A NOTE ON TRANSCENDENCE OF SPECIAL VALUES
OF FUNCTIONS RELATED TO MODULARITY

TAPAS BHOWMIK AND SIDDHI PATHAK

ABSTRACT. In this note, we study the arithmetic nature of values of modular functions, meromor-
phic modular forms and meromorphic quasi-modular forms with respect to arbitrary congruence
subgroups, that have algebraic Fourier coefficients. This approach unifies many of the known
results, and leads to generalizations of the theorems of Schneider, Nesterenko and others.

1. Introduction

The study of the arithmetic nature of values of special transcendental functions at algebraic
arguments has been a well-established theme in number theory. Continuing in this spirit, this note
focuses on the transcendental nature and algebraic independence of values of functions arising
in the modular world, such as modular functions, modular forms and quasi-modular forms (see
Section 2 for definition of the functions appearing below). The genesis of this study can be traced
back to a 1937 theorem of Schneider [15], namely,

Theorem 1.1 (Schneider). If 7 € H is algebraic but not imaginary quadratic, then j(7) is
transcendental.

It is known from the theory of complex multiplication that if 7 € H generates an imaginary
quadratic field (7 is a CM point), then j(7) is an algebraic number. Therefore, Schneider’s
theorem translates to the statement: if 7 is algebraic, then j(7) is algebraic if and only if 7 is
CM. A further conjecture by Mahler [9] in this regard, proved by Barré-Sirieix, Diaz, Gramain
and Philibert [2] states that

Theorem 1.2 (Barré-Sirieix, Diaz, Gramain, Philibert). For any T € H, at least one of the two
numbers e*™7 and j(7) is transcendental.

This can be derived as a consequence of a remarkable theorem of Nesterenko [13] with several
applications.

Theorem 1.3 (Nesterenko). If 7 € H, then at least three of the numbers
€2mT, EQ(T), E4(T), EG(T)
are algebraically independent over Q.

Although the above theorems are about specific functions of “level 17, it is the aim of this note
to highlight that they are sufficient to deduce the corresponding results for functions associated
with arbitrary congruence subgroups. The authors believe that this fact may be known to ex-
perts, but is not well-documented. Often, the congruence subgroup in question is restricted to be
the group I'g(N). The results in this paper apply to functions satisfying appropriate modularity
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properties with respect to I'(IV), and hence, arbitrary congruence subgroups.

A detailed investigation of algebraic independence of values of modular forms and quasi-
modular forms was carried out by S. Gun, M. R. Murty and P. Rath [12] in 2011. Their results on
values of modular forms were further elaborated upon for higher level in [7] by A. Hamieh and M.
R. Murty'. These theorems will follow from our discussion later. In the context of quasimodular
forms, it was proven independently by Gun, Murty and Rath [12, Theorem 7] and C. Y. Chang
[3] that

Theorem 1.4 (Gun-Murty-Rath and Chang). If f is a quasi-modular form of non-zero weight
for SLy(Z) with algebraic Fourier coefficients and 7 € H is such that j(7) € Q, then either
f(1) =0 or f(7) is transcendental.

The above statement is also proved for quasimodular forms with respect to I'g(N) in [12].

Another instance of investigation is a recent paper of D. Jeon, S.-Y. Kang and C. H. Kim [5,
Theorem 2.4], where they prove the following. Let N € N, g := go(N) = genus of Xy(N), the
modular curve obtained as the quotient of the extended upper half plane by I'g(/N). Suppose that
g > 0and m > g+ 1is an integer. Let §x ,, denote the unique modular function with respect to
I'o(N) constructed in [6] such that fx ,, is holomorphic on the upper half plane and

g
fvm(@) = — + 3 an(m, —1)~ + 0(q),
= q

with the coefficients of powers of ¢ being algebraic numbers. Then, they show the following.

Theorem 1.5 (Jeon, Kang, Kim). Let f be a non-zero meromorphic modular form with respect
to 'o(N) with algebraic Fourier coefficients. If T is either a zero or a pole of f, then fy m(T) is
algebraic for all m.

As a corollary, they deduce that any zero or pole of f should be either CM or transcendental.

In this note, we first give an exposition of the algebraic structure of modular functions of higher
level, following Shimura [17]. Building upon this and using Schneider’s theorem, we prove

Theorem 1.6. Let g be a non-constant modular function with respect to a congruence subgroup
I' of level N, with algebraic Fourier coefficients at ico.

(a) If T € H is either a zero or a pole of g, then j(7) is algebraic, and hence, T is either CM
or transcendental.

(b) If T € H is such that T is not a pole of g, then j(1) € Q & g(1) € Q. Thus, at least one
of g(7) and €2™ is transcendental for any T € H.

In the context of meromorphic modular forms, we establish a generalization of Theorem 1.5 to
arbitrary modular forms and arbitrary modular functions.

Theorem 1.7. Let f be a non-constant meromorphic modular form of weight k € Z. with respect
to a congruence subgroup of level N and g be a non-constant modular function with respect to a
congruence subgroup of level M. Suppose that both f and g have algebraic Fourier coefficients at
ico. Let T € H be a zero or a pole of f. Then either g(z) has a pole at z = T or g(T) is algebraic.

Furthermore, we generalize the theorems in [12] and [7] to the setting of meromorphic modular
forms. In particular, we show the following.

1A small correction in their statement of Theorem 1.2 is required. The conclusion should read as (7 /w-)* Ly (k, x)
is algebraic, without the L(1 — k, x) term.



