ON SPECIAL VALUES OF DIRICHLET SERIES WITH PERIODIC
COEFFICIENTS

ABHISHEK BHARADWAJ AND SIDDHI PATHAK

ABSTRACT. Let f be an algebraic valued periodic arithmetical function and L(s, f), defined as
L(s, f) == Y02, f(n)/n® for R(s) > 1, be the associated Dirichlet series. In this paper, we
study the vanishing and arithmetic nature of the special values L(k, f) when k > 1 is a positive
integer. We prove a generalization of the Baker-Birch-Wirsing theorem conditional on the Polylog
conjecture. Adopting a new approach, we define an induction operator on the space of periodic
arithmetic functions, which makes precise the notion of an “imprimitive” arithmetic function.
This enables us to obtain an analog of Okada’s criterion for L(1, f) = 0 and derive a natural
decomposition of the vector space

Or(N)={f:Z—-Q|f(n+ N) = f(n) for all n € Z, L(k, f) = 0}.

1. Introduction

Let f be an arithmetical function, periodic with period N > 2. The L-series attached to f is

defined as
N

o f(n) _ 1 a
Lis, f) =Y S22 = =3 f@)¢ (s 1)
n=1 a=1
which converges absolutely for $(s) > 1. Here ((s,z) := Y ", (n+ ) ° denotes the Hurwitz
zeta-function. Using properties of the Hurwitz zeta-function, one can see that L(s, f) has an-
alytic continuation to the entire complex plane except for a simple pole at s = 1 with residue
+ Zflv:l f(a). Thus, L(s, f) is entire if and only if Zfl\;l f(a) =0, in which case, L(1, f) exists.

Motivated by Dirichlet’s theorem of non-vanishing of L(1, x), S. Chowla [6] initiated the study
of non-vanishing of L(1, f) in 1964. In an answer to a question proposed by Chowla, A. Baker, B.
Birch and E. Wirsing [2] applied Baker’s theory of linear forms in logarithm of algebraic numbers
and proved the following general theorem.

Theorem (Baker, Birch, Wirsing). If f is a non-vanishing function defined on the integers with
algebraic values and period N such that (i) f(n) = 0 whenever 1 < (n,N) < N and (i) the N*"
cyclotomic polynomial ®y is irreducible over Q(f(1), f(2),---, f(N)), then

L(]" f) # O?

when the series converges.

If either of the two conditions (i) or (ii) on the function f are relaxed, then there exist a
plethora of examples such that L(1, f) = 0. For instance, let f be the arithmetical function
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2 A. BHARADWAJ AND S. PATHAK

periodic modulo p? defined such that

Then f is Q-valued, periodic modulo p?, does not satisfy (i) and L(1, f) = 0.
A natural question then is to classify all Q-valued periodic functions f such that L(1, f) = 0.
In 1982, Okada [21] translated this problem into a linear algebraic setting and obtained a criterion

for the vanishing of L(1, f). Going further, in [16], R. Murty and the second author introduced
the Okada space, namely,

ON):={f:Z—Q|f(n+N)=f(n)forall n € Z, L(1, ) = 0}

and constructed an explicit basis for O(N) using Okada’s criterion. As a consequence, they ob-
tained generalizations of the Baker-Birch-Wirsing theorem and connected this problem to the
arithmetic nature of Euler’s constant ~.

The aim of this paper is to study the values L(k, f) for £ > 1 in a similar spirit as above. For
a positive integer N > 2, and a number field K, we define

F(N;K)={f:Z— K|f(N+n)= f(n), forall n € Z},

N
Fy(N; K) = {fEF(N;K){ > fa) = }

Fp(N:K) = {f € F(N:K) | f(a) = 0 for (a,N) # 1},

Op(N; K) ={f € F(N; K)| L(k, f) = 0}.

If f € Fp(N;K), we will say that f is of Dirichlet type. As we will mostly focus on rational
valued periodic functions, we let F(N) := F(N;Q), Fo(N) := Fy(N;Q), Fp(N) := Fp(N;Q)
and O(N) := Or(N;Q) for brevity.

One can express the special value L(k, f) as

1 & a —-)F I a
th):Angﬂ@C<hA»::%_4MAWZ;ﬂ®¢h4<N)

where
d™ T'(z)
¥mle) = G )
- N .
is the m-th polygamma function. Furthermore, if f(b) :== N=1 3 f(a) e 2™/N then
a=1
N ~ .
L(k, £) = 3 F(b) Lig (27N, (2)

b=1
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with Lip,(2) := Y .2 | 2" n~™ being the m-th polylog function. For details, we refer the reader to
[18, Section 2].

Therefore, the non-vanishing of L(k, f) entails the understanding of Q-linear relations among
values of the polylog functions at roots of unity. However, even the irrationality of these polylog
values remains unknown. Towards this goal, the following conjecture was proposed by S. Gun,
M. R. Murty and P. Rath [9].

Conjecture 1 (Polylog Conjecture). Let aq, oo, -+, oy be algebraic numbers with |o;| < 1
such that Lig(aq), Lig(ae), - -+, Lig(ay,) are Q-linearly independent. Then, Lig(a1), Lig(ag), -+,
Liy () are Q-linearly independent.

In [10, Theorem 1.9], the authors showed that under the assumption of the Polylog conjecture,
an analog of the Baker-Birch-Wirsing theorem holds. We record below a generalization of [10,
Theorem 1.9], which will be proved in Section 2.

Theorem 1.1. Let N > 1 be an integer, F be a number field and f € Fp(N;F). Let K :=
FNQ(e*™/NY and H := Gal(Q(e*™/N)/K) C (Z/NZ)*. Assume that supp(f), the support of f
in (ZJ/NZ)*, is contained in H. Then

L(k, f) # 0

unless f is identically 0, conditional on the Polylog conjecture (Conjecture 1).

In the above theorem, Polylog conjecture plays the crucial role of reducing a problem involving
values of transcendental functions to relations among algebraic numbers. This is similar to that of
Baker’s theorem in the Baker-Birch-Wirsing result. Therefore, proving Theorem 1.1 uncondition-
ally would necessarily require one to establish the Polylog conjecture with «;’s being roots of unity.

It is evident from Theorem 1.1 that the two crucial conditions required to obtain the non-
vanishing of L(k, f) rely on (i) the support of the function f and (éi) the number field generated
by values of f. Theorem 1.1 presents the most general situation in which the non-vanishing of
L(k, f) can be established.

Proceeding analogously as in the case of L(1, f), our next aim is to characterize periodic
functions f such that L(k, f) = 0 for a fixed integer & > 1. In this paper, we present a com-
prehensive study of this problem, by focusing on relaxing the condition on the support of the
function f in Theorem 1.1. More specifically, we consider functions f € Oy(N; K) such that
K N Q(e*™/N) = Q. For simplicity, we restrict to the case K = Q. However, the theorems hold
for all number fields K disjoint from the N-th cyclotomic field.

A special case of Theorem 1.1, namely when f € Fp(N;Q), was formulated as a conjecture
independently by Milnor [12] regarding the Q-linear independence of Hurwitz zeta-values. Since
this conjecture was inspired by earlier work of S. Chowla and P. Chowla [7], we refer to it as the
Chowla-Milnor conjecture, following the convention in [9].

