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Abstract. For a rational number a/N with 1 ≤ a < N , we call the value of the digamma function,
ψ(a/N), an N -division value. An N -division value is said to be primitive if in addition, (a,N) = 1.
In this paper, we derive an explicit expression for anN -division value as a rational linear combination
of primitive N -division values and logarithms of primes that divide N . For a periodic arithmetic
function f , let L(s, f) =

∑
n≥1 f(n)n

−s. Due to the connection between division values of the

digamma function and L(1, f), our approach leads to new observations regarding the latter.

1. Introduction

Since the time of Dirichlet, we have known that special values of L-series encode deep arithmetic
information. Thus, the study of such special values occupies a central place in number theory. In
the case of Dirichlet series arising from periodic arithmetical functions (such as Dirichlet charac-
ters), these special values turn out to be linear combinations of polygamma functions evaluated at
rational numbers. Hence, the interest is in studying relations among special values of the digamma
function at rational arguments.

The digamma function ψ(z) is the logarithmic derivative of the Γ-function, and is, as alluded to
above, an important special function appearing in number theory. On logarithmic differentiation of
the Hadamard product expansion of the Γ-function, we get

ψ(z) =
Γ′(z)

Γ(z)
= −γ − 1

z
−

∞∑
n=1

(
1

n+ z
− 1

n

)
, (1)

where γ denotes the Euler’s constant. Thus, ψ(z) has poles at non-positive integers z = 0,−1,−2, ...
and when z = 1, the series on the right hand side of (1) telescopes and we deduce that ψ(1) = −γ.
More generally, if m is a natural number, then the right hand side of (1) again telescopes and we
get that

ψ(m) = −γ +

m−1∑
j=1

1

j
.
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The digamma function directly inherits the following relations from the Γ-function:

ψ(z + 1) = ψ(z)+
1

z
,

ψ(1− z) = ψ(z)+π cotπz, (2)

ψ(mx) =
1

m

m−1∑
k=0

ψ

(
x+

k

m

)
+ logm, for any natural number m.

In this paper, we study linear relations among values of the digamma function at rational ar-
guments. To this end, we say that any value ψ(a/N) with 1 ≤ a < N is an N -division value of
the digamma function. We say that it is a primitive N -division value if in addition (a,N) = 1.
One of our initial goals is to explore if any N -division value can be expressed in terms of primi-
tive N -division values. We utilize two approaches in this study; one via certain constants defined
by Okada [12]; and the other via an induction operator introduced by the first and third author in [3].

Towards this goal, let MN be the monoid generated by the prime factors of N . For 1 ≤ r, n ≤ N
with (n,N) = 1, define the Okada constants to be the numbers

A(r, n) =
∑

b∈MN ,
bn≡rmodN

1

b
. (3)

Note that for Re(s) > 0, we have the series∑
b∈MN

1

bs
=
∏
p|N

(
1− 1

ps

)−1

. (4)

Thus, the series appearing in the definition of the numbers A(r, n) is absolutely convergent. These
constants first appeared in the work of T. Okada (see [11], [12]) and have been isolated for their
arithmetic significance by the second and the third author in [10]. Among other properties, it is
known that A(r, n) are rational numbers.

We first establish the following result deriving an expression for any N -division value in terms of
primitive N -division values and logarithms of primes dividing N .

Theorem 1.1. Let 1 ≤ δ < N with (δ,N) = d and for 1 ≤ n < N with (n,N) = 1, let A(δ, n) be
as above. Then

ψ

(
δ

N

)
=

N∑
n=1,

(n,N)=1

A(δ, n) ψ
( n
N

)
+ log d +

∑
p|N,

p∤(N/d)
p prime

log p

p− 1
.

This theorem suggests that we study the relationship between the N -division values and the q-
division values of the digamma function, when q is a divisor of N . In this context, define

DP (N) := Q
〈{
ψ
( a
N

)
: (a,N) = 1, 1 ≤ a < N

}〉
,

that is, DP (N) is the Q-vector space spanned by the primitive N -division values of the digamma
function. In [9], the second author and Saradha conjectured that dimQ DP (N) = φ(N). This is still
open.

Our approach to Theorem 1.1 allows us to establish the following result towards this conjecture.
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Corollary 1.1. There exists at most one natural number N for which dimQ DP (N) < φ(N). In
other words, dimQ DP (N) = φ(N) with at most one exception.