TRANSCENDENCE OF SPECIAL VALUES OF MODULAR FUNCTIONS 3

Theorem 1.8. Let f be a non-constant meromorphic modular form with respect to a congruence
subgroup T" of level N. Suppose that f has algebraic Fourier coefficients at ico. Suppose that T is
not a pole of f.

(a) If T € H is such that e*™7 is algebraic, then f(7) is transcendental.
(b) If T € H is such that j(T) € Q, then there exists a transcendental number w, which depends

k
) f(1) € Q. Therefore,

only on 7 and is Q-linearly independent with ©, such that < il
-
f(7) is either zero or transcendental.

With regard to quasi-modular forms, we extend the previously known results to meromorphic
quasi-modular forms and prove

Theorem 1.9. Let f be a non-constant meromorphic quasi-modular form with depth p > 1, with
respect to a congruence subgroup I' of level N. Suppose that f has algebraic Fourier coefficients
at 100 and that T is not a pole of f.

(a) If 7 € H is such that €*™ is algebraic, then f(T) is transcendental.
(b) Let

p
f=) fEy  with  freM", \ &
r=0

Here M]T”N@ denotes the space of meromorphic modular forms of weight j, level N and

algebraic Fourier coefficients at ico. If 7 € H is such that j(7) € Q, then

f(T) =0 = fr(1) =0 for all 0 < r <p.

Moreover, if f(1) # 0, then f(7) is transcendental.

This generalizes Theorem 1.4 as well as [1, Theorem 1.8].

Let Zj@ = {7' eH : j(r) e @} From the above results, we deduce the following interesting
corollary.

Corollary 1.10. Let Z,,4p, be the set of zeros and poles of modular functions of arbitrary level
with algebraic Fourier coefficients, Z,,qp-m be the set of zeros and poles of meromorphic modular
forms of arbitrary level with algebraic Fourier coefficients and Zgyqsi-may be the set of zeros and

poles of meromorphic quasi-modular forms of arbitrary level with algebraic Fourier coefficients.
Then

unasi—mdf g Zmdfrm Q Zmdfn g ij@.

In particular, zeros and poles of quasi-modular forms, modular forms and modular functions are
either CM or transcendental.

Finally, we have the following generalization of Theorem 1.3.

Theorem 1.11. Let f be a mon-constant meromorphic modular form of weight k € 7 with
respect to a congruence subgroup of level N, g be a non-constant modular function with respect to
a congruence subgroup of level M and f be a non-constant meromorphic quasi-modular function
of depth at least 1, with respect to a subgroup of level N. Suppose that f, g and f have algebraic
Fourier coefficients at ico. If T € H is such that f(7T) # 0, f(T) # 0 and T is not a pole of f, g
and f, then

trdegg Q (277, £(7), 9(r), f(7)) = 3.
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This theorem is in the same spirit as [19, Theorem 1.2, where W. Wang considers the algebraic
independence of the values of three algebraically independent quasi-modular forms. However,
Theorem 1.11 allows one to also compare values of modular functions with those of quasi-modular
forms. It can be shown that a modular function, a modular form of non-zero weight and a quasi-
modular form of positive depth are algebraically independent. We include a proof of this assertion
in Theorem 2.14 for completeness.

We also remark that in Theorem 1.7 and Theorem 1.11, one can replace a meromorphic modular
form by a half-integer weight modular form with algebraic Fourier coefficients since the square of
a half-integer weight modular form is an integer weight modular form.

2. Preliminaries

The aim of this section is to study the algebraic structure of the field of modular functions and
to record the required results from transcendental number theory. For the sake of completeness
and clarity of exposition, a brief account of the proofs is included, and appropriate references are
given.

2.1. Modular and quasi-modular forms. For each N € N,

F<N)‘:{<i S>ESL2(Z):<z 2)z<é ?)(modN)},

with T'(1) = SLa(Z). A subgroup I' of SL2(Z) is said to be congruence subgroup if there exists
N € N such that I'(N) CI". The smallest such N is said to be the level of T'.

A holomorphic modular form of integer weight k > 0 with respect to a congruence subgroup I
is a holomorphic function on the upper half-plane H which satisfies

i) f‘kfy: fforally el
(ii) f‘ka is holomorphic at ico for all a« € SLy(Z).

The function f is said to be a weakly holomorphic modular form if f ‘ka is allowed to have poles
at 100, that is, f is meromorphic at the cusps. More generally, f is called a meromorphic modular
form if it is meromorphic on H and also at cusps.

We will say that f has algebraic Fourier coefficients if the Fourier coeflicients of f‘ka at 100 are
algebraic numbers. Denote the space of all holomorphic, weakly holomorphic and meromorphic
modular forms, with algebraic Fourier coefficients by M, 5(I'), M, ;’J@(F) and M ;”@(F) respectively.

Clearly, Mky@(l“) C M;:@(F) C M:?@(F).

For even integer k > 2, define the normalized Eisenstein series of weight k for SLo(Z) by

Ey(r)=1— — Zak 1(n)q", where ¢ = €*™™ and o,4(n) = st.

din
d>0

Here, By, is the k-th Bernoulli number. Define
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For k > 4, the function Ey, € M) 5(SL2(Z)) and A € My, 5(SLa(Z)). But Ex(7) is not a modular

12,Q
form (see [10], Chapter 5), as

—1
Ey <> = ’7’2E2(T) + ,ET.
T

xn

This motivates the definition of a quasi-modular form, of which there are several equivalent
formulations. We use the following characterization, which was established for holomorphic quasi-
modular forms in [20, Proposition 20] and meromorphic quasi-modular forms in [18, Theorem
4.2].

