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Abstract

In this paper we construct a cyclically invariant Boolean
function whose sensitivity isΘ(n1/3). This result answers
two previously published questions. Turán (1984) asked
if any Boolean function, invariant under some transitive
group of permutations, has sensitivityΩ(

√
n). Kenyon and

Kutin (2004) asked whether for a “nice” function the prod-
uct of 0-sensitivity and 1-sensitivity isΩ(n). Our function
answers both questions in the negative.

We also prove that for minterm-transitive functions (a
natural class of Boolean functions including our example)
the sensitivity isΩ(n1/3). Hence for this class of functions
sensitivity and block sensitivity are polynomially related.

1. Introduction

Cook, Dwork and Reischuk [1] originally introduced
sensitivity as a simple combinatorial complexity measure
for Boolean functions providing lower bounds on the time
needed by a CREW PRAM. Nisan [3] introduced the con-
cept of block sensitivity and demonstrated the remarkable
fact that block sensitivity and CREW PRAM complexity are
polynomially related. Whether block sensitivity and sensi-
tivity are polynomially related is still an open question.

The largest known gap between them is quadratic, as
shown by Rubinstein [4]. But for an arbitrary Boolean func-
tion the best known upper bound on block sensitivity in
terms of sensitivity is exponential. H.-U. Simon [5] gave
the best possible lower bound on sensitivity in terms of
the number of effective variables. From that it follows that
block sensitivity of a functionf is O(s(f)4s(f)), where
s(f) is the sensitivity of the functionf . Kenyon and Kutin
[2] gave the best known upper bound on block sensitivity in

terms of sensitivity; their bound isO
(

e√
2π

es(f)
√

s(f)
)

.

Nisan pointed out [3] that formonotoneBoolean func-
tions sensitivity and block sensitivity are equal.

A natural direction in the study of the gap between sensi-
tivity and block sensitivity is to restrict attention to Boolean

functions with symmetry. We note that a slight modifica-
tion of Rubinstein’s construction (Example 2.13) gives a
Boolean function, invariant under the cyclic shift of the
variables, which still shows the quadratic gap between sen-
sitivity and block sensitivity. Tuŕan pointed out [6] that
for symmetricfunctions (functions invariant under all per-
mutations of the variables), block sensitivity is within a
factor of two of sensitivity. For any non-trivialgraph prop-
erty (then =

(
V
2

)
variables indicate the adjacency relation

among theV vertices), Tuŕan [6] proved that sensitiv-
ity is at leastV = Θ(

√
n) and therefore the gap is at most

quadratic. In the same paper he also asked the follow-
ing question:

Problem (Tur án, 1984): Does a lower bound of sim-
ilar order hold still if we generalize graph properties to
Boolean functions invariant under a transitive group of per-
mutations?

In Section 3 we give a cyclically invariant function with
sensitivityΘ(n1/3). This example gives a negative answer
to Tuŕan’s question.

Kenyon and Kutin [2] observed that for “nice” functions
the product of 0-sensitivity and 1-sensitivity tends to be lin-
ear in the input length. Whether this observation extends
to all “nice” functions was given as a (vaguely stated) open
problem in that paper. In Section 3 we also construct a cycli-
cally invariant Boolean function for which the product of
0-sensitivity and 1-sensitivity isΘ(

√
n). Thus our function

also gives a counterexample to Kenyon and Kutin’s sugges-
tion.

In Section 2.1 we define a natural class of Boolean func-
tions called the minterm-transitive functions. It contains our
new functions (that we give in Section 3). In Section 4
we prove that for minterm-transitive functions sensitivity is
Ω(n1/3) (wheren is the input size) and the product of 0-
sensitivity and 1-sensitivity isΩ(

√
n). Thus for this class

of functions sensitivity and block sensitivity are polynomi-
ally related.