The above statement is the main result in [6], proved by Chatterjee and Dhillon using different
methods.

Since the digamma function is related to the cotangent function via the functional equation (2),
by virtue of Theorem 1.1, we deduce the following.

Corollary 1.2. If 1 ≤ δ < N/2, then

cot
δπ

N
= −

N∑
n=1

(n,N)=1

A(δ, n) cot
(nπ
N

)
.

In [7], Girstmair used the theory of group rings to study relations between special values of the
cotangent function. To state his result, we require the following notation. For a positive integer n
and a prime p, let νp(n) denote the largest non-negative integer k such that pk | n. Let

n∗ =
∏
p|n

p and n̂ =
∏
p|n

(
pνp(n) − 1

)
.

For any divisor d of n and prime p not dividing d, let o(p, d) be the order of pmod d and

λn,d =
∏
p|n
p∤d

po(p,d).

Girstmair’s result ([7, Theorem 1] with r = 1) can now be stated as follows.

Theorem (K. Girstmair). Let N ≥ 3 be a natural number and q ≥ 2 be a divisor of N . Then

cot

(
π

q

)
=

∑
1≤n<N/2,
(n,N)=1

an(q) cot
(nπ
N

)
,

where

an(q) =

((
N

q

)
λ̂N,q

)−1

 ∑
d≡nmod q,
λ∗
N,q | d |λN,q

d −
∑

d≡−nmod q,
λ∗
N,q | d |λN,q

d

 . (5)

Girstmair also derived a similar expression for cot(δπ/q) when 1 ≤ δ < q with (δ, q) = 1 in terms of
cot(nπ/N), 1 ≤ n < N/2 with (n,N) = 1.

In 1949, Siegel (see Chowla [5]) proved that the numbers

cot
nπ

N
, 1 ≤ n ≤ N/2, (n,N) = 1

are linearly independent over Q. Thus, when δ | N , we can compare the expressions obtained in
Corollary 1.2 with (5) and write A(δ, n) + A(δ,N − n) as finite sums involving divisors of N . In
particular, we have the following.

Corollary 1.3. Let 1 < δ < N/2 such that δ | N . Then for all 1 ≤ n < N/2 with (n,N) = 1, we
get

A(δ, n) +A(δ,N − n) = − an(N/δ),

with an(N/δ) given by equation (5).
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Given the interest in the Okada constants highlighted in [10], we provide an alternate form for them

via a generating function. Henceforth, ζt = e2πi/t for any natural number t ≥ 2.

Theorem 1.2. Let r, n and N be natural numbers, with q = (r,N) and (n,N) = 1. Let GN/q be

the Galois group of Q(ζN/q)/Q and σc ∈ GN/q with σc(ζN/q) = ζcN/q for c ∈ (Z/(N/q)Z)∗. Then we

have
N/q∑
b=1

(b,N/q)=1

A(qb, n)σb =
σn
q

∏
p|N

p∤(N/q)
p - prime

(
1− σp

p

)−1

, (6)

as elements of the group ring Q[GN/q].

Remark. The above theorem can be used to compute the values of A(r, n). Let q = (r,N) and for
a prime p ∤ N/q, let o(p,N/q) be the order of pmodN/q. For such a prime p, we have(

1− σp
p

)−1

=
po(p,N/q)

po(p,N/q) − 1

o(p,N/q)−1∑
i=0

σip
pi
.

Expanding the product on the right hand side of (6) and comparing term by term with the left hand
side of (6) determines the constants A(r, n).

The above results are based on a fundamental connection between the digamma values and the
value of the Dirichlet series L(s, f) attached to a periodic arithmetic function f at s = 1. Recall
that given a function f on integers, periodic with period N , the associated Dirichlet series is

L(s, f) =
∑
n≥1

f(n)

ns
, Re s > 1.

It extends to an entire function, provided that

N∑
a=1

f(a) = 0. (7)

In this case, we have (see Section 2):

L(1, f) = − 1

N

N∑
a=1

f(a)ψ
( a
N

)
. (8)

In other words, linear relations among division values of the digamma function are reliant on the
vanishing of a certain L-series at s = 1. With this connection in mind, we focus on studying the
value L(1, f) for functions f modulo N and q, for a divisor q of N .