Theorem 2.1. Every meromorphic quasi-modular form for a congruence subgroup I' is a polyno-
mial in By with modular coefficients. More precisely, if f is a meromorphic quasi-modular form
of weight k and depth p with respect to ', then f can be uniquely written as f P fr E5,
where f. is a meromorphic modular form with respect to I' of weight k — 2r for all 0 < r < p and

fr #0.

A quasi-modular form fis said to have algebraic Fourier coefficients if all the modular coeffi-
cients in the above expression of f have algebraic Fourier coefficients.

2.2. The Weierstrass p-function. Let L = w1Z ® wsZ be a two-dimensional lattice in C with
w1/wy € H. The Weierstrass p-function associated to L, given by

1 1 1
weL
w#0
defines a meromorphic function on C. It satisfies the differential equation
0'(2)” = 4p(2)° — g2(L)p(2) — g3(L), (2)
where
1 1
L)=60)_ 1 and  gg(L) =140 > =
weL weL
w#0 w#0
For the lattice L, = 7Z ® Z with 7 € H,
At 876
92(L7—) TE;}( ) and g3(LT) = ?EG(T)

Define the discriminant of a lattice,
Ag(L) := go(L)? — 27g3(L)? # 0, for any two dimensional lattice L.
In particular, we have Ag(L,) = (2m)'2 A(7) for all 7 € H.

The Weierstrass zeta-function associated to L = wy Z @ wsy Z is defined by

(-

weL
w#0

Note that ¢} (z) = —pr(2) is a periodic function with each point of L as a period. Hence, the
functions

—|— > for z € C\ L.

CL(z +wi) — Cr(2) and (r(2 + w2) — CL(2)
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are constants. These constants are denoted by 71 (L) and n2(L) respectively and are called quasi-
periods. Moreover, for wy = 7 and wy = 1, it is known that

na(Lr) = Ga(1) = ﬂ;Eg(’F) for all 7 € H. (3)

The reader is referred to ([8], chapter 18.3) for proof of these results.

The Weierstrass p-function satisfies the following addition formula ([11], chapter 11).

Theorem 2.2. For z1,z2 € C such that z1 + 2o ¢ L we have
1 <p’ (z1) — ¢ (22)>2

pla+zm)=—p)—pl)+ | 5= )

4
Using the addition formula of the Weierstrass p-function, Schneider [16] proved that

Theorem 2.3. Let L = w1 Z ®wa Z be a lattice such that both go(L), g3(L) are algebraic. If v is
an algebraic number with « ¢ L, then p(«) is transcendental.

The addition formula also implies the following important proposition (see [11]). Two genera-
tors w1 and wy of a lattice L are said to be primitive if both have minimal absolute value among
all generators of L.

Proposition 2.4. Let L = w1 Z ® wy Z be such that both ga(L) and gs3(L) are algebraic. Assume
that w1 and wy are primitive generators of L. Then, for any natural number n > 1, the numbers
©(%L) and p(%2) are algebraic. Moreover, any non-zero period of L is necessarily transcendental.

2.3. Modular functions. A meromorphic function g on H is said to be a modular function if
it satisfies

at+b B b
g<6T+d>—g(7) forall’y—(cd)ef, (4)

that is, g‘ oY = ¢, and is also meromorphic at all the cusps. In particular, we call a modular
function on the congruence subgroup I'(N) to a be modular function of level N. Note that if g
is a modular function with respect to I', which is of level IV, then g is a modular function of level V.

An example of modular function of level one is given by

3 T
i) = 240

which has the following Fourier expansion at ico

for all 7 € H,

1
J(r) = o TAL+ 196884 + -+

where ¢ = 2™,

More specifically, for any modular function (or form) f, define
Q(f) := Q ({Fourier coefficients of f at all I'-in-equivalent cusps})

The j-function is a canonical example of a modular function of level one, and governs properties
of modular functions of higher levels as well. This is made precise in the following series of
propositions.
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Proposition 2.5. Let g be a non-constant modular function of level one. Let F denote the
standard fundamental domain for the action of SLo(Z) on H. Suppose that the poles of g
in F are 1,72, ,Tm. Then g(7) is a rational function in j(1) with coefficients in the field

Q(g) (G(71), -+, 5 (7m))-

Proof. By the compactness of FUioco, we know that g has only finitely many poles in F. Consider

the function
m

hr) = | [T G0 =)@ | g(r),
j=1
where ord;, (g) = — order of the pole of g at 7;. Then h is holomorphic on H.

Suppose h has pole of order M > 1 at ico. Then the Fourier expansion of h(7) at ico has the
form

o0
h(t) = Z cnq", where c_pr # 0.
n=—M
Note that the modular function h(7) —c_ps 7(7)™ is holomorphic on H and its Fourier expansion
starts with at most a polar term of order M — 1. Iterating this process, we can subtract a
polynomial in j(7) to get a holomorphic modular function that vanishes at ico, and hence is
identically zero. Thus, h(7) is a polynomial in j(7) over Q(g), and so ¢g(7) is a rational function

OfJ(T) over Q(g)(](Tl)v 7](7771)) O

One can also conclude the following important fact from the above proof.