2. Preliminaries

2.1. Definitions

We use the notation[n] = {1, 2, 3, ..., n}. Let f :
{0, 1}n → {0, 1} be a Boolean function. We call the ele-
ments of{0, 1}n “words.” For any wordx and1 ≤ i ≤ n
we denote byxi the word obtained by switching theith bit
of x. For a wordx andA ⊆ [n] we usexA to denote the
word obtained fromx by switching all the bits inA. For a
wordx = x1, x2, ..., xn we definesupp(x) as{i |xi = 1}.
Weight ofx, denotedwt(x), is | supp(x)|, i. e., number of
1s inx.

Definition 2.1 Thesensitivityof f on the wordx is defines
as the number of bits on which the function is sensitive:
s(f, x) = |{i : f(x) 6= f(xi)}|.

We define thesensitivityof f ass(f) = max{s(f, x) :
x ∈ {0, 1}n}

We define0-sensitivityof f ass0(f) = max{s(f, x) :
x ∈ {0, 1}n, f(x) = 0}

We define1-sensitivityof f ass1(f) = max{s(f, x) :
x ∈ {0, 1}n, f(x) = 1}.

Definition 2.2 The block sensitivitybs(f, x) of a function
f on an inputx is the maximum number of disjoint subsets
B1, B2, ..., Br of [n] such that for allj, f(x) 6= f(xBj ).

The block sensitivity of f , denoted bs(f), is
maxx bs(f, x).

Definition 2.3 A partial assignmentis a functionp : S →
{0, 1} whereS ⊆ [n]. We call S the support of this par-
tial assignment. The weight of a partial assignment is the
number of elements inS that are mapped to 1. We callx a
(full) assignment ifx : [n] → {0, 1}. (Note than any word
x ∈ {0, 1}n can be thought of as a full assignment.) We say
p ⊆ x if x is an extension ofp, i. e., the restriction ofx to
S denotedx|S = p.

Definition 2.4 A 1-certificateis a partial assignment,p :
S → {0, 1}, which forces the value of the function to 1.
Thus ifx|S = p thenf(x) = 1.

Definition 2.5 If F is a set of partial assignments then we
definemF : {0, 1}n → {0, 1} asmF (x) = 1 ⇐⇒ (∃p ∈
F) such that(p ⊆ x).

Note that each member ofF is a 1-certificate formF and
mF is the unique smallest such function. (Here the ordering
is pointwise,i. e., f ≤ g if for all x we havef(x) ≤ g(x)).

Definition 2.6 A minterm is a minimal 1-certificate, that
is, no sub-assignment is a 1-certificate.

Definition 2.7 Let S ⊆ [n] and letπ ∈ Sn. Then we define
Sπ to be{π(i) | i ∈ S}.

Let G be a permutation group acting on [n]. Then the
setsSπ, whereπ ∈ G, are called theG-shifts of S. If

p : S → {0, 1} is a partial assignment then we define
pπ : Sπ → {0, 1} aspπ(i) = p(π−1i).

Definition 2.8 Let G be a subgroup ofSn, i. e., a permuta-
tion group acting on[n]. A function f : {0, 1}n → {0, 1}
is said to beinvariant under the groupG if for all permuta-
tionsπ ∈ G we havef(xπ) = f(x) for all x ∈ {0, 1}n.

Definition 2.9 Let x = x1x2...xn ∈ {0, 1}n be a word.
Then for 0 < ` < n, we denote bycs`(x) the word
x`+1x`+2...xnx1x2...x`, i. e., the cyclic shift of the vari-
ables ofx by ` positions.

Definition 2.10 A function f : {0, 1}n → {0, 1} is called
cyclically invariantif f(x) = f(cs1(x)) for all x ∈ {0, 1}n

.

Note that a cyclically invariant function is invariant un-
der the group of cyclic shifts.

Proposition 2.11 Let G be a permutation group. Letp :
S → {0, 1} be a partial assignment and letF = {pπ |π ∈
G}. Thenp is a minterm for the functionmF .

The functionmF will be denotedpG. Note that the func-
tion pG is invariant under the groupG. WhenG is the group
of cyclic shifts we denote the functionpcyc. The function
pcyc is cyclically invariant.