Conjecture 2 (Chowla-Milnor Conjecture). If f € Fp(N), then L(k, f) =0 <= f=0.

Thus, as a consequence of Theorem 1.1, we derive the Chowla-Milnor conjecture assuming the
Polylog conjecture. This is also proved in [9, Theorem 4].

For any positive integer r, define the dilation operator, D, : F(N; K) — F(rN; K) as

D,()(n) = {f () rin

0 otherwise,
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and for a fixed positive integer k > 1, let

Ann, (f) = f =" Di(f)
denote the annihilation operator. Thus, we have

rk

Lo, A () = (1= 15 ) 2661,

7«8

that is, Ann, defines a linear map from F(N) to Ok (N).

Towards exploring vanishing of the values L(k, f), we prove Theorem 3.3, which is the analog
of Theorems [21, Theorem 10] and [22, Theorem 1] for an integer £ > 1 in Section 3. Additionally,
we investigate the structure of the vector space O (N) and show that

Theorem 1.2. If k, N > 1 are fized positive integers, then assuming the Chowla-Milnor conjec-

ture,
Or(N) =P Anng (FD <Z>> .

d|N,
d>1

Equivalently, for every f € Or(N), there exist unique functions gq € Fp(N/d) such that

L) =3 (1 f) L(s, 94),

d|N,
d>1

conditional on the Chowla-Milnor conjecture (Congecture 2).

Obtaining an explicit expression for the functions g4 in terms of the function f appears to be
a herculean task. However, when N is a product of two or three distinct primes, this can be
done using the operators defined in Section 3. We include these computations in Section 5 and
underline the difficulties that arise in the general case.

The Chowla-Milnor conjecture remains open. However, we prove that it enjoys the following
anatomical property. We say that the Chowla-Milnor conjecture is true modulo N if Conjecture
2 holds for all f € Fp(N). In Section 4, we prove that

Theorem 1.3. If Conjecture 2 is true modulo N for some integer N > 2, then it is true mod d,
for all divisors d > 1 of N.

Using the tools developed in Section 4, we show that the functions appearing in Theorem 3.3
are intimately connected to the imprimitivity of Dirichlet characters.

Focusing on the classical theory of values of Dirichlet L-series, we recall here that
L(k,x) € ="Q,

that is, L(k,x) is a non-zero algebraic multiple of 7%, when k and x are either both even or
both odd (see [13, Section 5]). However, when k and x have opposite parity, the transcendental
nature of L(k,x) is still unproved. Using (2), it is clear that L(k,x) is a linear combination
of polylogarithms evaluated at roots of unity. Naturally, the Polylog conjecture is relevant in
this study. Although Conjecture 1 is compelling, it is insufficient to imply the transcendence (or
even irrationality) of the values L(k,x) when k and y have opposite parity. For this purpose,
one requires the Strong Polylog conjecture (see [3]), which predicts that a non-vanishing linear
form in polylogarithm of algebraic numbers is transcendental. In the penultimate section, we
adopt a complementary approach and study the consequences of the Polylog conjecture on the
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algebraicity of the special values L(k, x).

Let S, := {x mod N | L(k,x) € Q, N > 2 squarefree} consist of the set of all distinct characters
with squarefree period such that L(k, x) is algebraic. Then the elements of Sy are necessarily

characters that satisfy x(—1) # (—1)*. For ¢ € Gal(Q/Q), we define x?(n) := o(x(n)) for all
n € Z. It is not evident that if xy € Sk, then x7 € S, even if one assumes the Polylog conjecture.
We show that this holds under an additional mild hypothesis.

Theorem 1.4. Suppose that there exists a squarefree integer N > 1, and two distinct characters
x and ¥ mod N such that

X, ¥ € S and Q(x) NQ(Y) = Q.
Then conditional on the Polylog conjecture (Conjecture 1), Sy is closed under the action of

Gal(Q/Q), that is, if n € S, then n° is also in S for all o € Gal(Q/Q).

The condition restricting the characters of Si to have squarefree period is of technical nature,
and can probably be relaxed. The absence of the disjointness hypothesis implies that a positive
proportion of characters y of squarefree period (including the trivial and quadratic characters)
do not belong to Sg.

2. A general Baker-Birch-Wirsing type theorem

In this section, we prove Theorem 1.1, which is a general version of the Baker-Birch-Wirsing
theorem. Our proof follows along the lines of [10, Theorem 1.9]. However, we highlight that the
structure of the proof indicates the validity of the statement in a broader setup.

We first prove the lemma below which forms one of the two fundamental ideas in the proof of
Baker-Birch-Wirsing type theorems.

Lemma 2.1. Fiz a positive integer k > 1. Let f € F(N;F) for a number field F with K :=
F N Q(e*/N). Let H := Gal(Q(e2™/N)/K) C (Z/NZ)*. For h € H, let o,(f)(n) := f(h~'n).
Then

L(k,f) =0 <= L(k,04(f)) =0,

for all a € H, conditional upon the Polylog conjecture.

Proof. Suppose that L(k, f) = 0. Let aq, ag, --+, ap € {eQma/N : 1 < a < N} be such that

{Lig(op) : 1 < b <r}is a maximal Q-linearly independent subset of {Liz(e?™*/N) : 1 <a < N}.
Thus, we can write

Li Zﬁm/N Z Aab le ab 1 <a< N.
Substituting this in (2), the value L(k, f) becomes

N
:Zf ZA ble ab Zle ap Z f( ) (3)
a=1

By the choice of a;’s we get that under the Polylog conjecture

T N N
> Lin(an) Y Aw fla) =0 = Y Ay fla) =0, forall 1 <b <.
b=1 a=1 a=1
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Since f(a) € F(e2™/N), we obtain that for o € Gal(F(e*™/N) /F),

N o~
S Awo (f(a)) —0.
a=1

We can identify Gal(F(e*™/N)/F) with H via the restriction map and thus, ¢ = ¢, for some
h € H such that Uh(e%i/ N) .= €2mh/N Then from the definition of the Fourier transform, we
have that

N N
on (Fl@) = > etV = N g tm) e N — gy (Fa). (4)
(nn; )17:1 (mm; )1’:1

Thus, we have the relation

N —_—
S Au an(f)(a) = 0,
a=1

which together with (3) gives L(k,op(f)) =0 for all h € H. O

Remark. Theorem 1.1 holds under the weaker assumption of an analog of the Polylog conjecture
for roots of unity instead of all algebraic numbers. Moreover, note that the above proof holds
more generally. Indeed, let f € F(N;F), and let o be an automorphism of F(e*™/N)/Q such that
Oc = U‘Q(E%/N) with ¢ € (Z/NZ)* and o.(e2™/N) = 2™/N_ Then equation (4) can be replaced
with

N N
o(f) = 3 ot et = 32 o (i m) e TN < o () )
(nrflg)él (mﬁﬁ)’:l

where . (f7) (m) := o(f(c~tm)). Hence we deduce that L(k, f) = 0 implies that L(k,c.(f°)) = 0

The second input integral to the proof of Baker-Birch-Wirsing type theorems is the evaluation
of a Dedekind determinant.

Lemma 2.2. Let G be a finite abelian group and f : G — C be a complex-values function on G.