For a natural number N ≥ 2, the following Q−vector spaces are relevant to our discussion.

F(N) := {f : Z → Q : f(n+N) = f(n) for all n ∈ Z}

F(0)(N) :=

{
f ∈ F(N) :

N∑
n=1

f(n) = 0

}
FD(N) := {f ∈ F(N) : f(n) = 0 if (n,N) > 1}

F
(0)
D (N) :=

{
f ∈ FD(N) :

N∑
n=1

f(n) = 0

}
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The functions in FD(N) are said to be of Dirichlet type moduloN . Evidently, these can be expressed
as a linear combination of Dirichlet characters modulo N . Indeed, if

⟨f, χ⟩ := 1

φ(N)

N∑
n=1

(n,N)=1

f(n)χ(n),

then it can be checked that
f =

∑
χmodN

⟨f, χ⟩ χ,

where the sum is over all Dirichlet characters modulo N .

When f ∈ F(0)(q), Theorem 1.1 implies that L(1, f) can be written as a rational linear combina-
tion of primitive N -division values and log p with primes p dividing N , for any N which is a multiple
of q. This suggests to define an “induction” operator on the function spaces. More specifically, we
have the following.

Definition 1.1. Let q and N be positive integers greater than 1 such that q | N . Let f ∈ FD(q)
with f =

∑
χmod q

⟨f, χ⟩ χ. Define

IndNq (f) :=
∑

χmod q

 ⟨f, χ⟩∏
p|N

(1− χ(p)p−1)

 χN , (9)

where χN denotes the Dirichlet character mod N induced from χmod q, that is,

χN (n) =

{
χ(n) if (n,N) = 1,

0 otherwise.
(10)

It can be shown that IndNq (f) ∈ FD(N). When restricted to F
(0)
D (q), the induction operator

preserves the value L(1, f). In other words,

IndNq : F
(0)
D (q) → F

(0)
D (N) such that L(1, f) = L

(
1, IndNq (f)

)
.

See Section 2.4 for details.

A natural question in this context is to identify the image of F
(0)
D (q) in F

(0)
D (N) under IndNq . This,

in turn, would allow us to recognize if given a function f periodic modulo N , is L(1, f) = L(1, g)
for a function g with period strictly smaller than N .

To address this, define the action of G = GN = Gal(Q(ζN )/Q) on FD(N) as follows. For a
function f ∈ FD(N), set σ−1

n (f)(m) = f(mn) for all numbers m, where the automorphism σn ∈ G
is defined by σn(ζN ) = ζnN . Let H be a subgroup of G. Then, we have the subspace of FD(N)
consisting of functions invariant under the action of H, namely,

FD(N)H :=
{
f ∈ FD(N) : σ(f) = f for all σ ∈ H

}
.

Correspondingly, F
(0)
D (N)H =

{
f ∈ F

(0)
D (N) : σ(f) = f for all σ ∈ H

}
.

Another cognate subspace of FD(N) (resp. F
(0)
D (N)) is

FD(N)H ( resp. F
(0)
D (N)H )

:=
{
f ∈ FD(N) ( resp. F

(0)
D (N) ) : ⟨f, χ⟩ = 0 for all χmodN such that χ|H ̸= 1

}
.
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Here H is identified with the corresponding subgroup of (Z/NZ)∗ so that χ|H ̸= 1 translates to
χ(n) ̸= 1 for some n co-prime to N , such that σn ∈ H, with σn(ζN ) = ζnN . It is not surprising
that the above space is related to FD(N)H . We will further show that both these spaces can be
identified via the value L(1, f).

In order to do so, we require an alternate expression for L(1, f). For f ∈ F(N), let

f̂(b) :=
1

N

N∑
n=1

f(n) ζ−bn
N

be the Fourier transform of f . Then it can be shown that [9, Theorem 19] for f ∈ F(0)(N),

L(1, f) = −
N−1∑
b=1

f̂(b) log
(
1− ζbN

)
.

Furthermore, if f ∈ F
(0)
D (N),

L(1, f) ∈ Q(ζN )
〈{

logα : α ∈ O∗
Q(ζN )

}〉
,

where O∗
Q(ζN ) denotes the group of units of Z[ζN ]. For a proof of this, we refer the reader to Propo-

sition 2.1 in the next section and to [3, Proof of Theorem 3.7].