Proof of Proposition 2.11:If p hask zeros then for any
word x with fewer thank zerosmF (x) = 0, since all the
element ofF has same number of 1s and 0s. But ifq is a
1-certificate with fewer thank zeros we can have a wordx
by extendingq to a full assignment by filling the rest with
1s, satisfyingf(x) = 1 (sinceq ⊆ x). But x contains fewer
than k zeros, a contradiction. So no minterm ofmF has
fewer thank zeros.

Similarly no minterm ofF has weight less thanp. So no
proper sub-assignment ofp can be a 1-certificate. Hencep
is a minterm ofmF .

Definition 2.12 Let G be a permutation group on[n]. G is
calledtransitiveif for all 1 ≤ i, j ≤ n there exists aπ ∈ G
such thatπ(i) = j.

Definition 2.13 LetC(n, k) be the set of Boolean functions
f on n variables such that there exists a partial assignment
p : S → {0, 1} with supportk(6= 0) for which f = pcyc.
Let C(n) = ∪n

k=1C(n, k). We will call the functions in
C(n) minterm-cyclic. These are the simplest cyclically in-
variant functions.

Definition 2.14 Let G be a permutation group on[n]. We
defineDG(n, k) (for k 6= 0) to be the set of Boolean func-
tionsf onn variables such that there exists a partial assign-
mentp : S → {0, 1} with supportk for which f = pG.
We defineDG(n) to be∪n

k=1DG(n, k). This is a class of



simpleG-invariant Boolean functions. We defineD(n) to
be ∪GDG(n) whereG ranges over all transitive groups.
We call these functionsminterm-transitive . Note that the
class of minterm-cyclic functions is a subset of the class of
minterm-transitive functions.

2.2. Previous Results

The largest known gap between sensitivity and block
sensitivity is quadratic, given by Rubinstein [4]. Although
Rubinstein’s example is not cyclically invariant, the follow-
ing slight modification is cyclically invariant with a similar
gap between sensitivity and block sensitivity.

Example 2.15 Let g : {0, 1}k → {0, 1} be such that
g(x) = 1 iff x contains two consecutive ones and the rest of
the bits are 0. In functionf ′ : {0, 1}k2 → {0, 1} the vari-
ables are divided into groupsB1, . . . , Bk each containing
k variables.f ′(x) = g(B1)∨g(B2)∨· · ·∨g(Bk). Usingf ′

we define the functionf : {0, 1}k2 → {0, 1} asf(x) = 1 iff
f(x′) = 1 for somex′ which is a cyclic shift ofx. The sen-
sitivity off is 2k while the block sensitivity isbk2

2 c.

Hans-Ulrich Simon [5] proved that for any functionf
we haves(f) ≥ ( 1

2 log n − 1
2 log log n + 1

2 ), wheren is
the number of effective variables (theith variable is effec-
tive if there exist some wordx for which f(x) 6= f(xi)).
This bound is tight. Although for various restricted classes
of functions better bounds are known.

Let f : {0, 1}m → {0, 1} be a Boolean function that
takes as input the adjacency matrix of a graphG and evalu-
ates to 1 iff the graphG has a given property. So the input
sizem is

(|V |
2

)
where|V | is the number of vertices in the

graphG. Also f(G) = f(H) wheneverG andH are iso-
morphic as graphs. Such a functionf is called agraph prop-
erty. György Tuŕan [6] proved that non-trivial graph prop-
erties have sensitivityΩ(

√
m).

A function f is calledmonotoneif f(x) ≤ f(y) when-
ever supp(x) ⊆ supp(y). Nisan[3] pointed out that for
monotone functions sensitivity and block sensitivity are the
same.

In the definition of block sensitivity (Definition 2.2) if
we restrict the block size to be at most` then we obtain
the concept of̀-block sensitivity of the functionf , denoted
s`(f). In [2] Kutin and Kenyon introduced this definition
and proved thatbs`(f) ≤ c`s(f)` wherec` is a constant de-
pending oǹ .

3. The new functions

In this section we will construct a cyclically invari-
ant Boolean function which has sensitivityΘ(n1/3) and a
cyclically invariant function for which the product of 0-
sensitivity and 1-sensitivity isΘ(

√
n).