Corollary 2.6. If g is a modular function of level one which is holomorphic on H with a pole of
order M at ico, then g(T) is a polynomial in j(7) of degree M with coefficients in Q(g).

The j-function is sufficient to ‘generate’ all higher level modular functions as well. This is
proved below.

Theorem 2.7. Let g be a modular function with respect to a congruence subgroup I' and let
Ty, T2, - , Tm be the poles of g in F. Set

K := Q(g) (j(T1)7 j(72)7 T ](Tm)) :
Then there exists a monic polynomial Py(X) € K(j)[X] such that Py(g) = 0.

Proof. Let [SLo(Z) : T] =r and {y1 = I,72,- -+ ,7} be a complete set of right coset representa-
tives so that

SLy(Z) = | | T
i-1

For all 1 <7 < r, define the functions
9i(17) == g(vy7) for 7 € H.

Each g; is independent of the choice of coset representatives as g is ['-invariant. Moreover, each
g; is a modular function with respect to I' and the Fourier expansion of g; at ico is precisely
the expansion of g at the cusp v;(ico). For any v € SLy(Z), we have g;(y7) = g(viyT) = g;(7)
for some j with 1 < j < r such that v;y € I'y;, i.e., the set {g1,92,...,9-} gets permuted under
the action of SLs(Z). This observation implies that any elementary symmetric polynomial in
91,92, -+, gr is a modular function of level one, and is in K(j) by Theorem 2.5. Note that the

polynomial
T

P(X) =X - a)

i=1
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is satisfied by g as ¢ = g1 and has coefficients that are elementary symmetric polynomials in
91,92, -, gr. This proves the theorem. O

Corollary 2.8. Let g be a modular function with respect to a congruence subgroup I which is
holomorphic on H and K = Q(g). Then the monic polynomial Py(X) satisfied by g has coefficients
in K[j][X].

Proof. The coefficients of P;(X) constructed in the proof above are modular functions of level
one, holomorphic on H with Fourier coefficients in K. The result now follows from Corollary
2.6. (Il

Remark. An important point to note here is that if g is a modular function with respect I' that
has algebraic Fourier coefficients, Theorem 2.7 does not guarantee that the coefficients of Py are
algebraic, unless g is holomorphic in H.

To that effect, we now study the structure of the field of modular functions of a fixed level
N > 1. For any field F C C, let

Fn = {Modular functions of level N whose Fourier coefficients at ico are in F}.

Theorem 2.7 implies that Fy ¢ is an algebraic extension of C(j).
Following [17, Chapter 6], we consider explicit modular function of level N whose Fourier
coefficients have good rationality properties. Let a = (a1,a2) € %ZQ \ Z?2, consider the function

fa(T) = —T) oL, (a1 + a2),

which is holomorphic on H. The following properties can be checked routinely, and we leave the
proof to the reader.

Proposition 2.9. Let S denotes the set {(%,%) : 0 < r,s < N — 1 and (r,s) # (0,0)}.
Let a, b € %ZQ \ Z* and fq be as defined above. For v = (2%) and a = (a1,az), let
avy = (pai + rag, qay + saz). Then

(a) fa = fp if and only if a = b mod Z2,

(b) for vy € SLy(Z), fa(¥T) = fay(T) for all T € H.

Therefore, all elements in {fq : @ € S} satisfy modularity with respect to T'(N).
In order to conclude that the functions f, are modular functions, we study their Fourier

expansions at the cusp. But first, we need to understand the behaviour of the Weierstrass gp-
function.

Lemma. Fiz 7 € H and denote o, = pr,.. For z & L,, we have

o

1 1
N—2 B
(27TZ) pT(Z) = E + @ + ;qun7

where

E=e¥" g =e>" and ¢, = Zd(f‘d—2+§d) Vn>1.
dn
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Proof. From the definition of the p-function, we have

@T(Z)Zzifr > [(z_mlr—n)Q_ (mTirnV]

(m,n)€Z?
(m,n)#(0,0)
1 1 1
:;—F Z (z+n)2_ Z 72+ZZ ZZ mT+n
neZ\{0} neZ\{0} m#0 nGZ m#0 neZ
1 = 1
— 2+ —— 2 -
@) 7;Z(z—i—n)z mZ“;Z(mT—Fn)Q
+ i > ! + !
== (—z+m7+n)?2  (z+mr+n)?]’

Recall the Lipschitz summation formula, which states

1 27r2
Z(z—l—n) E Tl

neL

For a proof, see [10, Theorem 4.2.2]. Applying this, we obtain

pr(2) = —— + —2m1) Z ne2inz
oo oo
27T’L 2 Z Zn |: 2min(—z+mT) + e?win(z—i—m’r) o 2627r7$mn7':|
m=1n=1
0o
N\—2 _ 27 27 —2m
- (27T’L) p7_(Z) _ E + Zne minz 4 Z nqmn [6 minz  p=2minz _ 2}
= m,n=1
This implies the result. O

Using the above expansion, the interpretation of ga(L;), g3(L-) and Ag(L;) in terms of Eisen-
stein series, we get for a = (N, N) €S,

fa(7)
-1 E4( )E 27””& T' > mn 2mins . —2mins ..
T 2592 A(r Z”e VAN o+ Y ng [e Nogy te ¥ gyt —=2|. (5)
m,n=1

Here gy = e?™7/N_ Since the Fourier series of A(7) begins with ¢ = qX, the Fourier expansion of
fa(7) begins with a rational multiple of q;,N . Thus, f, has pole of order N at ico for all @ € S.
If s is any other cusp, then there exists v € SLy(Z) such that s = y(ico). Since fo(Y7) = fay(7),
which has pole of order N at ico, we conclude that fg is meromorphic at all cusps, with pole of
order N. Thus, f4 is a modular function of level N for all @ € S.

