SELMER STABILITY FOR ELLIPTIC CURVES IN GALOIS /-EXTENSIONS

SIDDHI PATHAK AND ANWESH RAY

ABSTRACT. We study the behavior of Selmer groups of an elliptic curve E/Q in finite Galois
extensions with prescribed Galois group. Fix a prime ¢ > 5, a finite group G with #G = (",
and an elliptic curve E/Q with Sel,(E/Q) = 0 and surjective mod-¢ Galois representation. We
show that there exist infinitely many Galois extensions F/Q with Galois group Gal(F/Q) ~ G
for which the ¢-Selmer group Sel;(E/F) also vanishes. We obtain an asymptotic lower bound
for the number M(G, E; X) of such fields F' with absolute discriminant |[Ar| < X, proving that
there is an explicit constant § > 0 such that

1
M(G,E; X) > X 1@ (log X)° 1.

The asymptotic for M(G, E; X) matches the conjectural count for all G-extensions F/Q for
which |Ar| < X, up to a power of log X. This demonstrates that Selmer stability is not a rare
phenomenon.

1. INTRODUCTION

1.1. Background and motivation. Let F be an elliptic curve defined over a number field K.
The group E(K) of K-rational points, known as the Mordell-Weil group, is finitely generated, and
its rank is a fundamental arithmetic invariant. One fruitful approach to studying the structure
of E(K) is through Galois cohomology. For a fixed integer n > 1, the n-torsion subgroup E[n] C
E(K) carries a natural action of the absolute Galois group G := Gal(K /K). The Selmer group
Sel,(E/K) C HY(K, E[n]), defined by imposing local conditions at all primes of K, sits in a
natural short exact sequence,

0= E(K)/nE(K) — Sel,(E/K) — II(E/K)[n] — 0

encoding information about both the Mordell-Weil group and the Tate-Shafarevich group HHI(E/K).

A central question in arithmetic geometry is to understand how the Mordell-Weil rank of a fixed
elliptic curve varies in field extensions. For instance, given an elliptic curve E/Q, it is natural to
ask how often its rank remains the same in a finite extension L/Q. More specifically, one studies
how frequently rank F(L) = rank E(Q) as L ranges over number fields of fixed degree, ordered by
discriminant.

In particular, these diophantine stability questions are studied for cyclic extensions of Q with
prime degree. Mazur and Rubin [MR10] studied the distribution of 2-Selmer ranks in families of
quadratic twists of a fixed elliptic curve. Their techniques yield results on the stability of rank
across large sets of quadratic twists, and under certain conditions, also demonstrate that arbitrarily
large ranks can arise after base change by quadratic extensions. For any prime ¢, Klagsbrun—
Mazur-Rubin [KMR14], Mazur-Rubin [MRL18&] have studied the behavior of ¢-Selmer groups
in Z/¢Z-extensions, establishing patterns of stability and growth. Smith has recently obtained
similar results using arithmetic statistics and the geometry of numbers [Smi26, Smi22].

The broader phenomenon of rank growth and stability in families of number field exten-
sions has attracted significant recent attention. For example, see the work of Lemke-Oliver and

Research of the first author was partially supported by an INSPIRE faculty fellowship.
Data availability statement: Data sharing not applicable — no new data generated, or the article describes
entirely theoretical research.
Conflict of interest statement: The authors do not have any conflict of interest to declare.
1



2 S. PATHAK AND A. RAY

Thorne [LOT21], Shnidman and Weiss [SW 23], Beneish-Kundu-Ray [BIKXR24|, Berg-Ryan—Young
[BRY?24], Keliher [[<el24]|, Pathak—Ray [PR25] and Keliher—Park [[KP25].

Understanding Galois extensions of a fixed number field with a prescribed Galois group is
a fundamental problem in number theory. Conjectures predicting the asymptotic number of
such extensions, ordered by their absolute discriminant, were proposed by Malle [Mal02, MalO4].
These conjectures may be viewed as statistical refinements of the classical inverse Galois problem.
Substantial progress towards this has been made in special cases. For example, the conjecture is
known for abelian groups, due to the work of Maki [Mik85] and Wright [Wri89], and more recently
for certain nilpotent groups by Koymans and Pagano [[XP23]. Although the inverse Galois problem
for finite solvable groups over number fields was resolved by Shafarevich [854], Malle’s conjecture
remains open for general solvable groups.

1.2. Main results. In this article, we apply Galois-theoretic methods to study the behavior of
the Mordell-Weil rank and Selmer group of an elliptic curve E/Q in certain families of Galois
extensions L/Q with a prescribed Galois group. Fix a prime ¢ > 5, a finite ¢-group G, and an
elliptic curve E/Q. Assume that Sel,(E/Q) = 0, or equivalently, E(Q)[¢] = 0, rank F(Q) = 0 and
II(E/Q)[¢] = 0. Further, suppose that the Galois representation

associated to E[{] is surjective. Under these assumptions, we show that there exist infinitely many
Galois extensions L/Q with Gal(L/Q) ~ G such that Sely(E/L) = 0. Moreover, we obtain an
asymptotic lower bound for the number of such extensions ordered by their absolute discriminant.

For each real number X > 0, let N(G; X) denote the number of Galois extensions L/Q with
Galois group G and discriminant satisfying |Ar| < X. The Hermite-Minkowski theorem ensures
that N (G; X) is finite for every X, and hence is well-defined.

Let G be a finite group and 7g : G < Sxg denote the regular representation of G. For g € G,
define the index of g, denoted ind(g), as

ind(g) := #G — # orbits of mg(g).

We set a(G) := (ming, ind(g))f1 and note that when G is an ¢-group with ¢ elements, a(G) =

(et - 1))71. The weak form of Malle’s conjecture (cf. [Mal02, p.316]) predicts that for any
€ > 0, there exist constants ¢1(G), c2(G;€) > 0 such that

Cl(g) Xa(g) < N(g’X) < Cz(g; 6) Xa(g)+e

for all sufficiently large X. This has been established for all finite nilpotent groups by Kliiners and
Malle [KXMO4]. For finite nilpotent groups satisfying additional hypotheses, Koymans and Pagano
[[P23] have proven a stronger version of Malle’s conjecture, obtaining the exact asymptotic.
On the other hand, let M(G, E; X) denote the number of Galois extensions F'/Q with Gal(F/Q) ~

g, |Ar| < X, and Sel;(E/F) = 0. Note that for such fields F//Q, rank E(F) = 0 and III(E/F)[{] =
0. Thus, the Mordell-Weil rank and the ¢-part of the Tate-Sharevich group of E remain stable
in F/Q. For a group G with #G = ¢", our main result establishes asymptotic lower bounds for
M(G, E; X) as x — oo, showing that it grows comparably to N (G; X). This demonstrates that
the vanishing of the £-Selmer group over such G-extensions is not a rare phenomenon.

Theorem 1.1. Let £ > 5 be a prime number, and let E/Q be an elliptic curve with Sely(E/Q) = 0.
Assume further that the representation pg o is surjective. Then

1
M(G,E; X) > X1 (log X )01 = XU (log X )01,

N e e
where § 1= FT(E=T)
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It follows that the asymptotic growth of M(G, E; X) matches that of N(G; X) up to a power

of log X. In particular,
log M(G, E; X)
Xveo  log N (G; X)

For ¢ = 5, it is proven by Bhargava and Shankar [BS13] that there is a positive density of elliptic
curves (ordered by height) E/q for which Sel,(£/Q) = 0. On the other hand, a result of Duke
[Duk97] shows that pp e is surjective for almost all elliptic curves E /g- Thus for £ =5, the
conditions of Theorem 1.1 hold for a positive density of elliptic curves over Q.

It is conceivable that the results of this article can be generalized to elliptic curves defined over
arbitrary number fields. However, for ease of exposition, we restrict ourselves in this paper to the
case of elliptic curves defined over Q.