Theorem 3.1 There is a cyclically invariant function,f :
{0, 1}n → {0, 1}, such that,s(f) = Θ(n1/3).

Theorem 3.2 There is a cyclically invariant function,f :
{0, 1}n → {0, 1}, such that,s0(f)s1(f) = Θ(

√
n).

For proving the above theorems we will first define an
auxiliary functiong onk2 variables (k2 ≤ n). Then we use
g to define our new minterm-cyclic functionf on n vari-
ables. If we setk = bn1/3c, Theorem 3.1 will follow. The-
orem 3.2 follows by settingk = b

√
nc.

3.1. The auxiliary function

We first defineg : {0, 1}k2 → {0, 1} wherek2 ≤ n. We
divide the input intok blocks of sizek each. We defineg by
a regular expression.

g(z) = 1

m

z ∈ 110k−2︸ ︷︷ ︸
k

(11111(0 + 1)k−5︸ ︷︷ ︸
k

)k−2 11111(0 + 1)k−8111︸ ︷︷ ︸
k

We call this regular expressionR.
In other words, letz ∈ {0, 1}k2

and letz = z1z2...zk,
where eachzi ∈ {0, 1}k for all 1 ≤ i ≤ k, i. e., z is broken
up into k blocks of sizek each. Theng(z) = 1 iff z1 =
(11 00...0︸ ︷︷ ︸

k−2

) and for all2 ≤ j ≤ k the first five bits ofzj are

1 and also the last 3 bits ofzk are 1. Note thatg does not
depend on the rest of the bits.

3.2. The new function

Now we define the functionf using the auxiliary func-
tion g. Let x|[m] denote the word formed by the firstm bits
of x. Let us set

f(x) = 1 ⇐⇒ ∃` such thatg
(
cs`(x)|[k2]

)
= 1.

In other words, viewingx as laid out on a cycle,f(x) =
1 iff x contains a contiguous substringy of lengthk2 on
whichg(y) = 1.

In other words, letz ∈ {0, 1}k2
and letz = z1z2...zk,

where eachzi ∈ {0, 1}k for all 1 ≤ i ≤ k, i. e., z is broken
up into k blocks of sizek each. Theng(z) = 1 iff z1 =
(11 00...0︸ ︷︷ ︸

k−2

) and for all2 ≤ j ≤ k the first five bits ofzj are

1 and also the last 3 bits ofzk are 1. Note thatg does not
depend on the rest of the bits.



3.3. Properties of the new function

It follows directly from the definition thatf is a cycli-
cally invariant Boolean function.

It is important to note that the functiong is so defined
that the value ofg on inputz depends only on(6k− 2) bits
of z.

Also note that the pattern definingg is so chosen that if
g(z) = 1 then there is exactly one set of consecutive (k−2)
zeros inz and no other set of consecutive(k − 4) zeros.

Claim 3.3 The functionf has (a) 1-sensitivityΘ(k) and (b)
0-sensitivityΘ( n

k2 )

Proof of Claim: (a) Letx be a word such that the first
k2 bits are of the form (1) and the rest of the bits are 0. Now
clearlyf(x) = 1. Also it is easy to see that on this inputx
1-sensitivity off is (6k − 2) and therefores1(f) = Ω(k).

Now let x ∈ {0, 1}n be such thatf(x) = 1 and there
exists1 ≤ i ≤ n such thatf(xi) = 0. Butf(x) = 1 implies
that some cyclic shift ofx contains a contiguous substring
z of lengthk2 of the form (1) (i. e.,g(z) = 1). But sinceg
depends only on the values of(6k − 2) positions so one of
those bits has to be switched so thatf evaluates to 0. Thus
s1(f) = O(k).

Combined with the lower bounds1(f) = Ω(k) we con-
cludes1(f) = Θ(k).