Suppose that M = [f(:cy_l)]xyec 1s the corresponding Dedekind matriz. Then

deemn =T (3 1), (5)

zeG
where the product is over all characters x of G.
For a proof of this fact, we refer the reader to [20].
Proof of Theorem 1.1. Suppose that L(k, f) = 0. Lemma 2.1 implies that L(k,o,(f)) = 0 for all

h € H. Using the expression for L(k, f) in terms of values of the Hurwitz zeta-functions, we have

> f(ha)<<k,%) ~0 for all h € H.
acsupp(f)
Equivalently, we have the relations

a —1
> fla)¢ (k }zlv) =0 for all h e H (6)

a€H
as supp(f) € H. This can be interpreted as Iy = 0 with

m= ¢ (k. “’}V_lﬂ oy T @
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The theorem would be proved if we show that 9t is invertible, that is, det(9t) # 0. It is evident
that 91 is a Dedekind matrix. Therefore by Lemma 2.2,

det = [ (Z x(a)¢ (kﬁ)) ,

foI acH

where H is the group of characters of H. By Pontryagin duality, there is a unique subgroup
V C (Z/NZ)* such that

H ~ (Z/NZ)* V.
Thus there is a unique extension Ky /Q such that
Q C Ky C Q(e*™/Ny and Gal(Ky/Q) ~ H.

The characters of H can now be identified with characters of Gal(Q(e2™/")/Q) ~ (Z/NZ)* that
are trivial on V. Hence by (2),

AN\ _ sk
> x(@)¢ (k1) = N* Lk, ),
acH
with x being a Dirichlet character in the classical sense. Since L(k, x) # 0, we see that det 0t # 0,
proving the theorem. O

Remark. The statement of Theorem 1.1 also holds if the support of the function f is contained
in a coset of H in (Z/NZ)*. Indeed, suppose that bH is a coset of H in (Z/NZ)* and that
f € Fp(N; K) with supp(f) C bH such that L(k, f) = 0. Set g(n) := f(bn). Now g € Fp(N; K)
with supp(g) C H satisfying L(k,g) = 0. Hence applying Theorem 1.1, we can conclude that
9g=0 = f=0.

3. Structure of the Okada space

In [22], T. Okada proved that for arithmetical functions, periodic mod N, taking values in a
field disjoint from the N-th cyclotomic field, L(1, f) = 0 only if f is “induced from lower level
periodic functions”, that is, f is, in a sense, “imprimitive”. In this section, we formulate these
ideas in precise terms and discuss their consequences on the vanishing of the special value L(k, f).

We first prove a generalization of Okada’s result for L(k, f) with & > 1. Using notation that is
considerably simplified, we also deduce Okada’s criterion for vanishing of L(1, f). An alternate
derivation of Okada’s criterion can be found in [4]. We will then use the general Okada’s criterion
to prove Theorem 1.2. In contrast to Okada, our methods will rely on the properties of the
L-function L(s, f) rather than algebraic relations among the special values themselves.

The definition of the annihilator operator in the introduction implies that

rk

Lo, A () = (1= 1) £6s.).
Thus if L(k, f) < oo, then L(k, Ann,(f)) = 0 for all positive integers > 1. The natural ques-
tion that this observation leads to is whether all periodic functions f such that L(k, f) = 0 are
generated by Ann,(g) for certain periodic function g and positive integers r. We answer this in
the affirmative below.



8 A. BHARADWAJ AND S. PATHAK

Let M(N) be the monoid generated by prime divisors of N, that is, if p1, p2, -+, p¢ are all
the distinct primes dividing N, then

M(N) = {p* p5* --- p{* a1, - - a; are non-negative integers} .
Note that
t ~1
1 1
> - 1l-05)
m p
meM(N) =1 !
which is entire. Thus, }° My L /m is absolutely convergent.
Fix a positive integer k > 1. For f € F(N; K) and a divisor d of N, let

Pwm= Y Lo f

meM(N), mEM N) )
d|lm

Then fék) is periodic with period N/d, and fék)(n) = fl(k)(dn)/dk. Moreover, fc(lk)(n) € K.
Indeed, if a prime p | N, then the sequence {p®},en is eventually periodic mod N. Therefore,
fl(k) (n) can be expressed as a sum of finitely many terms and finitely many geometric progressions,
with values in K. Hence, the value of the series fl(k)(n) (and in turn, fék)(n)) will lie in K. Thus,
fék) € F(N/d; K). Furthermore, let

W AP @) i (N =1,
1 (n) = .
0 otherwise.

With this notation in place, we prove the following crucial proposition.

Proposition 3.1. Fiz an integer k > 1. Let N > 2 be a positive integer and f € F(N; K). Then

+ZM ) Anng(f, )),

AN
where p(-) denotes the Mdbius function.

Proof. We begin by noting that for any periodic function f, Anny(f)(n) = f(n) — Di(f)(n) =

f(n) — f(n) = 0. Recall that
S (@) {1 it N =1,

otherwise.
d|N

Now consider the sum

Z w(d Annd )) (n). (7)

dIN
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Expanding the sum using the definition of the Anng operator, we have

:<Zﬂ(d)f< > (ZM ) d* Da(f£1)(n )>

d|N d|N
~(Sua ¥ ) (S (5)
AN meM(N), d|N,
dlm dln
(k)
(X S uw) - (Suwae )
mem(n) U AN, d|N, d
dlm dln
— f(n) - (fl(k)(n) 3 u(d)>7
o d|(n,N)
= f(n) — 1P (n)
]
Therefore, for every f € F(N; K),
(%) d (k)
L(s.) = o 19+ o) (1= 5 ) 26614 0

Note that in the above decomposition, fc(lk) € F(N/d). If N is assumed to be squarefree, then
one can further prove the following.

Lemma 3.2. Let N be squarefree and fék) = f(gk)x07N/d € Fp(N/d) where xo n/q denotes the
principal character mod N/d. Then

" N
5= ua]] <1 - is) L(s, /7).

d|N pld
d#1
Proof. The function L(s, fc(lk)) can be written as the linear combination
(k) k
1 — mn n
_ Z 72]‘}1 ( )XO,N/md( ) _ Z m—L
ms m?® ms

m|N/d n=1 m|N/d

We get the second equality by observing that fék) (mn) = mF fc(lfrz (n) whenever (n, N/dm) = 1.
Therefore, we have

=Sl (1= ) e ) = s ) (12 )

d|N m|N/d d|N m|d

It remains to evaluate the second summand in the above sum. For d # 1, by applying the identity
2_mja (m) = 0, we have

o (-2) - G 00-5) o

mld mld pld

We obtain the final expression by noting that N (and hence d) is squarefree and using the Mdbius
inversion formula. O
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3.1. Vanishing criterion for L(k, f) with & > 2. We are now equipped to prove analogs of
Okada’s vanishing criteria, that is, [21, Theorem 10] and [22, Theorem 1]. More specifically, we
prove the following.

Theorem 3.3. Let f € Ox(N). Then assuming the Chowla-Milnor conjecture, we have

k
Ls =Y (1 - fl) uld) L(s, 1),

dIN

Moreover, for f € F(N), L(k, f) = 0 if and only if (f(1), f(2), ---

, f(IN)) satisfies the following
system of (N) linear equations: for each 1 <n < N with (n,N) =1

N
Xn + Z XaAk(a7n):07

a=1,
1<(a,N)

where Ag(a,n) € Q is defined by
1
Ak(a, TL) = Z W

meM(N),

mn=a mod N

Proof. By Lemma 3.1, the L-function associated to f has the form as in (8). Since k > 1, the
functions L(s, fék)) are holomorphic around s = k£ and hence

Lk, f) = L(k, £ 7).