1.3. Methodology. Let L/K be an ¢-cyclic extension of number fields, and let E be an elliptic
curve defined over Q, satisfying the hypotheses of Theorem 1.1. Suppose in addition that the
{-Selmer group of E over K vanishes. Analyzing local to global control arguments for Selmer
groups, we show that under certain ramification and splitting conditions for the extension L/K,
the implication
Sely(F/K)=0= Sely(E/L)=0

holds. The argument then follows via induction on the length of G. The inverse Galois problem
for finite ¢-groups is known from the work of Reichardt [Rei37] and Scholz [Sch37]. The Galois
cohomological strategy allows us to inductively construct towers of number fields

Q=LypcLyC---CLp_1CLy,=F,

where Gal(F/Q) ~ G and L;/L;_; is an ¢-cyclic extension. Furthermore, extending the methods
of Kliiners and Malle, we are able to construct many such extensions, for which at each stage, the
implication

Sele(E/Li_l) =0= Sele(E/LZ') =0
is satisfied. A synthesis of methods from Galois cohomology, arithmetic statistics and analytic
number theory give us an asymptotic lower bound, in terms of X, for the number of such extensions

F/Q with |Ap| < X.

1.4. Organization. Including the introduction, the article is organized into four sections. Section
2 revisits the classical strategy of Reichardt [Rei37] and Scholz [Sch37] for resolving the inverse
Galois problem for finite £-groups over Q. Our emphasis is on making explicit which primes split or
ramify in such extensions. This information is essential for analyzing the behavior of Selmer groups
in Galois towers. In Section 3, we establish sufficient conditions on an ¢-cyclic extension L/K
under which the vanishing of Sel;(E/K) implies the vanishing of Sely(E/L). These build upon
previous constructions in [PR25, Section 2]. We conclude this section by proving the existence of
infinitely many G-extensions L/Q such that Sel,(E/L) = 0. Finally, Section 4 is devoted to the
proof of Theorem 1.1. We recall key results of Kliiners and Malle concerning the enumeration of
G-extensions of Q ordered by absolute discriminant. The problem is reduced to counting global
Galois cohomology classes subject to prescribed local conditions. To estimate the size of these
cohomology groups, we invoke a formula of Wiles which yields precise asymptotics, allowing us to
deduce the desired lower bounds.

2. THE INVERSE (GALOIS PROBLEM FOR FINITE /-GROUPS

Shafarevich proved that given any number field K and a finite solvable group G, there exists
a Galois extension L/K with Gal(L/K) ~ G (see [Safb4] and [NSWO08, Chapter IX, Section 6]).
Let ¢ be an odd prime number. Given a natural number k, let pp denote the set of k-th roots
of unity. Fix throughout this article a finite group G with #G = ¢". In this special case, the
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inverse Galois problem over Q for the group G is due to Reichardt [Rei37] and Scholz [Sch37]. An
exposition of their method can be found in [Mas06]. In this section, we review this construction
with a view towards its application in establishing diophantine stability results, for which we need
an understanding of the ramification of primes. More precisely, we shall see that these sets of
primes are prescribed by Chebotarev conditions.

2.1. The embedding problem. We show that there is a Galois extension L/Q with Gal(L/Q) ~
G. We note that G has a nontrivial center. Thus by induction on n = length(G), there is a
filtration of G by normal subgroups G;:
{1} =G, CcGp1C---CG CGy=G (2.1)
such that for all 4,
[ ] Gi—l/Gi ~ Z/EZ,
o 1 - Z/N7 — G/G; — G/G;—1 — 1 is a central extension of G/G;_1.
We construct Galois extensions
K=IlgclhyClyC...Lp1CL,=1L

such that Gal(L;/K) ~ G/G;. We assume that n > 1 and reduce the solution to that of an
embedding problem.

Let G be a finite ¢-group and let G be a central extension of G

1525 G5 G — 1. (2.2)
Let Gg := Gal(Q/Q) and assume that there exists a Galois extension L/Q such that Gal(L/Q) ~ G.
—ker ¢

This gives rise to a surjection ¢ : Gg — G such that Q = L. The embedding problem asks
whether L can be embedded into a larger Galois extension L/Q along with an isomorphism

Gal(L/Q) ~ G, such that the following diagram commutes:

0 — Gal(L/L) — Gal(L/Q) — Gal(L/Q) —0
! ] !
0 - zZ/iz — G — G — 0.
In the above diagram, the downward arrows are isomorphisms. Equivalently, the embedding
problem is solvable if ¢ can be lifted to a surjective homomorphism ¢ : Gg — G. Indeed, setting

L:= @kew we find that Gal(L/Q) ~ G. Note that if the extension (2.2) is non-split then any
lift ¢ is surjective. In order to inductively construct the extensions L;, it suffices to solve the
embedding problem for

1= Z/Z — G/Giz1 — G/G; — 1

for each 7 in the range 0 < i < n.

2.2. Cohomological parametrization of extension classes. We recall how to parametrize
group extensions by cohomology classes. Let A be a given abelian group and G be an arbitrary
finite group, and consider a central extension of G by A:

15 ASG5S G-,

Then A has an induced G-module structure which we describe. Let n: G — G be a set theoretic
section of the map 7 : G — (. Since 7 is surjective, such a map exists. We define the action of
G on A as follows: for a € A and 0 € G,

o-a:=n(o)an(oc) .
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There are a few things to take note of here. First, since A is a normal subgroup of G, the element
n(c)an(o)~tis in A. Next, since A is abelian, o - a is independent of the choice of set theoretic
section 7. From here on, when referring to A as a G-module, it will be with respect to this chosen
action, and H*(G, A) will be the associated cohomology groups. Two extensions G1 and G- are
said to be equivalent if there is an isomorphism f : G1 = Gy such that the following diagram
commutes: N

A — G1 — G

I LS |

A — Gy — G.

Proposition 2.1. Let G be a finite group and A be an abelian group which is also a G-module.
There is a bijection between

e cquivalence classes of A-extensions of G:
1»AS5G5 G -1

such that for any set theoretic section n: G — G of w, we have that o - a = n(o)an(c)™!

e clements of H*(G, A).
The class associated to G is denoted by b5 € H?(G, A). Moreover, the association has the property
that the trivial class G := G x A corresponds to the trivial element in H?(G, A).

Proof. This is a standard result, cf. [Wei94, Theorem 6.6.3]. O
2.3. The method of Reichardt and Scholz.

Definition 2.2. Let G be an (-group with #G = (™. Let L/Q be a Galois extension with
Gal(L/Q) ~ G and choose N > n. The extension L/Q satisfies the Scholz property for N,
denoted (Sy), if:

e cvery rational prime p ramified in L satisfies p =1 (mod £V),

e for each prime v|p of L, we have that L,/Q, is totally ramified.

Assuming that there exists a Galois extension L/Q satisfying (Sx) with Gal(L/Q) ~ G, we
embed L into a larger Galois extension L with Gal(L/Q) ~ G, also satisfying (& ).

Theorem 2.3. Let £ be an odd prime number, G be a finite group with #G =", and fir N > n.
Suppose that there exists a Galois extension L/Q with Gal(L/Q) ~ G which satisfies (Sy). Let
{p1,...,pm} denote the primes that ramify in L. Then the embedding problem for L and G is
solvable. Moreover, the solution L can be chosen to satisfy (&) with at most one additional
prime outside {p1,...,pm} being ramified in L.

The proof of Theorem 2.3 is important for us to outline since the construction will be extended
in subsequent sections in which our diophantine stability results are proven. More specifically,
the additional ramified prime in L will be chosen to belong to an infinite set of primes defined
by Chebotarev conditions. These conditions will be shown to be compatible with the Chebotarev
conditions on primes that ensure Diophantine stability for a given elliptic curve.

2.3.1. Proof of Theorem 2.3 in the split case. First, we consider the case when (2.2) is split. Let
P1,-..,Pm be the rational primes which are ramified in L and ¢ be a prime number. It is easy
to see that ¢ splits completely in the field L (WN, D1y, W) if and only if the following
conditions are satisfied:
(i) ¢ =1 (mod ¢N),
(ii) ¢ splits completely in L,
(ii)) ¢ & {p1,---,Pm} and p; is an {-th power in F for i = 1,...,m.
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By the Chebotarev density theorem, there exists a positive density set of primes Py, that satisfy
the above conditions. More specifically, this density is given by

1
5(PL) = .
[L (MZNv \é/p R \é/pm> : @i|
Let ¢ € Pr, and M, C Q(uq) be the field such that Gal(M,/Q) ~ Z/lZ. Set L:=1L- M,. Since

q is totally ramified in M, and split in L, it follows that L N M, = Q, therefore, Gal(L/Q)

G X Z/7 = G. Itis easy to see that L satisfies (6n). In greater detail, each of the primes p; are
of the form p; = 1 mod ¢V as L satisfies (§y). The prime ¢ is assumed to satisfy ¢ = 1 mod ¢V.
Thus, all primes that ramify in L are = 1 mod V. Given a prime p; for i =1,--- ;m, let v be a
prime of L that lies above p;. Let v (resp. v') be a prime of L (resp. M,) such that v|v (resp.
v[v"), as depicted below:

/\ /\
\/ \/

Since L satisfies (S ), we have that f(v [ p;) = 1. By condition (iii) in the choice of P, p; splits

completely in M. Therefore, we deduce that f(v | p;) =1, i.e. Ly /Qp, is totally ramified. Since
q splits completely in L and is totally ramified in M, f(w | ¢) =1 for any prime w of L that lies
above ¢. Thus, L as defined above is a solution the embedding problem and satisfies (6n). The

set of primes ramified in L is precisely {p1,--- ,Pm, q} and therefore, L is ramified at exactly one
additional prime.