(b) Let b n
k2 c = m and r = (n − k2m). Let

x = (100k−2(111110k−5)k−2111110k−8111)m0r. Then
f(x) = 0 since no partial assignment of the form (1) ex-
ists in x. But if we switch any of the underlined zero the
function evaluates to 1. Note that the function is not sensi-
tive on any other bit. So on this inputx the 0-sensitivity of
f is m = b n

k2 c and therefores0(f) = Ω( n
k2 ).

Now let x ∈ {0, 1}n and assumef(x) = 0 while
f(xi) = 1 for some1 ≤ i ≤ n. By definition, the 0-
sensitivity off is the number of such values ofi. For each
suchi there exists a partial assignmentzi ⊆ xi of the form
R (defined in Section 3.1). Sozi is a contiguous substring
of xi (or some cyclic shift ofxi) of lengthk2. Now con-
sider thezi

i ⊆ x (recall zi
i denotes the partial assignment

obtained by switching theith bit of zi). Due to the struc-
ture of the patternR zi has exactly one set of consecutive
(k−2) zeros. Sozi

i either has exactly one set of consecutive
(k − 1) zeros or exactly one set of consecutive(k − 2) ze-
ros or exactly one set of consecutive(k−2) bits with at most
one of the bits being 1 while the remaining bits are zero. So
the supports of any twozi

i either have at least(k2−1) posi-
tions in common or they have at most two positions in com-
mon (since the patternR begins and ends with 11). Hence
the number of distinctzi

i is at mostΘ( n
k2 ). Hence we have

s0(f) = O( n
k2 ).

Combined with the lower bounds0(f) = Ω( n
k2 ) we con-

clude thats0(f) = Θ( n
k2 ).

Proof of Theorem 3.1:From Claim 3.3 it followss(f) =
max

{
Θ(k),Θ( n

k2 )
}

(sinces(f) = max s0(f), s1(f)). So
if we setk = bn1/3c we obtains(f) = Θ(n1/3).

Proof of Theorem 3.2: From Claim 3.3 we obtain
s0(f)s1(f) = Θ(n

k ). So if we setk = b
√

nc we have
s0(f)s1(f) = Θ(

√
n).

Theorem 3.1 answers Turán’s problem [6] (see the In-
troduction) in the negative. In [2], Kenyon and Kutin asked
whethers0(f)s1(f) = Ω(n) holds for all “nice” functions
f . Although they do not define “nice,” arguably our func-
tion in Theorem 3.2 is nice enough to answer the Kenyon-
Kutin question in the negative.

In the next section we prove that for a minterm-
transitive function, sensitivity isΩ(n1/3) and the product
of 0-sensitivity and 1-sensitivity isΩ(

√
n). Hence our ex-

amples are tight.

4. Minterm-transitive functions have sensitiv-
ity Ω(n1/3)

Theorem 4.1 If f is a minterm-transitive function onn
variables thens(f) = Ω(n1/3) ands0(f)s1(f) = Ω(

√
n).

To prove this theorem we will use the following three
lemmas. Sincef is a minterm-transitive function,i. e., f ∈
D(n), we can sayf ∈ DG(n, k) for some transitive group
G and somek 6= 0.

Lemma 4.2 If f ∈ DG(n, k) thens1(f) ≥ k
2 .

Proof: Let y be the minterm definingf . Without loss of
generalitywt(y) ≥ k

2 . Let us extendy to a full assignment
x by assigning zeros everywhere outside the support ofy.
Then switching any 1 to 0 changes the value of the function
from 1 to 0. So we obtains(f, x) ≥ k

2 . Hences1(f) ≥ k
2 .

Lemma 4.3 If S is a subset of[n], |S| = k then there exist
at least n

k2 disjointG-shifts ofS.

Proof: Let T be a maximal union ofG-shifts of S. Since
T is maximalT hits all G-shifts ofS. Let Hij be the sub-
group ofG that sendsith bit of the minterm to the bit po-
sition j. So the bit positionj can at most hit

∑k
i=1 |Hij |

manyG-shifts ofS. SinceG is transitive for alli andj we
have|Hij | ≤ |G|

n . Therefore∀j,
∑k

i=1 |Hij | ≤ k |G|
n . That

is each bit position hits at mostk |G|
n manyG-shifts of S.