Therefore if L(k, f) = 0, then L(k, fl(k)) = 0. Recall that fl(k) € Fp(N). Thus, the Chowla-Milnor

conjecture (Conjecture 2) implies that fl(k) = 0. This proves the first assertion.

Using the definition of fl(k), we obtain that L(k f) =0 if and only if for every (n,N) =1,

f 1
= . Zf >,
meM(N) meM(N),

mn=a mod N

Note that if (a, N) = 1, then the congruence mn = a mod N has a solution in M(N) only if
n = a mod N, in which case, the only solution is m = 1. This proves the theorem. (I

The corollary below follows from Theorem 3.3.

Corollary 3.4. Let f € F(N) be such that f(1) = 1. Let My := max{|f(n)| : 1 <n < q}. If
L(k, f) =0, then conditional on the Chowla-Milnor conjecture, My is not attained at a residue
class n satisfying (n, N) = 1. Moreover,

1
(N=F+(¢(k) — 1))’
which tends to infinity as k tends to infinity.

My >

Proof. First suppose that there exists an n coprime to N such that M; = |f(n)| and L(k, f) = 0.
Then we have by Theorem 3.3,

Z f(,r:Lnkn)ZO — f Z f k — Mf:]f(n)|§Mf(C(k)—1)<Mf,
meM(N) mE/\;(lN)
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which is a contradiction.

On the other hand, with the normalization f(1) = 1 we have a lower bound on My. Indeed,
let n be such that |f(n)| = M. Then we obtain that

f(1)+f$):— > f:n”,:) — ’f(1)+f$>

m#£1l,n

<My (W) 1) = 1 T < My (k) 1).

By choosing n larger than N, we obtain the desired result. O

3.2. Vanishing criterion for L(1, f). With the framework set up earlier, we give a simplified
treatment of Okada’s Theorem [22, Theorem 1] below. The difference between the analysis for
the vanishing of L(k, f) with k > 2 and that of L(1, f) comes from the possibility of the pole at
s =1of L(s, f). Indeed, it is evident from Theorem 3.3 that for k > 2,

dimg O(N) = N — ¢(N), (10)
whereas it follows from [21, Theorem 10] that
dimg O1(N) = N — ¢(N) —w(N),

where w(N) denotes the number of distinct prime divisors of N.

We prove a proposition of independent interest which is used in the proof. Throughout this
discussion, ¢, = €>™/% and (y = >/,

Proposition 3.5. Let ¢ = p" with p being a prime and let I be the index set of positive integers
less than q that are co-prime to q. If a; € Q such that Zje[ a; = 0 then

Z ajlog|l — Cg] is a Q linear combination of logarithm of units in Z[(g].
JelI

Proof. We know that the ideal (p) totally ramifies in Q(¢,) and hence in Q({,)" = Q(¢; + {y)-

Therefore, we have
(p) = (|1 = )72

and hence, p = |1 — §q|¢(‘Z)/2 u for some unit u € Z[(q]. Applying the Galois action o; : (g — Cg
for j € I, we obtain that p = |1 — ¢}|?@/2u;, where u; is also an unit in Z[(,]. Now,

. 1 - 1 _
Zaj log |1 — Ctﬂ = 0(q)/2 Zaj log |1 — Cé|@(q)/2 = 0(q)/2 Zaj log <puj 1)
jeI jel

J€el
1 1
= — Zaj(— loguj +logp) = ————= Zaj log uj,
v(a)/2 < v(a)/2 <
where in the last step, we have used the hypothesis Zje ra; =0. (Il

The following lemma is a direct consequence of Baker’s theorem of linear forms in logarithms
of algebraic numbers and the fact that that prime ideals do not contain units.

Lemma 3.6. Let F be a number field. Suppose that uy,...,u, € Op and let S be a finite set of
rational primes. Then

Qlogu; | 1<i<n)ynQlogp | peS)={0}.

Okada’s vanishing criteria [21, Theorem 10| follows easily from [22, Theorem 1]. Thus, we
prove an equivalent formulation of [22, Theorem 1] below.
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Theorem 3.7 (Okada, [22]). Let f € O(N). Then

p
L(s, /)= > <1 - > L(s, hy),
p
pIN,
for certain hy, € Fy(N/p).
Proof. We first observe that for any g € F(N; K) and r = [yl - - - [; with [;’s being distinct primes,
Ann,(g) = g —rDy(g)

= <9 —h Dzl(g)> + (h Dy, (9) — (1152)Dhl2(9)>
+ e+ <(l1l2 s ltfl) Dth“'lt—l (g) - (l1l2 te lt) Dhlz"-lt (g)>

= Annll (g) + Annl2 <l1 Dll (g)> + -+ Annlt ((lllg cee lt—l) ,Dl1l2~~-lt,1 (g)>

Hence, for k = 1, the expression in (8) can be written as

L) =Ls )+ Y (1—2) Lis. hy).
pIN, P
p—prime

for certain h, € F(N/p) with fl = fl(l) as defined previously.
Let pp, denote the residue of L(s, hy) at s = 1. Then
L(1, f) =L, f1) = > _ pn, logp,
pIN
by Taylor’s theorem. Now suppose that L(1, f) = 0. This implies that
L(1, f1) =) pn, logp. (11)
pIN

We want to conclude that f; = 0 and that pn, = 0 for all p | N. Note that Zivzl fi(a) =0, as
the sum L(1, f) converges to a finite value.

Now, note that L(1, f ) is a Q-linear combination of logarithm of units in Z[(y,i]. Indeed,
write L(1, f1) = L(1, i) + L(1, fi°) where
zo_ hin) = fi(=n)
fii= 5
denote the odd and even parts of f respectively. We know that L(1, flo) is an algebraic multiple
of m = 2logi (See [17]) and L(1, fi°) is a Q linear combination of logarithm of positive algebraic

numbers (See equation (12) below). For fi even, we claim that L(1, f;) is a Q-linear form of
logarithm of units in Z[{x]. To see this, for a d1v1sor d of N, we define the set Sy n as follows :

Sin:={1<a<N |a/N =c/dfor (c,d) =1}.

and flo =

Thus,
L, ) ==)_> f1 ) log |1 — %] (12)

d|N a€Sy
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If d has at least two distinct odd prime factors or if 4p | d for some odd prime p, then the inner
sum is a Q linear combination of logarithms of units in Z[(x] as |1 — (4| is an unit in Z[(;]. Hence
it suffices to show that Proposition 3.5 can be applied for sets Sy y and Syyx  (Which occur if
N is even). Note that

k

~ B p -l N o -
Y il Z AN /p") Z > fi(b) it/
a€S k j=1 j=1 b=1
' (37 )=1 (J,p):

N pk—l

Z f1 Z o2mijb/p* —0,
b=1 j=1

(0,N)=1 (J:p)=1

and Proposition 3.5 can be applied to the inner sum in (12) consisting of indices in S,r n. The
same proof works verbatim when we replace Syr y by Sgpx n for primes p dividing N. Therefore,

L(1, f1) is a Q linear combination of logarithm in units in Z[¢y].