2.3.2. Proof of Theorem 2.5 in the non-split case. Next we focus our attention on the case when
(2.2) is non-split, or equivalently, 05 € H 2(G,7Z/¢7) is nontrivial. In this case, the extension
L/L/Q is constructed in three steps.

Step 1: We construct an extension L that solves the embedding problem for the desired group
extension G.

Step 2: We modify L so that the set of primes that ramify in L matches the set of ramified
primes of L.

Step 3: We adjust L further to satisfy (Sy), allowing at most one additional ramified prime gq.

We note that step 1 corresponds to Proposition 2.9, step 2 corresponds to Proposition 2.13,

and step 3 corresponds to Proposition 2.15. Recall that L induces a surjective homomorphism

¢ : Gg — G and that there is a bijection between the central extensions G of G by Z/¢Z and

the elements of H? (G,Z/€Z). Let 0 = 05 € H? (G,Z/EZ) be the element corresponding to the

extension G. The map ¢ induces a homomorphism

¢ H? (G,Z/0Z) — H? (Gg,Z/!Z). (2.3)

Definition 2.4. Let G, G1 and Go be groups, and let f1 : Gi — G and fo : Go — G be surjective
homomorphisms. The fibre product G; xg Ga is the group

G1 Xg G2 = {(91,92) € G1 x G2 | f1(g1) = f2(92)}
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with projections 71 : G1 Xg Go — G1 and wy : Gy Xg Go — Go. It satisfies the universal property:
for any group H with homomorphisms q1 : H — G1 and qo : H — Gy such that fi oq = f2 0 q9,
there exists a unique homomorphism q : H — Gy Xg G2 making the diagram below commute:

Proposition 2.5. The embedding problem for (2.2) is solvable if and only if p*(0) = 0, where ¢*
is given by (2.3).

Proof. This is a well known result, we give a sketch of the argument. Setting & := G xa Go,
consider the fiber product diagram:
1 = ZNZ — & — Gg —1
| | Lo

1 - zZ/MtZ - G - G —1.

Denote by 71 : & — Gandmo:® — Gg the projection maps to the first and second factors. It is
easy to see that the top row is a central extension corresponding to ¢*(#). This sequence splits if
and only if ¢*(0) = 0. If the extension splits, there exists a section j : Gg < & to the projection
map m : & - Gg. Then ¢ := 7 0 j is a lift of . Since it is assumed that (2.2) is nonsplit, ¢ is
surjective. The proof of the converse follows along similar lines, and is omitted. O

In what follows, for ease of notation, set H*(F,-) := H*(Gp,-), where F is a field of characteristic
0. Given a prime number p, denote by

ves;, : H'(Q, Z/lZ) — H'(Qy, Z/{Z)

the natural restriction map. This induces a map

a: HX(Q, Z/IZ) Byress, D H*(Qy. Z/12).
p

Proposition 2.6. The map « is an injection.

Proof. Let F be a field of characteristic zero that contains the ¢-th roots of unity, and let Br(F')
denote its Brauer group. By the standard identification Br(F) = H2(F,F ). Letting Br(F)[(] be

the f-torsion in the Brauer group, there is a natural isomorphism:
H*(F,7/0Z) = Br(F)[(].

Now, let K = Q(u¢) be the cyclotomic field generated by the ¢-th roots of unity, and let Mg
denote the set of places of K. By the Brauer-Hasse-Noether theorem, the natural localization
map
ag : H*(K,Z/(Z) — @ H*(K,,Z/IZ)
UEMK

is injective, meaning that an element of H?(K,Z/{7) is determined by its local invariants.
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Since K/Q is a Galois extension with degree prime to ¢, the inflation-restriction sequence for
group cohomology shows that the restriction map

H?*(Q,Z/t7) — H*(K,Z/IZ)

is also injective.
These maps fit naturally into the following commutative diagram:

H?*(Q,Z/17) = H?*(K,Z)(7)
o aK

@ H*Q,,Z/t7) = @ H*K,,Z/I7).
’UEMQ veEMK

We deduce from injectivity of the horizontal restriction maps and the injectivity of ax that « is
injective. O
Given a prime p, let G, := Gal(L,/Qp) C G, where v is a prime of L lying over p. A different

choice of v gives rise to the same subgroup of G' up to conjugation by an element of G. Set 6, to
denote the image of 6 with respect to the natural restriction map:

ves, : H*(G,Z/{Z) — H*(G,,Z/{Z).
Consider the associated central extension
0= Z/MZ — Gy — Gp — 1 (2.4)
and let ¢, : Gg, — Gj be the natural quotient map. The local embedding problem then asks

whether ¢, admits a lift to a homomorphism @, : Gg, — ép. Here we do not insist that ¢, is
surjective. By arguments similar to those in the proof of Proposition 2.5, we find that the local
embedding problem at p has a solution if and only if o5 (6,) = 0.

Proposition 2.7. With the notation as above, a surjective lift ¢ : Gg — G exists if and only if
the local embedding problem is solvable for all primes p.

*

Proof. By Proposition 2.5, a surjective lift ¢ exists if and only if <p = 0. The map « :
H?(Q,Z/07) — @peM@ H?(Qyp, Z/{Z) maps ¢*(0) to the tuple o ( ) Proposi-
tion 2.6 shows that the map « is injective, so it suffices to verify that cpp(ﬁ ) =0 for all primes p.

This is equivalent to the existence of a local lift ¢, : Gg, — ép at each prime p, which establishes
the claim. 0

We now show that the local embedding problem is solvable. We then deduce from Proposition
2.7 that a surjective lift ¢ : Gg — G of ¢ : Gg — G does exist. Given a finite group G, recall
that the Frattini subgroup ®(G) is the intersection of all proper maximal subgroups of G. If G is
an f-group, then ®(G) = GP[G, G|, and G/®(G) ~ (Z/LZ)? for some d > 0. It is well known that
if G is a finite ¢-group, then G is cyclic if and only if the Frattini quotient G/®(G) ~ Z/(Z.

Proposition 2.8. Suppose L/Q is a Galois extension with Gal(L/Q) ~ G and canonical sur-
jection ¢ : Gg — G as before. Then, for every prime p, the local embedding problem (2.4) is
solvable.

Proof. If the sequence (2.4) splits, then 6, = 0. Note that the local embedding problem is solvable
if and only if ¢} (6,) = 0. Thus we assume without loss of generality that (2.1) is non-split.