But there are|G| differentG-shifts ofS. So we must have
|T | ≥ n

k . HenceT must be a union of at leastnk2 disjoint
G-shifts ofS. And this proves the lemma.

Lemma 4.4 If f ∈ DG(n, k) thens0(f) = Ω( n
k2 ).



Proof: Let y be the minterm definingf . By Lemma 4.3
we can haveΩ( n

k2 ) disjoint G-shifts of y. The union of
these disjointG-shifts ofy defines a partial assignment. Let
S = {s1, s2, ..., sr} be the support of the partial assign-
ment. And letYsi

be the value of the partial assignment in
thesi-th entry.

Sincek 6= 0 the functionf is not a constant function.
Thus there exists a wordz such thatf(z) = 0. Thei-th bit
of z is denoted byzi. We define,

T = {j | zj 6= Ysm , sm = j}

Now let P ⊆ T be a maximal subset ofT such that
f(zP ) = 0. SinceP is maximal, if we switch any other
bit in T\P the value of the functionf will change to1.

Sos(f, zP ) ≥ |(T\P )|. Now sincef(zP ) = 0 we note
thatzP does not contain anyG-shift of y. But from Lemma
4.3 we know thatzT containsΩ( n

k2 ) disjoint G-shifts ofy.
So |(T\P )| is Ω( n

k2 ) and thuss0(f) ≥ s(f, zP ) = Ω( n
k2 ).

Proof of Theorem 4.1: From the Lemma 4.2 and
Lemma 4.4 we obtain,

s(f) = max{s0(f), s1(f)} = max
{

Ω
( n

k2

)
,
k

2

}
.

This impliess(f) = Ω(n1/3).
Now sinces0(f) ands1(f) cannot be smaller than 1, it

follows from the Lemma 4.2 and 4.4 that

s0(f)s1(f) = max
{

Ω
(n

k

)
,
k

2

}
.

Sos0(f)s1(f) = Ω(
√

n).

The new function we looked at in Theorem 3.1 is
minterm-transitive and has sensitivityΘ(n

1
3 ). Thus this

lower bound on sensitivity is tight for minterm-transitive
functions. Similarly for the function in Theorem 3.2 the
product of 0-sensitivity and 1-sensitivity is tight.

We can even give tight upper bound on block sensitivity
for minterm-transitive functions in terms of sensitivity.

Theorem 4.5 For a minterm-transitive function
f : {0, 1}n → {0, 1} we haves(f) ≥ bs(f)

k , where
k is the size of the minterm.

Proof: Letx is the word for which the block sensitivity is
bs(f). Now let the minimal blocks beB1, B2, · · · , Bbs(f).
By definitionf(xBi) 6= f(x). That meansxBi has at least
one minterm. Choose any minterm. Now that minterm can
intersect at mostk of the blocks. Drop those blocks from
the set of blocks. Do it for all the blocks. Finally at least
bs(f)

k of the blocks are left. Let the union of these blocks be
B. The blocks have the property that if we switch any block

a minterm will be formed that does not intersects any other
block.

Now let A ⊂ B be the maximal set such thatf(xA) =
f(x). SoxA has sensitivity more thanB\A. AndB\A must
have have at least one bit from all the blocks because if
any block is switched fully then a minterm is formed be-
cause the minterm does not intersect any other block. So
|B\A| ≥ (bs(f)

k . Hences(f, xA) ≥ bs(f)
k .

Corollary 4.6 For miniterm-transitive function,bs(f) ≤
s(f)2.

Hence for minterm-transitive functions, sensitivity and
block sensitivity does not have a gap of more than quadratic.
And this is tight.

5. Open Problems

The main question in this field is still open: Are sensitiv-
ity and block sensitivity polynomially related? Can the gap
between them be more than quadratic? The following vari-
ant of Tuŕan’s question remains open:
Problem: If f is a Boolean function invariant under a tran-
sitive group of permutations then is it true thats(f) ≥ nc

for some constantc > 0?
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