We can now apply Lemma 3.6 to show that ps, = 0. Hence L(1, fl) = 0 and by the Theorem
of Baker, Birch and Wirsing, we have fl =0. ]

Remark. [t is possible to show that L(1, fl) is a Q linear combination of logarithm of units in

Z[Cn, ] by following the steps as mentioned in the proof of [2, Theorem 1] or by appealing to Ra-
machandra units as mentioned in [15, Section 4] and applying Lemma 3.6. However, Proposition
3.5 is a more direct approach, which seems to be missing from the literature.

3.3. Proof of Theorem 1.2. An alternate interpretation of Theorem 3.3 is that for k, N > 2,
Z Anng (F(N/d)) .
d|N

However, it is clear by comparing dimensions of the vector spaces involved that the above sum
is not direct. We address this issue in Theorem 1.2 by obtaining a decomposition of O (N) into
disjoint subspaces, each of which can be identified with functions “induced from lower levels”.

Proof of Theorem 1.2. Note that Theorem 1.2 is immediate from the following statement: if
f € Op(N), then for each proper divisor d of N, we have a unique function g4 € Fp(N/d) such

that
L) =X (1- %) B

dIN

We prove this statement below assuming the Chowla-Milnor conjecture.

First we show that the functions gy are linearly independent over Q, i.e. if

> (1 — Zi) L(s,94) =0, (13)

d|N,
d>1

for g4 € Fp(N/d), then g4 = 0. Indeed, writing the function g; in terms of its character

decomposition
D X
x mod N/d
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and rearranging the sum over the primitive characters mod d for each proper divisor d of N we
obtain the following :

0=>Y" <1 — > > > ey L(s,x)

D|N d|(N/D) x mod (N/D)
cond(x)=d

= > X (Cx,(N/co (1 - j]:) [1 (1 - éﬁ?) ) L(s, x).

DIN xmod D d|(N/D) pl(N/D)
X primitive pid

By the linear independence of L(s,x) over the ring of Dirichlet polynomials (see [14]), we get
that for every divisor d of N, and for every character x mod D with D # 2 mod 4,

S (e (D) L ()

d|N/D pl(N/D)
pld

For brevity, henceforth we write N/D as ¢ and remove the subscript x while denoting ¢, (n/q)-
Expanding (14), for each divisor d of ¢, and setting a(d) = x(d)u(d) we get :

e 30

dlg elg dlq elg
(e,d)=1 (e,d)=1
d 1 d
=Y Y a-Y i ¥ daa(f).
e
dlq elq dlq eld
(e,d)=1 (d/e,e)=1

By equating the coefficients of d*, we have for every d | ¢,

Y= > ekcea(j). (15)

elq eld
(e,d)=1 (d/e,e)=1

We shall first prove that if a(d) = 0, then cq = 0. We write d = dyds, where d is the largest di-
visor of d for which a(ds) # 0. Here d consists of prime factors p of ¢ such that either a(p) = 0 or
p* | ¢. Note that for df # 1 and d, = 1, we obtain ¢; = 0 from (15) as for any e | d with e # 1 and
(e,d/e) =1, a(e) = 0. If dg > 1, the elements e | d satisfying (d/e,e) = 1 and «(d/e) # 0 are the
ones of the form e = d¢b with b | d;. By proceeding via induction in (15) on the number of prime
factors of ds, we obtain cq,, = 0 for b | ds. Thus, for any d | ¢ with a(d) = 0, we have ¢; = 0 and
it remains to consider the case when a(d) # 0. This also implies that d is a squarefree divisor of g.

In what follows whenever we mention a divisor d of ¢, we also assume that d satisfies a(d) # 0.
In (15), write a(d) = a(de) a(e) for divisor d of ¢ to get

Zce Zcee af Zce (16)

elq/d eld e|ld

where ((e) = e*a(e). Since a is multiplicative, so is 3.

Now define two functions arithmetic A and B for suitable j, d, g by

) = che; Bj(d; q) = Zﬂ(e) Cje

eld e|ld
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Therefore for each divisor d of ¢, (16) can be written as follows :

Ai(d; q) = Bi(q/d; q).

For a prime p, setting ¢ = pq’ and d = pd’ (whenever p | d), the above equation can be expressed
as

Ay <fl,; q’) = Bi(d';q) + B(p) By(d'; ¢) (17)
Ap (Z,w’) + A <fl,;q’) =Bi(d;q). (18)

To see this, note that the coefficients of ¢, appearing in A;(d; q), B;j(d; q) are independent of g,
and that we have the following property for A;(d; ¢) and Bi(d;q) when d = pd'.

Ai(d;q) = Ai(d,q') + Ap(d',q)),  Bi(d;q) = Bi(d',q") + B(p) Bp(d',q).

Comparing (17) and (18) we immediately obtain that
4, (L5} = 80 B34 (19)
P d' 14 - b yo yq
for each divisor d’ of ¢’ with a(d') # 0.

We show that this system of equations does not have any non-trivial solutions. For every
divisor d’ of ¢’, we can rearrange the above equation as

cprr = Y p(e) Ay (dq) = —B(p) D_ nle) By(d'sq). (20)
eld’ eld’

Writing X as the column vector [cpq/]q4,, We have

lg

X = —-Bp)7X

where &7 is a matrix with entries in algebraic integers. If X is a non-zero vector then —1/8(p) is
an eigenvalue for o/. However, the eigenvalues of the matrix o/ are algebraic integers. Hence, X
is the zero vector and ¢4 = 0 whenever p | d.

Recall that we had set d = pd’ and ¢ = pq’. For each divisor d' of ¢/, we have A;(d;q) =
Aj(d';¢') and Bj(d; q) = Bj(d’;¢’). Thus, it suffices to consider the system of equations

Ai(d'q) =Bi(d /d;q).

Proceeding inductively on the number of divisors of ¢/, we obtain the result that ¢ = 0 for all
divisors d of q.

Therefore, we have proved that (13) has only trivial solutions. From here, we see that if

dk
‘/span :Q<<1_d5> L(Svgd) d‘N7 gdGFD (JC\;>>7

then dimg Vipan = N — @(N). Since Vipan € Ok(N) and dimg Ox(N) = N — ¢(N) from (10),
Theorem 1.2 is proved. [l
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4. Induction of arithmetical functions

Towards the proof of Theorem 1.3, we define induction of arithmetical functions akin to that
of Dirichlet characters. Given a character x mod g, its lift, xy mod NV is given by xn = X Xo,n,
where xo v is the principal character modulo N. The values L(k,x) and L(k, xn) differ by at
most an Euler factor. Rephrasing this observation, we can say that given a character x mod ¢
and a natural number N such that ¢ | N, we have another arithmetic function ¥ of period N
taking values in Q(x) such that L(k,x) = L(k,¥). We generalize this observation for any func-
tion f € Fp(q; K).

If f € Fp(q; K), then we can write f uniquely as
1

= ) - 1f(a)i(a)-

= Z o (f) X where ox(f)

x mod ¢

Il MQ

Using this expression for the function f, we define a ‘lift’ of f mod ¢ to a function mod N
preserving the value at k as follows.