First suppose that p is unramified in L. In this case, G, is cyclic, generated by the Frobenius
element. Let Q)" be the maximal unramified extension of @, and note that Gal(Q)'/Q)) is
isomorphic to 7. We seek a lift Pp Z — CNJP of ¢p. In order to show that ¢, exists, it suffices
to prove that (NJp is cyclic. Indeed, G), is cyclic, in particular, abelian. Hence Z/¢Z contains
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(G, Gyl If LT = [Gy, Gy), then, Z/IZ is contained in ®(G)) = [Gp, Gp|GL. Therefore, there
is a surjection Gp/ (z)ez) — p/<I>(N Gp). In particular, we find that ép/¢(~ Gp) must be cyclic.
It follows that G must be cyclic as well. This contradicts the assumption that [Gp, G b = Z/VL.
Thus, Gp is abelian. Since Gy, is cyclic and the sequence (2.4) is non-split, this forces G to be
cyclic. Therefore, ¢, : 7 — G lifts to a map ¢, : 7 — G

Next, we consider the case in which p is ramified. Note that p =1 (mod N ) by the property

(6x) and thus p # ¢ and the ramification of p in L is tame. Choose a prime v of L which lies
above p. We have that (O, /v)* = (Z/pZ)*. Choose a uniformizer 7 of L, and consider the
homomorphism A : G, — (Z/pZ)* defined by o — (2F). Since Z/pZ is the residue field of L.,
it is easy to check that A is a homomorphism. The kernel of A is the wild inertia subgroup of
G)p, which is trivial. Thus, G, injects into (Z/pZ)*. It follows therefore that ¢, factors through
a map Gal(F/Qp) — G,, where F' is the maximal abelian tamely ramified extension of Q, with
exponent dividing ¢V. More explicitly, F = F| - Fy, where F} is the unramified extension of Qp

of degree ¢V and F, := Qp(pl/eN). Because G, is abelian, it follows (from the same argument
as in the unramified case) that ép is abelian. Note that Gal(F/Q,) ~ (Z/¢NZ) ® (Z/NZ). As
G, is a quotient of Gal(F/Q,), we find that G, ~ Z/¢*Z, or G), ~ Z/MZ ® 7./*2Z for some
k1,ke > 1. Since ép is abelian and fits into a non-split sequence (2.1), we find that ép ~ 7./0*17,
or ép ~ 7/0FF1Z @ 7,/ 1% 7 vespectively. In both cases it is clear that ¢, : Gal(F/Q,) — G, lifts
to a homomorphism ¢, : Gal(F#/Q,) — ép. This completes the proof. O

Proposition 2.9. There is a surjective lift o : Gg - G of ¢ : Gg = G.

Proof. Proposition 2.8 implies that for each prime p, the local embedding problem is solvable, i.e.,
there is a lift ¢, of ¢,. Thus it follows from Proposition 2.7 that a lift ¢ : Gg = G of ¢ : Gg =+ G
exists. Since the extension

1= Z/MZL -G — G —1
is non-split, @ is surjective. [l

This completes Step 1. We now move on to Step 2 which involves modifying L so that the set
of primes that ramify in L matches the set of ramified primes in L.

The action of Gg on Z/¢Z is trivial, allowing us to identify H'(Gg, Z/{Z) with Hom(GQ, ZJUZ).

Let L and L’ be extensions of L that solve the embedding problem, and let ¢, w Gg — G be the
corresponding lifts of ¢ : Gg — G respectively. Then for o € Gg, we have that

O(0)p(0) " € ZJZ = ker(G — G).
The map f := 7;85_1 : Gg — Z/VZ is a homomorphism. In greater detail,

f(o102) =0(0102)@(0102) "
=i (01)P(02)@(02) ' B(o1) !
=0(01)@(01) " P(02)B(02) " = f(o1)f(02)
wherein the second last equality follows since ¢ (02)@(02) ! belongs to the center of G. It is clear
that f(1) = 1 and f(c~!') = f(o)~1. Conversely, suppose that f € H*(Gg,Z/¢Z) and L/L/Q
solves the embeddlng problem, with ¢ : Gg — G the corresponding homomorphism. Then,

1/1 =pf: GQ — G is a well defined surjective homomorphism that lifts ¢. This also gives rise to
a solution L'/L/K of the embedding problem.
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Definition 2.10. With respect to above notation, we refer to L as the twist ofz by f, and denote
it by LY.

By Proposition 2.9 a solution L /L/Q of the embedding problem always exists. Hence there is
a bijection:

{zf/L/Q : L' solves the embedding problem} < HY(Gq,Z/17).

Let C be a finite dimensional vector space over Z/{Z equipped with an action of Gg. Set
C* := Hom (C, py) with the induced Galois module structure. Given a vector space V over Z/{Z,
denote by V'V := Hom(V, Z/¢Z). A prime p is said to be ramified in C'if the inertia group I, C Gq,
acts non-trivially on C. The field Q(C) is the Galois extension of Q cut out by C. In greater

detail, Q(C) := lerpc where pc : Gg — Aut(C) is the representation of Gg on C. Note that a
prime p is ramified in C' if and only if it ramifies in Q(C). Let X be the set of primes p such
that either p # £ and p is ramified in C', or p = £. Fix a finite set of primes S containing ¥~ and
let Qg be the maximal algebraic extension of Q in which all primes p ¢ S are unramified. Given
a number field F C Qg, we set H'(Qg/F,-) := H'(Gal(Qg/F),-) where i = 1,2. Moreover, we
set H'(Qp,-) := H(Gg,,-). We define:

T (C) :=ker | H'(Qs/Q,C) — €D H'(Qy, C)

peS
Global duality for II-groups [NSWO08, Theorem 8.6.7| states that there is a natural isomorphism:
1% (C) ~ III5(C*)V. (2.5)

For each prime p € S'let £, be a subspace of H 1((@p, C) and let Ezf be the orthogonal complement
of £, with respect to the nondegenerate Tate local duality pairing:

() HY(Q,, C) x HY(Qp, C*) = HY(Qyp, j1e) = ZJIZ.
In other words,
LIJ; = {v € HY(Qp,C*) | (w,v), = 0 for all w € L,}.

Definition 2.11. With respect to notation above, the Selmer and dual Selmer groups, denoted
H}(Qs/Q,C) and H}:l (Qs/Q,C*) are defined as follows:

H}(Qs/Q,C) :=ker { H(Qs/Q,C) _>@ %p’ C) ’

peES P

H'(Qy, C¥)

H} (Qs/Q,C") i=ker { H'(Qs/Q,C*) — P at

pES
A well known formula due to Wiles implies that
dim H(Qs/Q,C) — dim Hy, (Qs/Q,C") = dim H'(Q, C) — dim H*(Q, C*)
+ 3 (dim £, — dim HO(Q,, C)) , (2.6)

peSU{oco0}
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where it is understood that L., = 0. A variation of the Poitou—Tate sequence gives the following:

1
05 HAQs/Q.C) — H'(Qs/Q.C) - (D (H(f@)
res ’ (2.7)

— H}.(Qs/Q,C*)Y — H*(Qs/Q, M) = P H*(Qy, C),

peES
see for instance, [Tay03, p. 555, 1.7]. We set I, to be the inertia subgroup of Gg, and given a
Gg,-module M, set:
Hip(Q, M) i= image{H' (Ga, /Tp, M') = H'(Qp, M)}
Consider the Selmer condition £™ where L' := H! (Q,,C) for all p € S. We note that
dim £ = dim H'(Z, C"*) = dim H*(Z, C") = dim H(Q,, C), (2.8)
where we identify Gg, /I, with 7 (see also [Ram02, Lemma 3]).

Lemma 2.12. With respect to notation above, suppose that the action of Gg on C is trivial. Then
the following assertions hold:

(1) dim H},. (Qs/Q, C) = dim H},,, (Qs/Q,C*) = 0.
(2) The map
H'(Q,,C)

H'(Qs/Q,C) — i‘é HL(Q,.0) (2.9)

s an isomorphism.

Proof. Since the Galois action on C' is trivial, H'(Qg/Q,C) consists of homomorphisms f :
Gg — C which are unramified away from S, and Hém (Qs/Q, ) is the subset of homomorphisms
which are unramified at all primes. Such unramified homomorphisms cut out unramified abelian
extensions of Q. Since there are no proper abelian unramified extensions of Q, it follows that

H}.(Qs/Q,C) = 0. Thus, dim H}. (Qs/Q, C) = 0. Recall from (2.8) that for p € S,
dim £3" — dim H%(Q,, C) = 0.
We have that
dim £ — dim H°(Qq, C) = —dim C.
Note that since the action on C' is the trivial one,
dim H°(Q,C) = dim C and dim H*(Q,C*) = 0.
Thus, from (2.6),

dim Hu (Qs/Q, C) — dim H},, 1 (Qs/Q,C%) =dimC' — 0+ Y 0 —dim C = 0.
peS

Thus, we deduce that
dim H}... (Qs/Q, C*) = dim H}n (Qs/Q, C) = 0.
This completes the proof of (1). Part (2) then follows from (1) and the exact sequence (2.7). O