With the help of this interpretation of the value L(1, f), we deduce the following.

Theorem 1.3. Let K be a number field contained in Q(ζN ), O∗
K be the group of units of the ring

of integers of K and H = Gal(Q(ζN )/K). Then we have

F
(0)
D (N)H = F

(0)
D (N)H =

{
f ∈ F

(0)
D (N) : L(1, f) ∈ K ⟨{logα | α ∈ O∗

K}⟩
}
.

When specialized, the above theorem also gives a necessary and sufficient condition for a function
to be in the image of IndNq .

Theorem 1.4. Let q, N ≥ 2 be natural numbers such that q divides N . Let H = Gal (Q(ζN )/Q(ζq)).
Then we have

IndNq

(
F
(0)
D (q)

)
= F

(0)
D (N)H =

{
f ∈ F

(0)
D (N) : L(1, f) ∈ Q(ζq) ⟨{log(α), α ∈ Z[ζq]∗}⟩

}
.

The aim of this paper is to utilize the connection between vanishing of the special value L(1, f)
and linear relations among the division values of the digamma function. In particular, Theorem 1.1
can be viewed as an identity which allows one to view ‘value at a lower level’ in terms of ‘primitive
values at a higher level’. This is in the same spirit as in [7]. The computation of Okada constants
A(δ, n) which appear in Theorem 1.1 is not straightforward in general. However, Theorem 1.2
provides one approach in this direction. We carry over the theme from Theorem 1.1 to the study of
L(1, f) via the induction operator. Theorem 1.3 and 1.4 are then tools used to identify the ‘values
induced from lower level’. These results can be applied to enhance our understanding of L(1, f),
about which several questions still remain unsolved.

Organisation of the paper. In Section 2, we list the prerequisites and obtain an explicit expres-
sion for A(r, n) with positive integers r and n, and certain related constants that arise in the course
of our proof. We also study relevant properties of the induction operator here. In Section 3 we
prove Theorem 1.1 and the associated corollaries. Section 4 is dedicated to the proof of Theorem
1.2. In Section 5, we utilize the group action on FD(N) to prove Theorem 1.3 and Theorem 1.4.
We end with some concluding remarks in Section 6.
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2. Preliminaries

2.1. Baker’s Theorem and its consequence. We start with the following remarkable theorem
of Baker [1].

Theorem 2.1. Let α1, . . . , αn be non-zero algebraic numbers such that logα1, . . . , logαn are linearly
independent over Q. Then 1, logα1, . . . , logαn are linearly independent over Q. Consequently for
any non-zero algebraic numbers α1, . . . , αn and β1, . . . , βn, the value

∑n
i=1 βi logαi is either zero or

transcendental.

Lemma 2.1. Let α1, α2, · · · , αn, and β1, β2, · · · , βm be non-zero algebraic numbers. Let K be
a number field. Suppose that log β1, log β2, · · · , log βm are Q-linearly independent. For ci ∈ K,
1 ≤ i ≤ n, not all zero, set A :=

∑n
i=1 ci logαi. If there exist dj ∈ Q for 1 ≤ j ≤ m such that

A =
m∑
j=1

dj log(βj), (11)

then dj ∈ K.

Proof. Let V denote the Q-vector space

V = Q ⟨{log(αi), log(βj) : 1 ≤ i ≤ n, 1 ≤ j ≤ m}⟩ .
TheQ-linear independence of log βj ’s implies that we can choose a basis of V of the form {log(βj)}mj=1∪
{log(γk)}ℓk=1, noting that the second set may be empty. Thus, we have

log(αi) =

m∑
j=1

rj,i log(βj) +

ℓ∑
k=1

sk,i log(γk) rj,i, sk,i ∈ Q 1 ≤ i ≤ n, 1 ≤ j ≤ m, 1 ≤ k ≤ ℓ.

Therefore, by substituting above expressions in the definition of A and comparing it with (11), we
get

m∑
j=1

log(βj)

(
dj −

n∑
i=1

ci rj,i

)
+

ℓ∑
k=1

log(γk)

(
n∑

i=1

ci sk,i

)
= 0.