Definition 4.1. Let k, q, N be positive integers greater than 1, such that q | N. Let f € Fp(q; K)
have the character decomposition, f = ZX mod g e (f) x. We define

N (e . ex(f)
Ind; (f) == Z Hpuv(l o XN

where xn denotes the character mod N induced from x mod q.

x mod g

From the above definition, we note that

Ve ex(f) RONT
Loz () = 2 [szv(l—x(p)p"“) H<1 P > K ’X)}’

x mod g p|N

because xn = x xo,n. Therefore,
L (k,Indg' () = > ex(f) Lk, x) = L(k, f).
x mod ¢
Clearly, Indév (f) € Fp(N; K(x)), where K(x) is the field obtained by adjoining the character

values x(n) to K. However, one can further prove the following.

Lemma 4.2. Let f € Fp(q; K) have the character decomposition f = Zx modqcx(f) x. Then,
for any prime p, the arithmetic function

_ Cx(f)X )
9= 2 = x(ppH < P

Proof. If p | q, then we have x(p) = 0, and hence g = f. Hence, we consider the case when p { ¢
and we should prove that the function g is K-valued, as we know that g is supported on co-prime
residue classes modulo q. We first note that if f € Fp(g; K), then, for any r co-prime to ¢, the
function o, (f)(n) = f(r~'n) € Fp(q, K) has the character decomposition

o(f)= Y X)) x € Fplq, K). (21)

x mod ¢

x mod ¢

Let I be an exponent of p in (Z/qZ)*, i.e. p' = 1 mod q. Then note that

XY (X)) _ o X0\ (a0
<1 M)(Z% pik>_0 :>< pk> _C<; o
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1\ !
where C := (1 — lk) . Substituting the above expression in g gives
p
< x(»)
9=C > ol (D "5 _Csz Yool (22)
x mod g =0 p x mod g

From (21), we conclude that g is K valued.
O

Now by applying Lemma 4.2, and iterating (22) consecutively, we obtain that the arithmetic
function Indév (f) is also K-valued. Thus, we have proved the following proposition.

Proposition 4.3. The operator Indév defined in 4.1 is an injective operator,
Ind}) : Fp(q; K) — Fp(N; K)
such that L(k, Ind) (f)) = L(k, f).

The injectivity of the Ind operator is clear as Indév (f) = 0 implies that ¢, (f) =0, thatis f =0
by the orthogonality of characters mod V.

With the above setup in place, Theorem 1.3 can be easily proved.

Proof of Theorem 1.8. Assume that the Chowla-Milnor Conjecture 2 is true modulo N. This is
equivalent to stating that the map Fp(N) — C, sending f — L(k, f) is injective. Let d be a
divisor of N. By Proposition 4.3, we see that the map Fp(N/d) — Fp(N) sending f — IndN/d(f)
is also injective. Hence we conclude that the composite map Fp(N/d) — C,

[ IndN/d(f) — L(k, IndN/d(f))

is injective. Since L(k, IndN/d(f)) = L(k, f), the Chowla-Milnor conjecture is true modulo N/d.
O

4.1. The functions fl(k) and Indév (f). Before concluding our discussion, we underline the

inherent connection between the function fl(k) from Section 3 and the Ind operator defined above.
To do so, we first prove the following key lemma.

Lemma 4.4. Let f € Fp(¢; K) and q | N. For (n,N) =1, we have
IndN Z f mn)

meM(N)

Proof. Since |x(p)p~"| < 1, we note that

< _X(p))_l: x(n)

which gives

1 (1 B x(p))_1 B x(n)

i = nk
pIN
Therefore, for (n, N) = 1, we have

IndN Z Z XN(n): Z f(;nkn)

x mod g me M(N) meM(N)
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In the last step we used the character decomposition of f to evaluate f(mmn). This proves the
lemma. O

For a divisor d of N, define the map B, : F(N; K) — Fp(N/d; K) b

f(dn) if (n,N/d) =1
0 otherwise,

Ba(f)(n) := {
so that given any arithmetic function f € F(N; K), L(s, f) naturally decomposes as
1 .
L(s,f) =) 2 L(s.Ba(f))  with  Ba(f) € Fp(N/d; K).
dIN

Thus, By(f) can be viewed as the building block of f modulo N/d.
The following proposition establishes the relation between the function fl(k) and the Ind oper-
ator.

Proposition 4.5. Let f € F(N; K). With notation as before,
(k)
d|N
Proof. Now let g € Fp(N; K) be defined such that

1
)i= > = L(smd, Balf)) -
dIN
On expanding this function by Lemma 4.4, whenever (n, N) = 1, we have

B mn
yi v s

dN = meM(N/d)

B Z Z XO,N/d(mn dmn Z f mn)

d|N meM(N/d) meM(N)

In the last step, we note that given m € M(N) there is exactly one d such that (N/d, mn/d) = 1.
Therefore xo,n/q, (mn/d1) = 0 unless d; = d. Hence g = fl(k). O

An alternate proof of an analog of Theorem 3.7 for £ > 1 can be obtained from the above

observations. Note that L(k, f) = L(k, fl(k)) In order to show that

f =17 € K {(Amy(F(N/p)) : p| N),
it suffices to prove
Ba(f) — Indy, Ba(f) € K (Ann,(F(N/p)) : p|N).

To do so, we consider the Dirichlet series associated to Bg(f) and IndN/d Ba(f). We use the
character decomposition of these functions and proceed along the same lines as in the proof of
Lemma 4.2.
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5. Explicit computations

In Theorem 1.2, we showed that if L(k, f) = 0, then there exist unique functions g4 € Fp(N/d)

such that
k

L) =3 (125 ) Lo

d|N

A natural question is whether the functions g4 € Fp(IN/d) can be explicitly given in terms of the
function f. This is a difficult problem in general. However, we address the cases when N is a
product of two or three primes in this section. These computations highlight the intricacies of
the desired endeavour.

5.1. Example N = pq. Suppose that f € Ox(N). By Theorem 1.2, we know that there exists
unique g4 € Fp(IN/d) (for every proper d | N) such that

2.0 = (1-5) s+ (1-5) Lo+ (1- 35 ) £ls.w)

By Lemma 3.2, we have

o = (12 2 - (1= 2) wo e T (1-2) £ (o).

s
p t|N
t prime

For a Dirichlet character x of period co-prime to pq, we write

I (%)

t|N
t prime

e E) ) () () o ()

If we solve this equation for ¢4, and substitute in (24) (with x being the trivial character), we
get the desired functions g4 for d | pq, d # 1.

Continuing (25), by equating the coefficients of d=% for d | N, we get the following system of
equations :

2 k k k
Cpx + Cax t Cpgx = 1, Pcpx +X(P)egy =D X(@)epx + Cox =4q"

Px(@epx + "X (P)cay + (p0) cpgx = (p0)".

The solution for this system of equations is obtained as

(t)
1 — x(®) 1 — x@) H<_th)
R L o=t e > 7 (26)
X _ x(pg) DX x(pa)’ Pox 1 — X(pg)

~ (pa)¥
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Substituting these values in (24), we get:

— .k

Lo gp) = =L, 13) + FON) = gy Do X0,
— _ ok
L(s.0) = ~Lls. 1)+ FOV) =gy Hsoxa),

L(ovaim) = = oy €0

5.2. Example N = pgr. By symmetry, it suffices to compute g, gpq, gpgr- Henceforth, whenever
we refer to Ht| g4 for a divisor d of N, the product should be taken over all the primes ¢ dividing
d.