Proposition 2.13. With respect to notation above, there exists Z/L/Q solving the embedding
problem such that L is ramified at the same set of primes as L.
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Proof. 1t follows from Proposition 2.9 that there exists l~}/ L/Q solving the embedding problem.
Let ¢ : Gg — G and ¢ : Gg — G be the homomorphisms corresponding to L and L respectively.
Let X (resp. S) be the set of primes which ramify in L (resp. L). We modify @ by a class
f € HY(Gg, Z/EZ) such that w = ¢ f is unramified at all primes P ¢ 3. For each prime p € S we
can choose a lift wp Gq, — G of ¢, such that for p € S\ X, 1/Jp is unramified. Such a lift can
be constructed as in the proof of Proposition 2.8. For p € S\ ¥, let f, € HY(Q,,Z/{Z) be such
that Jp = @pfp- On the other hand, for p € X, set f,, := 0. Consider the tuple of elements

HY(Qp,Z/07)

Uohes &\ D 7., z722)

By part 2 of Lemma 2.12, there exists f € H'(Qg/Q, Z/¢Z) which restricts to (f,)pes. Note that
by construction, f1, = fp|1 for all p € S§. It follows that 1/1 = @f is unramified at all primes

p € S\X. Let L’ be the extension corresponding to w, then L’/L/Q is a solution to the embedding
problem which is unramified away from X. O

Let F be the Z/¢N~1Z-extension of Q which is contained in Q(u,~). Note that Q(u,w) =
F - Q(pe)-

Lemma 2.14. The following assertions hold:

(i) The fields F and L are linearly disjoint,
(it) FL and Q(pe, /P1;- -, /Pm) are linearly disjoint.

Proof. The prime ¢ is unramified in L and is totally ramified in F. Therefore, F' and L are
linearly disjoint. The Galois group Gal(Q(ue, /P1;---,/Pm)/Q) is isomorphic to (Z/lZ)™

(Z/€7)*, where multiplication is given by (z,y) - (2’,vy") = (z + y2',yy'). Tt is easy to see that
this group has no quotient of order ¢. On the other hand, F'L is an ¢-group. Hence we find that

FL 0 Q(pe, /p1s- - /Pm) = Q. O

Proposition 2.15. There exists E/L/Q solving the embedding problem such that:
(1) L satisfies (Sy),
(2) L is ramified at the primes in ¥ and one additional prime q. The prime q can be chosen
from a certain set of primes which has positive density.

Proof. From Proposition 2.13, we obtain a solution L to the embedding problem for C:’, which is
ramified at precisely the same set of primes ¥ = {p1,...,pn} as L. Each prime p; satisfies p; = 1
(mod ), and the decomposition group Gy, coincides with the inertia group I, at p;. Since p; is
tamely ramified in L, the inertia group I,, is cyclic, and consequently, G, is also cyclic for each
1=1,.

NOW ﬁx p =pi and let I (resp G,) is the inertia (resp. decomposition) group of p in L. On
the other hand, we set I (resp G ») to be the inverse image of I, (resp. Gj) with respect to the
map 7 : G — G. Since I, = G, it follows that I, = G,,. Since the ramification of p is tame, the
inertia groups I, and I}’7 are cyclic. Suppose that I, ~ Z/{“Z. From the proof of Proposition 2.8,

ép is abelian, hence so is fp~ Therefore, there are two possibilities for fp-
Case 1. INI, ~ ZJ0*L x L/€Z: Since I, is cyclic and the quotient map from I, to I, is surjective,
it follows that Ij, ~ I;. On the other hand, G}, C G, = I, and thus Gy, /I, is either 1 or

Z, /7. There is an inclusion

~

GL/IL = Gyp/I, = L/IZ
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with respect to which the Frobenius element o, maps to some ¢, € Z/{Z. 1f ¢, = 1, then
Gy, = I, and the condition (&) is satisfied at p.

Case 2. fp ~ 7./¢*T1Z: Since the map I, — I, is surjective, it follows that I, = Np = G~—'p. This
forces I, = G}, In this case, we simply set ¢, := 1.

If ¢, = 1 for all the primes p in Case 1 above, then L satisfies property (Sy). Otherwise, we must

modify L. Define X as the set of all primes ramified in L such that fp ~ [, x ZJlL.

Given a prime ¢ = 1 (mod ¢V), there exists a unique surjective Galois character

XV Gal(Q(1g)/Q) — Z/1Z.
Identifying Gal(Q(g,)/Q) with (Z/¢Z)*, and the (-torsion in (Z/qZ)* with Z/¢Z, x'9 is given by
XD (a) = ale=V/f Set L := L (upv U{Yplp € X}) and let A := Gal(L/Q). There exists o € A
such that, for any prime ¢ unramified in I. with o, = o, the following conditions hold:
(1) ¢ =1 (mod V),
(2) g splits completely in L/Q,
(3) Xx9(p) = ¢, for all p € X.
More precisely, o € Gal(L/Q) is the element defined by:
® opr =1,
o (C) =G,
o 0({/p) = cpy/p for all primes p € X.
Such an element exists since FL N Q (pn U{¢plp € X}) = Q by Lemma 2.14. Let ¢ : Gg — G
correspond to E, and define 1; = @(x?)~1, with the corresponding extension denoted L /L/Q.

This modified extension solves the embedding problem for G while ensuring that property (Sy)
is satisfied.

O

Theorem 2.16. Let G be an (-group. Then there exist infinitely many Galois extensions L/Q
with Gal(L/Q) ~ G.

Proof. Set N to be such that #G = ¢V. Recall the filtration on G by subgroups G; as in (2.1).
By induction on i, we construct Galois extensions

Q=LyCLiCLyC...L,1CL,=1L

such that Gal(L;/Q) ~ G/G; and L;/Q satisfies the condition (Sy). Assume that L;/Q can be
constructed so that Gal(L;/Q) ~ G/G; and (&) is satisfied. If the exact sequence

is split, then the construction of L;1/L;/Q follows from the argument in section 2.3.1. On the
other hand, if the above exact sequence is non-split, then, the construction of L;;1/L;/Q can be
obtained by Proposition 2.15 in section 2.3.2. The construction involves an application of the
Chebotarev density theorem in choosing the prime ¢. In particular, there are infinitely many
choices of ¢, and hence, infinitely many choices of L; 1. This completes the proof. O

3. SELMER AND DIOPHANTINE STABILITY RESULTS

3.1. Selmer groups and diophantine stability in cyclic /-extensions. We summarize and
recall the results in [PR25, section 2|. Throughout this section, ¢ is a fixed odd rational prime
number and L/K a Galois extension of number fields with Gal(L/K) = G ~ Z/{Z. Let M be
a finite dimensional F, vector space equipped with the structure of a G-module. Define M :=
{m e M | gm=mforallg € G} and Mg :== M/{(9—1)m | g € G,m € M). The following
lemma is useful.
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Lemma 3.1. If MY =0 or Mg =0, then M = 0.
Proof. See [NSWO08, Proposition 1.6.12]. O

Let E be a fixed elliptic curve defined over K. Given a finite extension F//K, denote by E(F)
(resp. II(E/F)) the Mordell-Weil group (resp. Tate-Shafarevich group) of E over F. Fix an
algebraic closure L of L and let G, = Gal(L/L) denote the absolute Galois group of L. Let Q,
be the set of all non-archimedean places of L, and for each v € Qp, let L, denote the completion
of L at v. Choose an algebraic closure L, of L, and fix an embedding ¢, : L < L,. This choice
induces an embedding of Galois groups ¢’ : Gp, < Gp, where we set G, = Gal(L,/L,). For
notational convenience, we write

HYL,):= H(Gp,-), HYL,,-):=H(Gpr,,")

for all « > 0 and v € ;. Given a global cohomology class f, we denote its restriction to G, by

resy(f)-

Given a prime v of L and a natural number n, let

E(Ly)
"gz} : m — H'(Ly, E[("))
denote the Kummer map. Passing to the direct limit, we get the map:
ke E(Ly) ® (Qu/Z¢) — H'(L,, E[£™)).

For n € Z>1 U {oo}, the Selmer group associated with the pair (E, L) and the prime power ¢" is
defined as

Selyn(E/L) :=ker | H'(L,E[¢"]) = [[ H"(Lv, B)[¢"]

vEQ

Equivalently, Sely(E/L) consists of cohomology classes f € H'(L, E[¢"]) whose restrictions to
(n)

every completion L, for v € Qp, lie in the image of the local Kummer map s, . There is a
natural short exact sequence relating the Mordell-Weil, Selmer and Tate—Shafarevich groups:

0— E(L)®Q¢/Zy — Sely=<(E /L) — II(E/L)[£>*] — 0.
Definition 3.2. Let S be the finite set of primes v of K such that at least one of the following

conditions is satisfied:

e v is ramified in L,
e I/ has bad reduction at v,
o v divides {.