This helps us to conclude the following.

Theorem 2.10. For all a € S, the Fourier coefficients of fo with respect to all cusps belong to
Q(un), where py = 2™/N

Proof. Recall that Fourier coefficients of E4(7), Fg(7) and A(7) are integers. Hence, from (5), it
follows that the Fourier coefficients of f, at ico lie in Q(uy) for all @ € S. If s is any other cusp,
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then there exists v € SLy(Z) such s = y(ico). But fa(y7) = fay(7) also has Fourier coefficients
in Q(pn) with respect to ico. This completes the proof. O

These modular functions, together with the j-function serve to generate all modular functions
of level N. That is,

Theorem 2.11. We have Fyg = Q (4, {fala € S}) and Fnig i a finite Galois extension of
Q(@)-

Proof. Let Ey 5 = Q (4, {fala € S}). Then E g is a Galois extension of Q(j). Indeed, for each
a € S, the modular function fg is holomorph1c on H with algebraic Fourier coefficients at all
cusps. Hence, by Corollary 2.8 we get a polynomial P(X) € Q(5)[X], which is satisfied by fq.

Thus, Eyg/ Q(j) is an algebraic extension. Moreover, this extension is normal because each
conjugate of fq is of the form fa,, which is equal to fp for some b € S. Since E) 5 is obtained

from Q(j) by adjoining finite number of elements, EN@/@(]') is a finite Galois extension.

Now we show that £ NQ = F N.O To begin with, observe that C and F N.Q are linearly disjoint

over . This can be seen as follows. Suppose {c1,¢c2,...,¢.} C C is an arbitrary Q-linearly
independent subset of C. If there exists g; € Fy g such that i1 6i(T)¢; =0 for all 7 € H with

:deq}{,, din €Q for0<i<r,
n

then

-
Zci din, =0 for all n.
i=1
The linear independence of ¢; over Q implies that all d;,, = 0 for all 0 < i < 7, and hence, f; =
fo=---=fr=0. Thus, we have Ey5 C Fyg € CEyg. Suppose there exists f € Fyg \ Eyg-
Since f € CEN@, we get a Q-linearly independent subset {f1, f2,..., fm} C E\ g such that

m
f = Z aifi, a; € C, (6)
with at least one of the a; € C\ Q. Since Eyg € Fng the set {f, f1, f2, -, fm} is Q-linearly
independent subset of F NO and hence, C-linearly independent. This contradicts (6). Therefore,
Eyg=7ngand Fyg/ Q(j) is a finite Galois extension. O

Thus, Theorem 2.10 and Theorem 2.11 imply the following crucial fact.

Corollary 2.12. Let g € fN@. Then the Fourier coefficients of g with respect to all cusps are

algebraic numbers and g satisfies a polynomial over Q(j).

2.4. Algebraic independence of modular, quasi-modular forms and modular functions.
The aim of the discussion below is to establish the algebraic independence (as functions) of the
three functions arising from modular considerations - modular functions, modular forms and
quasi-modular forms. For the basic theory of quasi-modular forms, we refer the reader to [14].
To begin with, we prove the following lemma.

Lemma 2.13. A sum of meromorphic quasi-modular forms of distinct weights is not identically
zero, unless, each of these quasi-modular forms is identically zero.
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Proof. Suppose f1, fo, ..., f, are non-identically zero meromorphic quasi-modular forms of weights
k1 < ko < --- < k, with respect to the congruence subgroups I'y,I's, ..., ', of level N1, No,... N,
respectively. Let p be the greatest depth of these quasi-modular forms. Suppose that for each
i€ {1,2,...,r}, they have the following transformation formulae:

J
fll’“ me <c7'+d>

. at +b
ie., f; <CT+d> wa CT—I—d)

for every (a Z) € I'; and 7 € H. Here the functions f; o, fi1,..., fip are the components of f;,
and in particular, f;o = f; for all 1 < <r. Then we consider N := [[;_; N; and S := {bN?+1:
b € N} such that for each ' = Nb* + 1 € S, the matrix (4 %) € N7_;T;. For all such matrices
we have

T+ bN i '
fi (NT—l-b/) Zfz,] NT—Fb,) forall 1 <i<r.

Suppose that >_._; fi = 0. Then for T €Hand ¥ € S, we have

T4+ bN
Zf’(N +b/> =0

From the above transformation formula for each f;, we obtain

Zwa )NI (N1 4 b7 = 0. (7)

=1 5=0
For a fixed 7 € H, multiplying (7) by (N7 4 &')?', where p/ = 2 - max{p, |k1|, ..., |k-|}, we get
O—ZZf” ) N7 (N7 4 b )kitv'=i
=1 j=0

Y ki+p'—j
—ZNkH_p Zfz,j ( ) )

which holds for each ¢/ € S. This shows that for any fixed 7 € H, the polynomial
r P
X) =Y NEHNTf () (0 + XM € ClX)
i= =0

has infinitely many roots, and hence P(X) is identically zero. Note that even if any of the k;’s are
negative, the maximum exponent of X occurring in P(X) is p’ + k,. Thus, the leading coefficient
of P(X) is N*¥*P' f, (7). Since P(X) = 0, we get fro(7) = f-(r) = 0. This is true for any
7 € H. Hence, f. = 0, which is a contradiction, proving the lemma. O

We are now ready to prove the main theorem in this context.