Using Baker’s theorem (Theorem 2.1) and the Q-linear independence of log βj ’s and log γk’s, we
deduce that

dj =

n∑
i=1

ci rj,i ∈ K and

n∑
i=1

ci sk,i = 0,

which proves the result. □

2.2. Dirichlet characters and the special value L(1, χ). Let q be a positive integer such that
q | N . Let χ be a Dirichlet character mod q. There is a canonical character χN mod N , induced
from a Dirichlet character χ mod q, defined in the usual way as:

χN (n) =

{
χ(n) (n,N) = 1

0 otherwise.

The Dirichlet series L(s, χN ) and L(s, χ) differ only by some Euler factors, namely,

L(s, χN ) = L(s, χ)
∏
p|N

(
1− χ(p)

ps

)
. (12)

We now describe a correspondence between Dirichlet characters χ and abelian number fields. Let
K be an abelian number field, that is, K/Q is a Galois extension with Gal(K/Q) abelian. By the
Kronecker-Weber theorem, K ⊆ Q(ζq) for some positive integer q. We define the conductor of K
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to be the smallest positive integer q such that K ⊆ Q(ζq).

If G = GN = Gal(Q(ζN )/Q), then we can associate the character group

Ĝ = {χ : χ is a Dirichlet character modulo N}

to the cyclotomic field Q(ζN ). As described in [15, Chapter 3], the subfields of Q(ζN ) correspond to

the subgroups of Ĝ in a bijective way, by mapping the fixed field Q(ζN )H to the group of Dirichlet
characters χmodN satisfying the condition χ|H = 1, where H is a subgroup of G. Also, note that
if Q(ζq) ⊆ Q(ζN ), then there is a natural inclusion of the set of Dirichlet characters modulo q into
the set of Dirichlet characters modulo N given by

{χ : χmod q} 7→ {χN : χmod q}.

We now describe some results regarding the special value of L(1, χ) for Dirichlet characters χmodN .
Denote by τ(χ) the Gauss sum

τ(χ) =
N∑
a=1

χ(a)ζ−a
N .

If χ is a non-principal even primitive Dirichlet character modN , then the special value L(1, χ) is
given by :

L(1, χ) = −τ(χ)
N

N−1∑
a=1

χ(a) log |1− ζaN |,

whereas for odd primitive Dirichlet characters χ,

L(1, χ) = − iπτ(χ)
N2

N∑
a=1

χ(a)a.

We refer the reader to [13, Chapter 2] for details. If the Dirichlet character χ is not primitive, then
the determination of L(1, χ) can be reduced using (12) to the case of primitive characters.

For characters χ associated to an abelian number field K, one can give a precise expression for
L(1, χ), as given in Stark [14] (See the conjecture mentioned in [14, Page 61] and [14, Theorem 1].)

Theorem 2.2. For a character χ associated with the abelian number field K, we have

L(1, χ) =
τ(χ) 2a πb√
N |Disc(K)|

R(χ) θ(χ),

where a = 1+χ(−1)
2 , b = 1−χ(1)

2 ,Disc(K) denotes the discriminant of K, R(χ) is the determinant of

an a × a matrix whose entries are Q-linear forms in logarithms of positive units in O∗
K and θ(χ)

denotes a certain algebraic number. If a = 0, then R(χ) = 1.

We end this section with a result of Murty-Murty [8] and Baker, Birch and Wirsing [2] on the
linear independence of L(1, χ) for non-principal even Dirichlet characters.

Theorem 2.3 (Baker-Birch-Wirsing, Murty-Murty). The values L(1, χ) as χ varies over all non-
principal even Dirichlet characters modN , are linearly independent over Q. Consequently for any
non-zero even algebraic valued function f of Dirichlet type modN , we have L(1, f) ̸= 0.
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2.3. The value L(1, f). Let K be a number field. We recall some results about the special value
L(1, f) for a K-valued arithmetic function f of period N . In our setup, the arithmetic functions
will be periodic functions with domain extended to the whole of integers Z.

Let ζ(s, x) denote the Hurwitz zeta function:

ζ(s, x) :=

∞∑
n=0

1

(n+ x)s
, 0 < x ≤ 1.