We denote by S(L) the set of primes of L lying above those in S. Let Lg be the maximal
subextension of L/L in which all non-archimedean primes v ¢ S remain unramified. In fact, the
{-Selmer group of F over L is then given by

Sely(B/L) = ker | H'(Ls/L, Elf)) =% @ H'(L., B | |
weS(L)

where ®g 7, is the direct sum of restriction maps at primes w € S(L). Given a vector space V
over [y, set V'V to denote its dual. The Cassels—Poitou-Tate sequence then gives the following:

0 s Sel(E/K) — H'(Kg/K, E[f]) 235, P (K., BE)[(] - Sely(E/K)" — H*(Ks/K,E[()) - ...,
veES
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cf. [CS10, p.8|. For a prime v of K, define the restriction map
Yo : H'(Ky, E)[(] = @) H' (Lw, E)[(],
wlv

where w runs over primes of L above v. Assume that Sel;(E/K) = 0, and note that in this case
the map ®g g is surjective. Note that there is a short exact sequence

0 — B(K) ® Z/UZ — Sely(E/K) — LI(E/K)[(] — 0.

As Sely(E/K) = 0, we have that E(K) ® Z/¢Z = 0, implying E(K)[(] = 0 and rank E(K) = 0.
Thus we have a commutative diagram:

0 = Sely(E/K) — H'(Ks/K,E[l]) —5 @, H'(K,, E)[f] — 0

S

0 — Sel(E/L)¢ — H'(Kg/L,E|{])¢ — (@MGS(L) Hl(Lw,E)[z])G,

where v = @, c g V-
Proposition 3.3. Suppose Sely(E/K) = 0. Let S be as in Definition 3.2. Then:

(i) dimg,(Sel(E/L)Y) =", g dimp, (ker y,).
(ii) Sely(E/L) = 0 if and only if 7, is injective for allv € S.

Proof. Consider the commutative diagram (3.1). The inflation-restriction sequence gives
ker 8 ~ H'(L/K,E(L)[{]), cokerf C H*(L/K,E(L)[]).

As L/K is a p-extension and E(L)[{] = E(K)[f] = 0, Lemma 3.1 yields E(L)[{] = 0, so
ker 3 = coker3 = 0. Thus, Sel,(E/L)% ~ ker, proving (i). The claim in (ii) follows from Lemma
3.1. ]

Given a prime v of K, let k, be the residue field of K at v and let E(kv) be the group of k,
points of the reduction of E at v.

Proposition 3.4. With respect to the above notation, assume that the following conditions hold:
(i) Selo(E/K) =0,
(ii) all primes of K that lie above { and the primes of bad reduction for E are completely split
m L,
(iii) all primes v of K that ramify in L satisfy E(ky)[¢] = 0.
Then, Sely(E/L) = 0.
Proof. Tt follows from the assumptions above that 7, is injective for every prime £ € S and thus

by Proposition 3.3, Sel,(E/L) = 0. For further details, we refer to the proof of [PR25, Proposition
2.9]. 0

Let pp¢: Gg — GL2(Z/¢Z) be the Galois representation on E[(], and let Q(E[¢]) be the field
fixed by ker pg ¢, so that Gal(Q(E[(])/Q) ~ im pg . For a prime p of good reduction for E, let
Gq, = Gal(@p /Qp) with inertia subgroup I,, and choose a lift o), € Gg, of the Frobenius. The
trace and determinant of pg ¢(0p) satisfy

trace pg ¢(op) = ap(E) mod £, det pg(op) = p mod L.
Setting K(E[(]) = K - Q(E[{]), we introduce a key set of primes central to our results.

Definition 3.5. Define T i as the set of rational primes p satisfying: (a) p # £, (b) p is a prime
of good reduction for E, (c) p is completely split in K (), and (d) trace(pge(op)) # 2.
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Remark 3.6. Forp € Tp g, E(k)[f] = 0 for any of the primes of K such that v|¢ (cf. [PR25,

Lemma 2.11]).

Lemma 3.7. If ppy is surjective and K (pe) N Q(E[Y]) = Q(ue), then Tg i has natural density
2—0-1

(K (1) : Q(pe)] (62 = 1)(£ = 1)

D(‘ZE’K) =

In particular, Tg i 1s infinite.
Proof. See the proof of [PR25, Lemma 2.12]. O

3.2. Main results. Let £ > 5 be a prime number and E be an elliptic curve over Q. We note
the following recurring observation.

Lemma 3.8. Assume that pg e is surjective and let F/Q(ue) be a Galois extension for which
Gal(F/Q(ue)) is an L-group. Then,

F N QEL) = Q).
Proof. Since pg  is surjective, it induces an isomorphism

0 Gal (Q(E[4])/Q(ue)) = SLa(TFy).
Set Fy:=F N Q(E[¢]) and

N := o (Gal(Q(E[€]))/ Fy)) C SLa(Fy).
Consider the field diagram:

F(E[(])
Q(E[4) F
Foy
Q(pe)

Since Fp is a Galois f-extension of Q(uy), N is a normal subgroup of SLy(F,) and we have that

[SLa(Fy) : N = [Fo : Q(ue)] = ¢F,

for some 1 < (¥ < [F : Q(u)]. For primes £ > 5, Galois [Gial46, p. 412] showed that PSLo(F,)
is simple. Therefore, SLy(IFy) does not contain a proper normal subgroup N with odd index
[SLo(IFy) : N]. It thus follows that ¢ =1 and Fy = Q(pe). O

For the discussion below, assume the following:
® ppy is surjective, and
e Sely(E/Q) =0.
For ease of notation, we set Tp := Tg . Let ¥ be a finite set of primes containing ¢ and the

primes at which F has bad reduction. The result below is used in conjunction with Proposition
3.4 to prove Theorem 3.10, which is the main result of this section.
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Proposition 3.9. Let G be an {-group with #G = €™ and let N > n. There are infinitely many
Galois extensions L/Q such that:
(i) Gal(L/Q) = G,
(ii) if p1,...,pm are all the primes that are ramified in L, then m < n, p1,...,pm € Tp \ %,
p; =1 (mod ) and the inertial degree of p; in L is 1 fori=1,...,m,
(#ii) all primes q € X are completely split in L.

Proof. We prove the result by induction on n. First we consider the case when n = 1, i.e., when
G ~ Z/VZ. Given a prime p = 1 (mod ¢), let LP be the unique Z/¢Z-extension of Q which is
contained in Q(up). We show that there is a positive density of primes p for which:

(1) p€ Tp\X

(2) p=1 (mod ¢V)

(3) all primes ¢ € ¥ split completely in LP.
For such a p, p is totally ramified in I” and thus the inertial degree of p in L? is 1. Therefore, LP
satisfies the conditions (i), (ii), (iii). We show that p as above is determined by certain non-empty
Chebotarev conditions. In other words, there exists a Galois extension F/Q and a conjugation
invariant non-empty subset S C Gal(F/Q), such that a prime p which is unramified in F satisfies
(1), (2), (3) if and only if the Frobenius element 0, € S. The condition that p = 1 (mod ¢)
is equivalent to the requirement that p splits completely in Q(un), ie., 0p = 1. The primes
q € X are required to split in LP. In other words, ¢ is an ¢-th power modulo p. Thus, p is
required to split completely in F' := Q(uv U{¥/q | ¢ € £}). On the other hand, by Lemma 3.8,
F' NQ(E[(]) = Q(ue). Setting F :=F' - Q(E[(]) = Q(E[] U pyv U{Hq | g € £}), one finds that

Gal (F/Q(ur)) = Gal (F'/Q(ue)) x Gal (Q(E[A])/Q(pr)) -

Let S := 81 x S where 8 = {1} C Gal(F'/Q(ur)) and So C Gal(Q(E[(])/Q(ue)) consisting of
o such that trace pg (o) # 2 (mod ¢). It is clear that if p ¢ ¥ is a prime which is unramified in
F and o, € S, then the conditions (1)-(3) are satisfied. By the Chebotarev density theorem, this
set of primes p has positive density.