Theorem 2.14. Let f a non-constant meromorphic modular form of non-zero weight. Let g and
f be a modular function and a meromorphic quasi-modular form of positive depth and non-zero
weight, respectively. Assume that f, g and J? are of arbitrary level. Then the functions f, g and
]? are algebraically independent.
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Proof. Let f be of weight m and level N, g be of level M and fbe of weight n and level N.
Suppose that P € C[X,Y, Z] is such that P(f, g, f) = 0. Recall that a product of a modular form
of weight m and level N and a _quasimodular form of weight n and level N is a quasimodular
form of weight mn and level NN. Denote No = Z>¢. By grouping the terms of P(f,g, f) of the
same weight, we can rewrite it as

P(f,9.f) Z > prat 1o fl, withp €C. (8)
k=—K' (r;st)eN3
mr+nt=k
As P(X,Y,Z) is a polynomial, p, s = 0 for all but finitely many r, s and ¢. As noted above, for
each k € {—K’,..., K} the inner sum in (8) is a meromorphic quasi-modular form of weight k
and level NM N. Thus, Lemma 2.13 implies that
Z Drs,t fr gs J?t = 0. (9)
(r,s,t)GNg
mr+nt==k

for each —K' <k < K.

Fix a k € {—K’,..., K} and consider the corresponding inner sum from (9). If there exists an
integer to # 0 such that p, s, # 0 for at least one tuple (r,s,ty) € N3 satisfying mr + nto = k,
then the term on the left in (9) is a meromorphic quasi-modular form of depth at least ty. But the
uniqueness of depth implies that the term on the left in (9) is of depth 0. Hence, the coefficient
Prst = 0 when t # 0. If t =0, then mr = k, or in other words, r = k/m € Z. Thus, for all
0#ke{—K',...,K} such that £ € Z, the relation in (9) takes the form

Y pe 9" =0, (10)
s€Np
as f is not identically zero. If k = 0, then clearly, r = 0 and we get
> poso g° =0. (11)
s€Np
Since g is a non-constant modular function, g must have either a zero or a pole in H. Say that the
order of g at 7y is b # 0. Then any function Zf:o ¢ g" with not all ¢, = 0 will have order bR # 0

at 79. Thus, any combination of the form Zf:o ¢y g" cannot be identically zero. Thus, relations
(10) and (11) imply that poso = px .o = O for all £ and s. Hence P = 0 and the theorem is

proved. [l

3. Proof of Main Results

3.1. Values of modular functions when j(7) ¢ Q. Before proceeding with the proof of the
main theorems, we establish the following intermediary observation.

Lemma 3.1. Let g € Fyg. If 7 € H such that j(7) ¢ Q, then g(1) is non-zero.

Proof. By Theorem 2.11, we know that g satisfies a non-trivial polynomial over Q(j). On clearing
denominators, we can assume that g satisfies the irreducible polynomial

P =Y ()X =Y (Zcm ) XT e QUIIX], m = deg P(X), dy = deger(j).

r=0 r=0
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Note that co(j) € Q[j] is not the identically zero polynomial. Now suppose 7 € H is such that
j(7) is transcendental. If g(7) is zero, then we get that co(j(7)) = 0 which contradicts the
transcendence of j(7). This completes the proof. O

Proof of Theorem 1.6(a). If g(7) = 0, then it follows from Lemma 3.1 that j(7) € Q. If 7 is
a pole of g, we consider the modular function

1
h(z) = —— € Fym,
&=y < e
which vanishes at z = 7, and so j(7) € Q by Lemma 3.1. O

The proof of Theorem 1.6(b) is established in two parts. We first show that if j(7) is transcen-
dental, then g(7) is as well. The converse implication is proved later.

Proposition 3.2. Let g € Fyg and 7 € H be such that it is not a pole of g. If j(r) is
transcendental, then g(7) is transcendental.

Proof. Suppose that g(7) € Q. Then the modular function
h(z) == g(z) — g(7)

belongs to F, 5 and vanishes at 7. This contradicts Lemma 3.1. Therefore, g(T) is transcendental.
O

3.2. Values of modular functions when j(7) € Q. From Theorem 2.11, we have
ros

.FN@:@({j,fa:aeS}), where S = {(N’N) :0<r,s<N—1and (7‘,3)7&(0,0)}.

Hence, for any g € F NO the algebraic nature of g(7) is determined by the numbers in the set

{fa(7) 1@ € S}.

For N=1,F 5= Q(j). Hence, for any g € F, g J(7) € Q implies that g(7) € Q. For N > 1,
we have to study the nature of the values fq(7) for all @ € S. We start by proving the following
important lemma.

Lemma 3.3. If 7 € H such that j(7) is algebraic, then there exists a unique transcendental
number (up to an algebraic multiples) w, for which ga(wrL;) and gs(w;L;) are both algebraic
numbers.

Proof. Note that for any o € C*,

() = Ba(0)® _1728g5(L,)° _ 1728 g5 (aL)’
W= "A(r) Ao(L,) Ao (aL,)
because of the homogeneity properties of the go, g3 functions. Here L, = 7Z & Z and alL, =
aTZ ® aZ. If we choose w, such that w? = go(L,), then go(w,L,;) = 1. Given that j(7) is
algebraic, from (12), we get that Ag(w;L;) is also algebraic. Thus, the numbers go(w,L;) and
g3(w;L;) are both algebraic. Moreover, w; is a period of w; L, and both ga(w;L;) and g3(w,L;)
are algebraic. By Corollary 2.4 we conclude that w; is transcendental.