Proceeding as in the earlier example, by Lemma 3.2, it is enough to decompose Ht‘ pip; (1—th=s )

and [, (1 — t=%) in a ‘suitable’ manner consisting of Euler factors arising from the Dirichlet
series associated to L(s, x). We first compute gpq.

Let h € Fp(r). Then we have

11 (1 - f) L(s,h)= > o(d) [] <1 — ik) L(s,X)

t|pq x mod r tlpq
“T(1-5) Tt (1) sen+ (1 8) T et
(27)
- % (1 - tk) L(s, hy) + (1 - Eggk) L(s, hyy)
3 (1) s
d|pq (28)

In the above t runs over the primes dividing pg. We also note that hy € Fp(N/d) and we get

(27) by (25). From Lemma 3.2, we need to consider the above equation for h = fég) in order to
compute hg.
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Now, decompose the function h as follows. For (n,r) =1 we have

Eg)(n): Z f(p1pamn)

) (p1pam)k
_ Z fplpzmn Z f(p1p2mn)
meMipg) (p1pam)¥ mEA) (p1pam)k
r|m

1p2mn N 1
S f(pip )+f() v L

k k
meM(pq) (p1p2m)® N meM(n)
-1
-y o) T (-3) -
meM(pg) L1P2 tN

Rewriting the first summand in terms of Bp,(f) (see 23), and by arguments similar to Lemma
4.4, we have

1 ¢y (Bpg N 1\ !
Lo = 3 ot e+ G (1) £

x mod r

By substituting values ¢, , and ¢, ,q as mentioned in (26), we have

_ 1 cx(Bpg(f)) s
Hohe) = Gyt . %;d (1= x(@)a )1 - (o) (pa) ) 5 )
N 1\ 1\
" fj(Vk) ﬂgp <1 - t"”“) <1 - (PQ)k> Heoxom) 29)

1 cx (Bpqg(f)) s
Lis, fpa) = 2 (1- x(pq)(pQ)*’“)L( " Xa/p)

n f](vj\]f) <1 _ le>_1 <1 - pik>_l L(s,X0.r)- (30)

We do a similar analysis for the term [, 5 (1 — th=5)L(s, fék)). Since

= s N T -

tIN

we require decomposition akin to (25) along the following lines:

16-3)- 5 (DI

pil N tIN/p;
’ RY: 1 Nk
3 o (1= () T (1-5) +er (1-52)
Pi<pj Pibj t|N/pip;
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We now expand (31) and equate the coefficients of Dirichlet polynomials as done in Example
5.1. For each proper divisor D of N, we get the following equation :

—Z,u(d)cddk + Z cqg = DF
d|D dIN/D
Solving the above system of equations (using SAGE), we find that

ILp (1-p7")
1— N-k '

cp = —u(D)

We therefore obtain :

AT (1-%) « =%(Z<1 ) (12 oxan)

t{N pilN
- % I (=7) (- G5) Herom
C-5) (- ) o .

On substituting the values (32), (29), (30) in Lemma 3.2, we obtain the following evaluations:
-1

Ls.g7) = ~L(s. £37) + Lis.hy) - 0D (] <1 - ;) (1 - N1k> L(s, Xo.0r)

tar
o) = L)~ 200 (1= 1) (12 2)) Hsin00)
L(svan) = = i C1o)

6. Arithmetic nature of L(k, )

Analogous to the odd zeta-values, it is expected that the special values of the Dirichlet L-
functions {L(k,x) : x mod N, x(—1) # (=1)} are transcendental and algebraically indepen-
dent (see [5, Section 4]). However, the polylog conjecture is not sufficient to conclude this. In this
section, we consider instead the effect of the Polylog conjecture (Conjecture 1) on the algebraicity
of L(k, x).

If L(k,x) € Q, it is a natural question to investigate the Galois structure imparted to the set
Sk :={xmod N : L(k,x) € Q, N > 2, squarefree}. We deduce this in Theorem 1.4. Through-

out this section, we assume the Polylog conjecture.

We begin with a lemma about the Q vector space of tuples of algebraic numbers. Let aq,..., ay
be distinct algebraic numbers with |a;| < 1 and let the evaluation map ® : Q" — C be given by

®(ay,...a ZaZle (). (33)

Let Vg = {(a1,...,a,) € @n| ®(ay,...,a,) € Q}. Note that Vg is a Q-vector space.
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Lemma 6.1. Suppose that ay,...,a, € Q are such that Lig(ay), Lig(as), -+, Lig(ay) are Q-
linearly independent. Then, condztzonal on the Polylog conjecture, there e:msts aC e Q" such
that for any (ai,...ay), (b1,...by) € Vg \ {0}, a; = Cb;.

Proof. Let V' = Vg. First, note that dimgV/ker® < 1. Indeed, if V' = {(0,...,0)}, there is

nothing to prove. If not, then the map ®|y : V + Q is surjective and hence, V/ker(®) = Q. Since
Lig(aq),. .., Lig(ay) be linearly independent over Q, by Polylog conjecture, Lig (1), ..., Lig(an)
are linearly independent over Q, that is, ker® = {0}. Thus dimgV < 1 and we have the
lemma. (Il

Using equation (2), we know that

N—

Z Ll 271'z'a/N)7

a=

with X(a) € Q(x)(e*™/N) and Q(x) = Q({x(n) : 1 <n < N}). However, if N is squarefree, one
can further prove the following.

H

—_

Proposition 6.2. Let N be squarefree and x be a character modN. Then

N-1

L(k,x) = x(1) 3 cap Lix(e?™ /™),

a=1

where cq, € Q(x) and X/(T) = N1 Z(JIVZI x(a) e—2mia/N

Proof. When (a, N) = 1, it is easy to see that

. 1 X 4 _
= 3 2 x(®) 2N = x(a) x(1).
b=1

Now suppose (a, N) =d > 1. Write a = a1d. Therefore we have

N Tia1b 2 mia1b
:% Z x(b) e*2<N/3) = M]\(]d Z x(b)e 2<N/§
(bN)=1 N1
N 2mwiaqb d .
_ ](\C[l) Z X(b) G*W Z 6—27rzbc/d7 (34)
(bN)=1 (a1

d

using the fact that u?(d) = 1 since d is squarefree and that u(d) = > (;". Let ¢; and c3 be
c=1

(e,d)=1

positive integers such that
and S, be the set
Sq = {m € (Z/NZ)* | m = are; ' mod N/d,m = cc; ' mod d, as ¢ varies over (Z/dZ)*}

Note that for m € S,, we have
. _27Tia1 )
e27rzm/N — ¢ N/d) e27rzc/d’



24 A. BHARADWAJ AND S. PATHAK

for some ¢ co-prime to d. Hence we can write (34) as

— —

N
M) S S @y e 2 Y =\ Dud) 3 X0m) = (1) o

meS, b=1 meES,
where ¢, € Q(x), proving the proposition. O
With these preliminaries in place, we prove the theorem regarding the Galois structure of
Sk below. Recall the disjointness hypothesis (say ( Hgqs)) that we assume in the statement of

Theorem 1.4: there exists a squarefree integer N and two distinct characters x and ¥ mod N
such that

X, ¥ € S and Q(x) NQ(¥) = Q. (Mais)

Proof of Theorem 1.4. Let N be as in (Hg;s) and [y,...1; be a maximal Q-linearly independent
subset of {Lix(e?™/N) |1 < a < N}. We write,

t
Lip(e*™/N) =3 " a1 for 1 < j < N.
i=1
Re-writing L(k, x) from Proposition 6.2 as a Q-linear combination of [; for 1 < i < t, we get :

N 1 t

L(k,x) = ZCJXZGWZ = Z Zawcjx l;.