Then, it is easy to see that

L(s, f) =
1

N s

N∑
a=1

f(a) ζ
(
s,
a

N

)
. (13)

The Hurwitz zeta-function extends analytically to the entire complex plane except for s = 1 where
it has a simple pole with residue 1. Thus, L(s, f) also extends analytically to the entire complex
plane except for a simple pole at s = 1 with residue

1

N

N∑
a=1

f(a).

Consequently, L(1, f) is finite if and only if

N∑
a=1

f(a) = 0. (14)

Moreover, using the fact that

ζ(s, x) =
1

s− 1
− ψ(x) +O(s− 1) as s→ 1+, (15)

it was shown by Murty-Saradha [9] that

L(1, f) = − 1

N

N∑
a=1

f(a)ψ
( a
N

)
(16)

provided (14) holds. This equation provides the connection between the special value L(1, f) and
the N -division values of the digamma function.

As mentioned in the introduction, we have for f ∈ F(0)(N),

L(1, f) = −
N−1∑
b=1

f̂(b) log
(
1− ζbN

)
. (17)

If f is an odd function of Dirichlet type with period N (that is, f(−a) = −f(a)), then the above
expression can be simplified to

L(1, f) =
iπ

2N

N∑
a=1

(a,N)=1

f(a)

(
1 + ζaN
1− ζaN

)
, (18)

which can be deduced from equation (2.14) in [13, Chapter 2].

We now recall the results of Baker, Birch and Wirsing which discuss the non-vanishing of L(s, f)
at s = 1 when f is a periodic function of certain type.
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Theorem 2.4 (Baker-Birch-Wirsing). Let K be a number field and f : N → K be a non-zero
periodic function of period N satisfying the following conditions:

(a) f(a) = 0 for all a with 1 < (a,N) < N
(b) K ∩Q(ζN ) = Q
Then L(1, f) ̸= 0.

In particular, when f is of Dirichlet type, the Baker-Birch-Wirsing theorem gives us an elegant
non-vanishing criterion for L(1, f). For our application of this theorem we restrict ourselves to
K = Q and set f(N) = 0.

We now prove the following proposition which gives additional information about the nature of
L(1, f). This line of thought is also contained in the proof of [3, Theorem 3.7].

Proposition 2.1. Let f ∈ F
(0)
D (N). Then the value L(1, f) is a Q(ζN )-linear combination of

logarithms of units in Z[ζN ].

Proof. We write f = fo + fe, where fe :=
f(n) + f(−n)

2
, and fo :=

f(n)− f(−n)
2

denote the

even and odd components of f respectively. By (18), we can write L(1, fo) as a Q(ζN )-multiple of
log(ζN ). For L(1, fe), on the one hand, it can be written as a Q-linear combination of logarithms
of (multiplicatively independent) units in Z[ζN ] by Theorem 2.2 (or [8, Theorem 6]). On the other
hand, by (17), L(1, fe) ∈ Q(ζN ) ⟨log(1− ζaN ) : 1 ≤ a ≤ N − 1⟩. Hence, by Lemma 2.1, we obtain
that L(1, fe) is a Q(ζN )-linear combination of logarithms of units in Z[ζN ]. Combining the above
two observations proves the proposition. □

We conclude this section with a linear independence result. This result is essentially due to the
Q-linear independence of π and logarithms of positive algebraic numbers. We set fe and fo to be
the even and odd parts of f defined by the following:

fe(n) := (f(n) + f(−n))/2 fo(n) := (f(n)− f(−n))/2

Theorem 2.5 (Chatterjee-Murty-Pathak [4]). Suppose f : Z → Q is a periodic function of period
N . Then, L(1, f) = 0 if and only if L(1, fe) = 0 and L(1, fo) = 0.

2.4. Definition and Properties of the Induction operator. Let g be a function of Dirichlet
type modulo q. Since the Dirichlet characters χmod q form an orthonormal basis for the space of
functions mod q that are of Dirichlet type, we can write

g =
∑

χmod q

⟨g, χ⟩ χ =
∑

χmod q

cχ(g)χ, (19)

where cχ(g) = ⟨g, χ⟩ := φ(q)−1
q∑

a=1
g(a)χ(a). We will often suppress the dependence on g and write

this as
∑

χ cχχ.