(12)

To prove uniqueness, consider an arbitrary w,. € C* such that both go(w]L;) and g3(w] L)
are algebraic. By homogeneity of gs, we have

(e Le) = (1) go(Lr) = B € T.
Then, we get g2(L;) = 3 - (w.)* and hence w? = 3 - (w.)*. This completes the proof that w, is

T T
unique up to algebraic multiples. [l
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Now recall that

gZ(LT) 93(L7')

fa(T) . AO(LT)

oL, (a17 + az),
where L, = 7 Z®Z and a = (a1,a2) € S. Using homogeneity properties of the functions involved,

we can rewrite this as follows:

g2 (wTLT) g3 (WTLT)
AO (w.r LT)

fa(T) =

Pw, Ly (aleT + QZWT)-

Lemma 3.4. If 7 € H is such that j(7) € Q, then fqo(7) € Q for alla € S.

Proof. Let a = (%, %) € S. Then we have

~ 92(wrL;) g3(wr Lr) TWrT  SWy
Jal7) = =R L) “’T“( N TN )

where w; is chosen as in Lemma 3.3 so that go(w; L), g3(w,L;) € Q.

Recall that both o, ., (”]VT) and ©y. 1., (“—]\}) are algebraic by Corollary 2.4. Moreover, by the
addition formula for Weierstrass p-function in Theorem 2.2, we get that

rWwrT sz> —
Q

for all @ = (%, %) € S. Thus, the number fq(7) is algebraic for all a € S. O

Proposition 3.5. Let g € Fyg and 7 € H such that j(r) € Q. If T is not a pole of g, then g(7)
s algebraic.

Proof. From Lemma 3.4, we have fo(7) € Q for all @ € S. Since

g€ Fyg =T falac S}

by Theorem 2.11, g(7) is also algebraic. O

Propositions 3.2 and 3.5 together complete the proof of Theorem 1.6(b). We now prove the
generalization of [5, Theorem 2.4].

Proof of Theorem 1.7. Let f be a meromorphic modular form of weight & € Z. Define

)12
h(r) == J;((g)k V7 e H.

The function h € F ~,g because the Fourier coefficients of f and A are algebraic. Moreover, any
7 € H is a zero or a pole of h if and only if it is a zero or a pole of f because A is non-vanishing
and holomorphic on H. Thus, if 7 € H is a zero or pole of f, then A is non-constant and by
Theorem 1.6(a), we deduce that j(7) € Q, and by Theorem 1.6(b), that either g(z) has a pole at
z =7 or that g(7) € Q. O
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3.3. Values of modular forms. Recall that for any integer £ and N, we denote M, NO M;"NQ

and M ;"N@ to be the set of holomorphic, weakly holomorphic and meromorphic modular forms

respectively of level N with algebraic Fourier coefficients at ico. By Corollary 2.12, all elements
of these sets have algebraic Fourier coefficients with respect to all cusps as well.

Proof of Theorem 1.8(a) . Let f € M k N Consider the modular function
_ 0"
g(T) T A(T)k :

If g is a non-zero constant, then f(r) = c¢A(r)¥/12 for some ¢ € Q° and all 7 € H. Since
1728A(7) = E3(7) — E2(7), and E4(7) is algebraically independent with Eg(7) for 7 € H such
that €™ € Q by Nesterenko’s theorem 1.3, we deduce that f(7) is transcendental.

Now suppose that g is non-constant. Since f € M, yg, 9 € Fyg- Note that for 7o € H
such that >0 is algebraic, j(7g) is transcendental by Theorem 1.2. Such a 79 cannot be a pole
of f. For if 79 is a pole of f, then 7y is a pole of g and by Theorem 1.6(a), j(7p) would be
algebraic, leading to a contradiction. As 7y is not a pole of g, Theorem 1.6(b) implies that g(9)
is transcendental. Moreover, by Theorem 2.11, g(7p) is algebraic over Q(j(79)). By Nesterenko’s
theorem,

E3(r0) — E§(m0)
1728
are algebraically independent. Therefore,

trdeg Q(g(m0), A1) = trdeg g Q (j(m0), A(10)) = 2.

Hence, f(10)'2 = g(10) A(7)F is transcendental, proving the claim. O

E3 (7o)

A= Afro)

and j(10) =

We remark here that the proof of Theorem 1.8(a) only requires Nesterenko’s theorem and the
structure of modular functions of higher level. One also immediately deduces the following.

Proposition 3.6. If f € M then f is algebraically dependent with E4 and Eg over Q. In

k: ,N,Q’ _
particular, If f € M’ NQ and T € H is not a pole of f, then f(7) is algebraic over Q(E4(T), Eg(T)).
Proof. Let f € M . N@ and consider

12/,
g(7) = J;k((T; € fN’@.