7j=1 =1 =1 J=1
Then by Lemma 6.1, for any distinct characters, periodic modulo the same modulus, we have

X amjcin) XSS ang i)

\IT(T)(Z;'V:_II Umj Cj,0) W/(T)(ijzﬁl nj &jw)

for any two m,n with 1 < m,n <t and m # n. In the above we are considering only those
natural numbers m and n for which SN i1 Yamjcjx # 0. Since N is squarefree, ¥(1), T(1) are
non-zero and we have the following:

N-1 N-1
(22521 amj Cix) _ (22521 amj ¢jw)

N—1 - N—1
(Zj:l (nj Cjx) (Zj:l (njj Cj,0)

=: Chn. (35)

Since the corresponding fields are disjoint, Cy,, € Q. Also, note that C,,, depends only on the
period and is independent of the characters y, ¥. Thus, we have

oy N-1 t t
1 _ _
L(k}, X) = X](V) E a1j Cjx ( E Cil lz> S Q — E Oil li S @ (36)
j=1 i=1 i=1

Noting that (35) is valid if we replace x by its conjugate (say x7), and therefore by (36), we get

@ N—-1 t
L(k,x?) = N Z aij Cj o (Z Ci lz’) €Q
7=1 =1
Thus, under ( Hgis), we have that
L(k,x) €Q = L(k,x7) €Q
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for all characters x? conjugate to y.

We still have to prove the result for a character n € S, of a period different from N. Let n € &g
be of period M and set @ := lem(NV, M). Proceeding as above: replace N by @, x and ¥ mod N
by x¢ and Vg mod @ respectively. Then we see that (35) also holds for characters xg, Vg and
ng. Since we know that Cy,, € Q (by comparing xg mod @ and ¥y mod @ in (35)), we obtain

L(k,nq) € Q = L(k,13) € Q.
As L(k,n) and L(k,nq) differ by an algebraic number, the result is also holds for L(k,n). O

Remark 6.3. We make the following observations about the above result.

(1) In general, it is not true that when x and k are of the same parity, then L(k,x%)/n* =
o(L(k,x)/7*). For instance, this can be seen by taking k = 1 and x to be a primitive odd
character of conductor p*. We know that

p® L(1,x) = —i7 B, 7(x),

where By, € Q denotes the generalized Bernoulli number. When we apply the automor-
phism o 2P’y 2mi/P° e obtain o(1(x)) = X7 (G)T(x%), which gives

o (L(lX)> =x"(4) (M> ~

one restricts to quadratic characters, then proceeding along the lines of |9, Proposition

2) I tricts t dratic ch t th di l the li 9,P ition 5
implies that given a number field K, there exist at most [K : Q]+ 1 quadratic characters x
(of opposite parity), such that L(k,x) € K, conditional on the Chowla-Milnor conjecture.

7. Concluding Remarks

Characterizing rational valued periodic arithmetical functions f such that L(k, f) = 0 is not
only an interesting question in its own right, but also subsumes the investigation of possible lin-
ear relations among the special values of Dirichlet L-functions, the polylogarithm functions and
the Hurwitz zeta-functions respectively. The tools developed in Sections 3 and 4 provide new
framework for approaching these questions and advancing our understanding.

For instance, we have seen that

N
1 a
L k, - ~ (k7 7) ’
(k, f) = 7 Z_; fla)¢ (ko
which relates the vanishing of L(k, f) to linear relations among the numbers

{C(k:%) ylgagz\f}.

This problem was addressed by Milnor [12] using the theory of distributions (see also [23, Chapter
12]). Fix any complex number s. A function f on the interval (0, 1) is said to be a Kubert function
if f satisfies the Kubert relations or distribution relations, namely: for every natural number m

and z € (0,1), »
fa) =m0t S (2 (%)

Examples of such functions include the polylogarithm functions ls(x) := Lis(e2™™), that satisfy
(*s) when s # —1, —2, --- and the Hurwitz zeta functions ((s, x) with s fixed, that satisfy (s1_s)
whenever s # 0, 1,2, ---. A Kubert function is said to be wuniversal if all Q-linear relations
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among the values of f are generated by Kubert relations. The function cot(rz) is an example of
a universal function (see [12, Theorem 3]).

In [12, Section 6], Milnor conjectures that if £ > 1 is an integer, then the function ((k,z) is
universal. In the same discussion, he alludes to the equivalence between the universality of {(k, x)
as defined above and the statement that for every integer N > 2, the numbers

{c@:%) 11<a<N, (a,N):l}

are Q-linearly independent, which we refer to as the Chowla-Milnor conjecture. However, it is
not made immediately clear why these two claims are equivalent.

The method adopted in Section 3 can be viewed as an analytic perspective towards the algebraic
setup described above. Indeed, if gy(m) := 1 whenever m = b mod N/d and 0 otherwise, then
unraveling the identity

k

)= (1- %) Low) = Lhf)=0

in terms of the Hurwitz zeta-function leads to the distribution relation

() =T (s 75).

In other words, Theorem 3.3 gives an explicit proof that all possible Q-linear relations among
the Hurwitz zeta-values are generated by the distribution relations. In fact, in Theorem 1.2, we
go one step further and prove a stronger statement, which is that the relations mod N arising
from distributions modulo distinct divisors of N are linearly independent. Thus, our approach
provides an ‘analytic’ perspective to an ‘algebraic’ problem.

In the same spirit, Girstmair [8] utilized the theory of character coordinates and relative traces
of cyclotomic numbers to obtain an explicit formula for the coefficients a; in expressions such as

LA . m
cot (3) = Z a; cot <N> ,
1<j<N/2,
(4,N)=1
where N > 3 and d > 2 is a divisor of N. Thus, the values of trigonometric functions at a ‘lower
level’ are written as a linear combination of the values at a ‘higher level’.

This can also be achieved via the induction operator Indév defined in Section 4. Indeed, let

1 n=a mod q
fag =13 (=1D* n=-a modq
0 otherwise.
As derived in [18], note that
(_1)k dk—l

(7 cot(mz))

Lk, faq) = (k —1)lgF dzk-1

r=a/q
Similarly, we have the evaluation

x (-1)F t!
L(kalndq fa,q) = m Z Caq,nkd k— 1(7TCOt(7T23))

(n N):

)
x=n/N
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where cqqn % are given by Lemma (4.4). By definition of the Ind operator, we have that

L(k, faq) = L(k:,Indf]Vfa’q). Hence, comparing the above two equations immediately leads to
the desired expression.

Thus, the methods introduced in the paper have wider applicability and potential for further
development. We relegate this to future research.
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