalized Linear Model (GLM)

1. Random Component y; ~ NEF(6;) with pdf

f(yil0:) = h(yi) exp{(n(8:) T (i) — ¥(8:))},

where i =1,2,--- . n.

2. Systematic component: 7(6;) = x! 3



Regression with GLM

1. Random Component y; ~ N(6;, c?) with pdf

1 1 (v p)2
Fyilo:) = e 22 Vim0
(.yl| I) W
1 y,-2
= \/W X eXp{_202} X eXp{Hi)/i -
where i =1,2,---  n.

2. Systematic component: 7(6;) = 0; = x/ 3
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Count Regression with GLM

1. Random Component y; ~ Poisson(6;) with pf

o
fyiloi) = y’-!

1

eXp{_el'}?
1
= F exp{log(&,-)y,- — 9,}

where i =1,2,---  n.

2. Systematic component: 7(6;) = log(¢;) = x/ 8



Calissification with GLM

1. Random Component y; ~ Bin(1,6;) with pdf
Flyilo)) = 671 —6;),
0;
= exp { Iog (1 _ 0[_)}’1 - |Og(1 - 61)}

where i =1,2,--- ,n.

2. Systematic component: 7(6;) = log (12’9) =x/ 3



Likelihood function of GLM

» Negative log-Likelihood function of GLM
—logl = - Zn: log(f(yi|0:))
i=1
— —zn:log(f(yi!n_l(xiTﬁ)))
i=1
» MLE of 8 of GLM

Buie = argming | — Z log(f(yiln~* (x/ B)))
i—1
cin;



Implement GLM with R

» Regression:
> stats::glm(y x1+x2
+ ,family=gaussian(link = "identity")
+ ,data=data_nm)
» clssification with logistic regression:
> stats::glm(y x1+x2
+ ,family=binomial (1ink = "logit")
+ ,data=data_nm)
» count / Poisson regression:
> stats::glm(y x1+x2
+ ,family=poisson(link = "log")
+ ,data=data_nm)
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