For n > 2 by induction hypothesis, suppose that we are given a central extension

1= ZNL— G — G —1

and that there exists a Galois extension L/Q of degree ¢"~! with Gal(L/Q) ~ G such that (i)-
(iii) are satisfied. Let {pi1,...,pm} (with m < n — 1) be the primes that ramify in L. Then we
show that there exists L/L/Q such that Gal(L/Q) ~ G satisfying (i)—(iii), and L is ramified at
{P1,- -+, Pm,Pm+1} where p,, 41 is a prime which belongs to a set defined by non-empty Chebotarev
conditions, thus completing the inductive step. N

By Proposition 2.13, there exists Lo/L/Q such that Gal(Ly/Q) ~ G and the only primes which
ramify in Lo are pi, ..., pm. We shall modify L (as in Definition 2.10) to get E/L/Q as above.
Since L satisfies condition (ii), each of the primes p; has inertial degree 1 in L. Let ¢,, € Z/{Z be
as defined in the proof of Proposition 2.15. Since L satisfies condition (iii), for each prime w € X,
there is an element ¢, € Z/¢Z such that the Frobenius at w maps to ¢,. Now let p be a prime
such that:

(a) p € Te\ (XUA{p1,...pm}),
(b) p splits in L(u,~),
(c) for each prime v € XU{p1,...,pm}, 0y maps to ¢, in Z/¢Z (via the natural map Gg, — G).

These conditions are determined by non-empty Chebotarev sets. Condition (a) is determined
in the field extension Q(E[(])/Q(ue), and (b),(c) are determined in F' := L(pu,~, v | v € LU
{p1,---,pm}). Let & C Gal(F'/Q(u¢)) be the Chebotarev set which corresponds to conditions
(b) and (c), and Sy C Gal(Q(E[¢])/Q(u¢)) corresponds to condition (a). Note that F' is an
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l-extension of Q(uy). Lemma 3.8 thus implies that ' N Q(E[¢]) = Q(u¢). Therefore,

Gal (F/Q(1e)) = Gal (F'/Q(ue)) x Gal (Q(E[(])/Q(kr))
and let S := &1 x Sy. By construction, & C Gal(F/Q) is the non-empty Chebotarev set which
determines conditions (a)-(c). Thus, by the Chebotarev density theorem, the set of primes sat-
isfying (a)—(c) has positive density. We choose one such prime p and take p,4+1 = p. Let
P Gal(Q(up)/Q) — Z/IZ be the associated character and take L be the twist of Ly by
(x®®)~! as in Definition 2.10. This modification satisfies all the required conditions and com-
pletes the inductive argument. O

Theorem 3.10. Let £ > 5 be a prime and E be an elliptic curve over Q. Assume that pg o : Gg —
GLo(Fy) is surjective and that Sely(E/Q) = 0. Let G be an ¢-group. Then there are infinitely
many G-extensions L/Q for which Sel,(E/L) = 0.

Proof. According to Proposition 3.9, there exist infinitely many Galois extensions L/Q with
Gal(L/Q) ~ G such that:

e if p1,...,pm denote the primes that ramify in L, then m < n, each p; € T\ X, p; =

1 mod ¢V, and the inertial degree of p; in L is equal to 1 for all i = 1,...,m;

e cvery prime ¢ € X is completely split in L.

We fix such an extension L/Q and filter it by a tower of intermediate fields
Q=LycliCcloC---CLy1CLy,=1,

with Gal(L;/Q) ~ G/G; and G; are as in (2.1). By assumption, Sel,(E/Lg) = 0. We prove by
induction on i that Sely(E/L;) = 0, assuming the vanishing of Sel,(E/L;_1). To do so, it suffices
to verify that the extension L;/L;_; satisfies conditions (i)—(iii) of Proposition 3.4.

Since Sely(E/L;—1) = 0 by the inductive hypothesis, condition (i) is satisfied. Moreover, because
all rational primes in X split completely in L, in particular every prime of L;_; lying above X
splits completely in L;, verifying condition (ii). To verify condition (iii), let v be a prime of L; 1
that ramifies in L;. Then v | p; for some 4, and since the inertial degree of p; in L is 1, it follows
that the residue field k, ~ F,,. For each p; € Tp, we have E(Fpi)[ﬂ = 0 by Remark 3.0, so
condition (iii) is satisfied. This completes the proof. O

4. DENSITY RESULTS AND CONNECTIONS WITH MALLE’S CONJECTURE

In this section, we fix a prime ¢ > 5 and an elliptic curve E/Q satisfying:

e Sel(E/Q) = 0,

e the mod ¢ Galois representation pp ¢ : Gal(Q/Q) — GLo(FFy) is surjective.
Let G be a finite f-group with #G = . We recall that Theorem 3.10 establishes the existence
of infinitely many Galois extensions L/Q such that Gal(L/Q) ~ G and Sel,(E/L) = 0. In this
section, we go further and obtain asymptotic lower bounds for the number of such extensions L/Q,
counted by their absolute discriminant. We then compare these lower bounds with the expected
asymptotics for the total number of G-extensions of QQ, as predicted by the weak form of Malle’s
conjecture.

4.1. Counting /-extensions by discriminant. Let G be a finite /-group and G be a quotient
of G such that there is a central extension:

1= Z/NZ — G — G — 1. (4.1)
Let L/Q be a Galois extension with Gal(L/Q) ~ G and L/L/Q a solution to the above embedding
problem. Let ¢ be a primitive ¢-th root of unity and let o be a generator of Gal(L(us)/L) with
o(¢) = ¢

Proposition 4.1. With respect to notation above, the following assertions hold.
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(i) There exists o € L(jg)* such that L(pg) = L(pg, /@) and o(a)/al € (L(pe)*)?.
(i) Any other solution z’/L/@ to the embedding problem is given by L' = Ly, where Ly, is the
index (¢ — 1) subfield of L(jue, Vb)) where b € Q(ue)* and satisfies o(b)/b? € (Q(ue)*)’.

Proof. The assertions (i) and (ii) follow from Proposition 3.3 and 3.4 of [[KXM04] respectively. O

Let @Q; be the unique Z/¢Z-extension of Q which is contained in Q(u2). Let b € Q(ug)* be

such that o(b)/b? € (Q(ue)*)¢. Setting L := Q and G = 1, we choose L := Q;. Then, any other
cyclic f-extension of Q is obtained by twisting Q1 by an element b. One denotes this twist by Qp
and thus we have an indexing of all cyclic £-extensions of Q.

Proposition 4.2. With respect to the notation above, the following assertions hold.

(i) The association Qp — Ly, between cyclic L-extensions of Q and solutions to the embedding
problem for L/Q has finite fibers with cardinality bounded only in terms of G and (.
(ii) There is a constant C > 0 such that

m—1
Clag] < 1A,
Proof. The result follows from [[KXM04, Proposition 3.5]. O

Recall from Definition 2.10 that L' = LY where f € HY(Q,Z/¢Z). Identify H'(Q,Z/(Z) with
Hom(Gg,Z/¢Z). By Kummer theory, there’s an isomorphism

Hom(Gq, Z/{Z) =~ {b € Q(ue) /(Que) )" = 0(b) /07 € (Qpe) )}

Let f;, be the homomorphism corresponding to b. We have that L = Eb.

4.2. An application of Wiles’ formula. Recall that Eq is an elliptic curve such that Sel,(£/Q) =
0 and pg ¢ is surjective. It follows from Proposition 3.9 that there exists L /L/Q solving the em-
bedding problem (4.1) such that

(i) if p1,...,pm are all the primes that are ramified in Z, then m < n, p1,....,pm € Tp \ %,

pi =1 (mod ¢V) and the inertial degree of p; in L is 1 fori=1,...,m,

(ii) all primes g € ¥ are completely split in L.
Let S be a finite set of primes in Tp 1, disjoint from ¥ U {p1,...,pm}. Let Vg be the space of
cohomology classes f € H!'(Qg/Q,Z/¢Z) such that res,(f) = 0 for all primes ¢ € SU{p1,...,pm}.