Recall the definition of the induction operator stated earlier. This is the same operator as defined
in [3, Section 4], specialized at k = 1. For q | N and g ∈ FD(q),

IndNq (g) :=
∑

χmod q

cχ(g)∏
p|N (1− χ(p)p−1)

χN ,

where χN denotes the character mod N induced from χmod q. In particular, if g ∈ FD(q), then
IndNq (g) ∈ FD(N). Indeed, it is clear that IndNq (g) is a function of Dirichlet type with period N
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and one only needs to show that it takes rational values. This has been proved in [3, Lemma 4.2].

Moreover, from (12), we have

L
(
s, IndNq (g)

)
=

∑
χmod q

 cχ(g)∏
p|N

(1− χ(p) p−1)

∏
p|N

(
1− χ(p)

ps

) L(s, χ)

 .
Suppose g satisfies the condition

q∑
a=1

g(a) = 0. This translates to 0 =
q∑

a=1
g(a) = ⟨g, χ0,q⟩, where

χ0,q is the principal character modulo q. Therefore, we have
N∑
a=1

IndNq (g)(a) = 0 and

L
(
1, IndNq (g)

)
=

∑
χmod q

cχ(g)L(1, χ) = L(1, g). (20)

We recall a lemma describing the values of IndNq (g) in terms of g ∈ FD(q). The proof of this lemma
is similar to that described in [3, Lemma 4.4] and we omit the details here.

Lemma 2.2. Let g ∈ FD(q) and q | N . For (n,N) = 1, we have

IndNq (g)(n) =
∑

m∈MN

g(mn)

m
.

The periodicity of g will ensure that the values of IndNq (g) are Q-linear combinations of the values
of g. In order to compute the generating function of the Okada constants, we will use the following
result [10, Theorem 3.5].

Lemma 2.3. Let 1 ≤ a, r ≤ N , with (a,N) = 1, put t = (r,N) and s = N/t. We have

t A(r, a) =
1

φ(s)

∑
χ mod s

χ(r/t)χ(a)
∏
p|N
p∤s

(
1− χ(p)

p

)−1

.

3. Proof of Theorem 1.1

3.1. The nature of the Okada constants. We fix a positive integer N . For each prime p dividing
N , let vp(n) denote the highest power of p dividing n. Furthermore, for positive integers d | N and
primes p | N , define

BN (d, p) :=
φ(N)

φ(N/d)

N∑
r=1

(r,N)=d

∑
b∈MN

b≡rmodN

νp(b)

b
. (21)

The numbers A(r, n) and BN (d, p) will appear in our proof of Theorem 1.1.

Let 1 ≤ r, n ≤ N with (n,N) = 1 and p vary over prime divisors of N . In [11], Okada derived
an expression for A(r, n)’s to conclude their rationality. A different proof of this was given in [10,
Section 3]. We record this in the statement below.

Lemma 3.1. For 1 ≤ r, n < N with (n,N) = 1, the numbers A(r, n) are rational.

In the lemma below, we show that the numbers BN (d, p) are also rational.
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Lemma 3.2. For d | N , the numbers BN (d, p) are rational. More precisely,

BN (d, p) =


νp(d) if p | (N/d)

νp(d) +
1

p− 1
otherwise.

Proof. Using the definition (21) of BN (d, p), we have

BN (d, p) =
φ(N)

φ(N/d)

N∑
r=1

(r,N)=d

∑
b∈MN

b≡rmodN

νp(b)

b
=

φ(N)

φ(N/d)

∑
b∈MN
(b,N)=d

νp(b)

b
. (22)

We obtain the last equality by noting that (b/d,N/d) = 1. Now for b ∈ MN divisible by d, we write
b = b′d with b′ ∈ MN . Therefore, we have

BN (d, p) =
φ(N)

φ(N/d)

∑
b′∈MN

(b′,N/d)=1

νp(b
′d)

b′d
=

φ(N)

dφ(N/d)

νp(d) ∑
b′∈MN

(b′,N/d)=1

1

b′
+

∑
b′∈MN

(b′,N/d)=1

νp(b
′)

b′

 . (23)

The set of elements in MN coprime to N/d also form a monoid. Therefore, by substituting s = 1
in (4) we obtain ∑

b′∈MN
(b′,N/d)=1

1

b′
=

∏
ℓ|N

ℓ∤(N/d)

(
1− 1

ℓ

)−1

=
dφ(N/d)

φ(N)
,

where ℓ runs over the prime numbers dividing N but not dividing N/d. It remains to evaluate the
second summand in (23) and this is non-zero when we have p ∤ (N/d).