By Corollary 2.12, there exists a polynomial P(X) € Q[j](X) such that P(g) = 0. More specifi-
cally,

m  dy
SN () g(r) =0 forall 7eH.

r=0 s=0
Here ¢, € Q for all 0 < s < d, nd 0 < r < m. Multiplying by Al(7) for any positive integer
[ > km and substituting ]( ) and A(7) in terms of E4(7) and Fg(7) gives

m dyr l—kr—s C l—kr—s
S35 s (1T ) s ) <o

r=0s=0 t=0
This proves the proposition. O

We now consider the complementary case, namely, points 7 € H such that j(7) € Q.
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Proof of Theorem 1.8(b). Fix a 7 € H such that j(7) € Q. From Lemma 3.3, we get a transcen-
dental number w, such that ga(w;L;) and g3(w.L;) are both algebraic. Moreover, we have the
formulae

3 3 fwr\4
Eu(r) = 25 92(Le) = 5 (5F) galworLo),

6
Bo(r) = o as(Lr) = o () galorLr).
m 8 \m
From Nesterenko’s Theorem 1.3, we know that at most one of Ey(7) and Es(7) is algebraic. The
above formulae imply that if w,/7 € Q, then both E4(7) and Eg(7) are algebraic, which is a
contradiction. Hence, w; /7 is a transcendental number. Besides, we have

_ Balr)’ — Bo(r)" _ 1 (&)12 <92(WTLT)3 - 2793(WTLT)2)

™

A(7)

1728 46

1 /w12
=5 () dolerLo).

As ga(w,L;) and g3(w-L,) both are algebraic, the number Ag(w,L,) € Q\ {0}. Since w, /7 is
transcendental and A(7) is a non-zero algebraic multiple of (w,/7)"?, we deduce that A(7) is
transcendental.

Consider the modular function

V1 € H,

which lies in F NO Since j(7) € Q, Theorem 3.5 implies that g(7) is algebraic, say «. Thus, we
get that
Q@

12k
F2 =a - AR = 5 - Aofwr L)t (5) (13)
4 us
This shows that if f(7) # 0, then it is a non-zero algebraic multiple of (w,/m)" and hence, is
transcendental. g

3.4. Values of quasi-modular forms. Let M Ig%(l“) denote the set of all meromorphic quasi-

modular forms of weight & and depth p(> 0) for T with algebraic Fourier coefficients. We study
their values at the points 7 € H, where exactly one of €™ and j(7) is algebraic.

Proof of Theorem 1.9(a). By Theorem 2.1, we can write fvin the form

p
=X hEL e
r=0

Suppose that both >™7, f(7) € Q. By Corollary 3.6, we know that each number f.(7) is alge-
braically dependent with Ey(7), Eg(7). Thus, we get that Fo(7) is algebraic over Q(Ey4(7), Fg(T)).
This implies that

trdeg Q27 Ba(r), ). Ealr) ) < 2
contradicting Nesterenko’s theorem 1.3. This proves the claim. (I

To study values of quasi-modular forms in the complementary case (i.e., for j(7) € Q), we need
the following lemma.
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Lemma 3.7. Let 7 € H be such that j(7) is algebraic and w; be the transcendental number
determined in Lemma 3.8 such that g2(w- L) and g3(wrLry are algebraic. Let nz(wr) := n2(w-Lr)
be the quasi-period

n2(wrLr) = Cu, 1, (2 + wr) = Cu, 1, (2).

Then “= and 2 are algebraically independent over Q.

Proof. From the definition of the Weierstrass zeta-function, one gets (.1, (2) = w% (L. (w%) .

Using the definition of a quasi-period and the identity (3), we obtain

ot (2 ) — o (2) = (L) = L o) = L T By
2= Sr LA ) T b L A2 = R = T T g AT
Thus, we get the following formulae
w 3 rwr\4 27 rwr\6
Byr) =3 L Bi(r) = (%) selwrls), Bo(r) =5 (55) gsleorLo).

The above formulae imply that E5(7), E4(7) and Eg(7) are algebraic over Q (2=, 2). Suppose
that “=, ’7—7? are algebraically dependent. This implies that

trdetg O Ear) Ex(r),Bal) ) = L
which contradicts Nesterenko’s Theorem 1.3. O

Lemma 3.7 and Theorem 2.1 together allow us to describe values of quasi-modular forms
explicitly at the points 7 € H where the j-function is algebraic.

Proof of Theorem 1.9(b). From Theorem 2.1, we have the expression

" p
f(r) =Y f(MEs(7)", where f, € M o
r=0

Writing the value f,(7) as in (13) for each coefficient f,, and using the above formula for Fs, we

obtain » »
~ wy\ k—2r (WT 172)1" <w7>k7r (772>7°
= — — =) = — — 14
fo=ya () (SR < e ()7 (2
where each ¢, is an algebraic number. If ¢, # 0 for some r satisfying 0 < r < p, then (14) gives

a non-trivial algebraic relation among “* and 2. This contradicts Lemma 3.7. Therefore, the

number f(7) is either zero, precisely when each f(7) € Q\ {0}, or is transcendental. O

3.5. Algebraic independence of special values.

Proof of Theorem 1.11. From Theorem 2.11, we know that for any 7 € H which is not a pole
of g, g(7) is algebraic over Q(j(7)). Moreover, Corollary 3.6 gives that f(7) is algebraic over
Q(BE4(7), Es(7)). Since f(1) =>_P_, fr(7)E2(7)", we have that f(7) is algebraic over

Q(E2(7), Ea(7), E6(7))-
Hence, we get that

trdegg Q(e%”,g(T), f(7), f(T)) = trdeggq Q(emT,j(T%E2(7)7E4(T), Es(7)

— trdegq @ (2 Ba(r), Ba(r), E6<r>> >3
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by Nesterenko’s theorem 1.3. This establishes the claim. (I
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