Setting S := SUX U {p1,...,pm}, the space Vg = Hé(@g/Q,Z/EZ) is determined by Selmer
conditions {Eq}q cg defined as follows:

o {Hl(@q, Z/07) ifqe S
7 1o if g€ XU{p1,-. - Pm}-
Let X be the mod ¢ cyclotomic character. The dual Selmer group Vg := Hél (Q5/Q,Z/IZ(X)) is
given by:
Vs = ker{ H'(Qg/Q, Z/IZ(X)) — EP H"(Qq, Z/Z(X))}.
q€eS

Given a prime ¢ =1 mod ¥, it follows from local class field theory that

dim HY(Q,, Z/{Z) = 2.
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Wiles’ formula (2.0) yields
dimVs >1+ 3" (dim HY(Q,, Z/¢Z) — dim H(Q,, Z/EZ))

q€eSs
- > dim H°(Qy, Z/{7)

q€XU{p1,....pm yU{oc}

Lemma 4.3. Let S be a finite set of primes in T 1, disjoint from XU {p1,...,pm} and f € Vs.
Then, the following assertions hold:

(i) Sely(E/LT) =0,
(ii) 18,1 < ez (T,esa

Proof. Let q1,...,q- be the rational primes which are ramified in Lf. Then by construction,
q1,--.,qr are primes in SU{p1,...,pm}. Since resy(f) = 0 at all primes of ¢ € ¥, it follows that

>e"1(£—1)

, for an absolute constant co > 0.

all primes of 3 are completely split in Lf. On the other hand, let v be a prime of L which ramifies
in L/ and q be the rational prime such that v|q. If ¢ = p;, then k, =T,,. If ¢ € S, then ¢ splits
in L and we have that k, = F,. Thus, E‘(k‘v)[f] = E‘(Fq)[ﬁ] = 0. It then follows from Proposition
3.4 that B
Sely(E/L) = 0 = Sely(E/LT) = 0.

This proves part (i).

Let Qy be the cyclic f-extension of Q which is cut out by f and set Ay := Ag,. We have that
1Al < (Tes q)*~! and part (ii) follows from Proposition 4.2. O

Lemma 4.4. There is a finite set of primes Sy contained in T 1, such that V§6 =0.

Proof. Let 41, ...,1, be the non-zero elements in H* (Qsugpr,pmy/Q ZJUL(X)). Lettp € {th1,... ¢}
and  := Gal(Q(ue)/Q). Note that the inflation—restriction sequence gives:

0— H' (Q,Z/1Z(X)) = H" (Qsufpy,....om1/Q Z/UZ(X)) == Hom(Qsup, ... 3 /Qlie), Z/CZL(X))®.

Since # is coprime to £, H' (Q, Z/ZZ(X)) = 0 and thus the restriction map is an injection. Thus
the homomorphism res(v) is non-zero. It gives rise to a Z/¢Z extension Ly, over Q(s), which is
a Galois extension of QQ with

Gal(Ly/Q) ~ Q x Gal(Ly/Q(ue)). (4.2)

Here, the action of Q on Gal(Ly/Q(ue)) ~ Z/{Z is via the character X.

There are two possibilities for the intersection Ly N L(f¢), namely either Ly N L(pg) = Ly
or Ly N L(pe) = Q(pe). Recall that © acts non-trivially on Gal(Ly/Q(pe)). On the other hand,
Gal(L(pe)/Q) ~ Q x Gal(L/Q). Therefore, if Ly C L(j), then the action of Q on Gal(Ly/Q(s))
would be trivial, which contradicts (4.2). Thus we have that Ly N L(ue) = Q(pue). Lemma
3.8 implies that L, N Q(E[(]) = Q(ue). The Chebotarev conditions determining g ;, are thus
independent of the extension L /Q(se). There is thus a nonempty Chebotarev set contained in
Gal(Ly - L(E[(])/Q) determining a positive density set of primes ¢ € Tg ; which are non-split
in the extension L, /Q(u). Pick one such prime ¢; for each 1; for i = 1,...,7. Then setting
So :=={q1,...,qr}, we have that:

Vg; = ker{H" (Qg,usU{ps,..pm}/Q Z/HZ(X)) — €D H' (Qq, Z/IZ(R))}-
q€So

For each v, resy, (1) # 0 and hence v; ¢ VSLO. This implies that VSL0 = 0, thus proving the
result. O



SELMER STABILITY FOR ELLIPTIC CURVES 21

Definition 4.5. For the rest of this article, we fiz a choice of Sy as in Lemma 4./ and set
Z:=SoUXU{p1,....,0m}-

Let T'C Tg,1,\ Z be a finite set of primes. Let Wy be the subset of Vg,ur consisting of f which
are ramified at each of the primes in T. We have a natural exact sequence:

HY(Qq,Z/¢7)

HL.(Qy. 2(Z) (43)

0— VSO i) VSOUT 1) @
q
Lemma 4.6. The following assertions hold:
(i) The sequence (1.3) above is a short exact sequence, i.e., w is surjective;
(ii) #Wr = ({ = 1)#T#Vs,.
Proof. For the proof of part (i) it suffices to show that

: : [ H'(Qq,Z/Z)
dim VS()UT = dim VSO + qGZT dim (}W .

There is a unique unramified Z/¢Z-extension of Q,, and thus, dim H} (Q,,Z/¢Z) = 1. Since
g =1 (mod /) for all primes g € T 1, a simple application of local class field theory shows that
dim HY(Qq, Z/¢Z) = 2. Tt thus follows that

i (1@ Z/02) \ _
U\ EL @ z/z) )

By the choice of Sy in Lemma 4.4 one has that Vsl0 = 0 and consequently, VL%UT = 0 as well.
Thus by Wiles’ formula,
dim Vs,ur = dim Vg, + Z(dim HY(Q,,Z/07) — dim H*(Q,, Z/¢Z)) = dim Vi, + #T
qeT

and part (i) follows.
Part (ii) can be derived from part (i) by noting that Wr = 7~ 1(W), where

HY(Qq,Z/¢7)
we EB HL Qi,Z/EZ)

consists of elements (hy)4er such that h, 7& 0 for all ¢ € T. We find that

H#Wr = #Vs, x #W = #Vs, (€ — 1)#T.
[l

As T ranges over finite subsets of Tp 1, \ Z, the sets Wr are mutually disjoint. To see this in
detail, let T"and T” be distinct finite subsets of Tg 1\ Z. Without loss of generality, suppose that
T ¢ T'. Then there exists a prime g € T\ T’. By construction, every element of Wy is ramified
at ¢, whereas every element of Wy is unramified at ¢. It follows that Wy N Wy = (). Let W
denote the disjoint union W = | |, Wr as T' ranges over finite subsets of Tg 1\ Z.

Proof of Theorem 1.1. Let E/L/Q be defined as in the start of Section 4.2 and Z be the finite set
of primes defined above (see Definition 1.5). Set

gl = 3 (=) Hq = II (1+e-ne),
q€eT q€¥p,1\Z

where T' ranges over finite subsets of T 1 \Z. Write g(s) = ), ~; ann™® where a, := ({ — 1)" if
n is a product of r distinct primes in T \Z, and a,, := 0 otherwise.
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Arguing as in [Ser75, Theorem 2.4, p.5|, we find that
1
logg(s) = (£ —1) Y = +0()

9€TE,L

where 6; is holomorphic on Re s > 1. Moreover,

log g(s) = (¢ — 1)a log (fl) T 0a(s),

where a :=9(%pg ). It follows from Lemma 3.7 that
2 —10—1
(l—1Na=6= E—T)
Thus, we find that
g(s) = (s = 1) (s),
where h(s) is a non-zero holomorphic function in Re(s) > 1. By Delange’s Tauberian theorem
(cf. [Tenl5, Theorem 7.28]),

D an > X(log X)) (4.4)
n<X
By Lemma 1.3, Sely(E/L') = 0 for all f € W and thus,
M(GE, X) > #{f e W ||Az] < X} (4.5)

, for an absolute constant

T e-1)
According to Lemma 4.3, we have that [Az,| < co (quSOUT q)

ca > 0. Thus, from (4.5), we deduce that

1
MG EX)># feW: [[a<esX?TED 3, (4.6)
qeT

where c3 > 0 is an explicit constant given by
-1

1
o m=1(e—1)
C3 = | Gy H q
q<So

Note that

1
#few: [[a<esXm e 4 = S (4.7)
q€eT P —
nSCB)(Z”* (£—1)

and thus from (4.4) and (4.6), we deduce that

1
M(G,E, X) > X @D (Jlog X )01,
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