In this particular case, we have∑
b′∈MN

(b′,N/d)=1

νp(b
′)

b′
=

∞∑
j=1

j

pj

∑
b1∈MN

(b1,pN/d)=1

1

b1
=

1

p(1− 1/p)2

∏
ℓ|N

ℓ∤pN/d

(
1− 1

ℓ

)−1

=

(
d

p− 1

)
φ(N/d)

φ(N)
,

where in the second sum, we set b′ = pjb1 with b1 coprime to p. Inserting this in (23), we obtain
the lemma. □

As an immediate consequence of the above computation, we get∑
p|N

BN (d, p) log p = log d+
∑
p|N

p∤(N/d)

log p

p− 1
. (24)

Another observation which is useful in the proofs of the forthcoming theorems is as follows. For

1 ≤ r ≤ N , let ρr(f) :=
N∑

m=1
(m,N)=1

f(rm) and for (r,N) = d, set Pd(f) :=
N/d∑
m=1

(m,N/d)=1

f(dm). Then we

have the following relation.

ρr(f) =
φ(N)

φ(N/d)
Pd(f). (25)
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3.2. Proof of Theorem 1.1. Towards the proof of Theorem 1.1, we first establish the following
general result.

Theorem 3.1. Let K ⊆ Q be a field and f : Z → K be an arithmetic function, periodic with period
N ≥ 2, satisfying (14). Then,

L(1, f) =
−1

N

 N∑
n=1,

(n,N)=1

ψ
( n
N

)( N∑
r=1

f(rn)A(r, 1)

)
+

∑
p|N,

p prime

log p

∑
d|N

Pd(f)BN (d, p)


 .

Moreover, the coefficients of ψ(n/N) and log p in the above expression lie in K.

Proof. From the definition of L(s, f), for Re(s) > 1, we have

L(s, f) =
∞∑
n=1

f(n)

ns
=
∑

b∈MN

1

bs

∞∑
n=1,

(n,N)=1

f(bn)

ns
=
∑

b∈MN

L(s, fb)

bs
,

where

fb(m) :=

{
f(bm) if (m,N) = 1,

0 otherwise.

Let ρb :=
∑N

m=1 fb(m). Then, using (13) and the Laurent expansion of the Hurwitz zeta function
(15) at s = 1, we obtain that

L(s, f) =
1

N s (s− 1)

 ∑
b∈MN

ρb
bs

− 1

N s

∑
b∈MN

1

bs

N∑
n=1,

(n,N)=1

fb(n) ψ
( n
N

)
+O(s− 1)

=
1

N s (s− 1)

 ∑
b∈MN

ρb
bs

− 1

N s

N∑
n=1,

(n,N)=1

ψ
( n
N

) ∑
b∈MN

fb(n)

bs

+O(s− 1).

Since L(s, f) is entire, we deduce that

lim
s→1+

∑
b∈MN

ρb
bs

= 0.

The absolute and uniform convergence of the associated series can be seen from (4). Thus by
L’Hôpital’s rule, we obtain that

lim
s→1+

1

(s− 1)

∑
b∈MN

ρb
bs

= − lim
s→1+

∑
b∈MN

(log b) ρb
bs

= −
∑

b∈MN

(log b)ρb
b

.

The last sum in the above equation can be re-written as

∑
b∈MN

(log b)ρb
b

=
∑

b∈MN

ρb
b

∑
p|b

vp(b) log p

 =
∑
p|N,

p prime

log p

 ∑
b∈MN ,

p|b

νp(b) ρb
b

 ,

where νp(b) is the power to which the prime p divides b and we have interchanged summations in
the penultimate step. Therefore, we will be done once we have shown that the terms

Sf (n) :=
∑

b∈MN

fb(n)

b
and Tf (p) :=

∑
b∈MN

νp(b) ρb
b
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are equal to the coefficients of ψ(n/N) and log p respectively in the statement of the theorem, and
that these terms lie in K . Note that for (n,N) = 1, fb(n) = fc(n) if b ≡ cmodN and hence,
ρb = ρc if b ≡ cmodN . Therefore, Sf (n) and Tf (p) can be written as∑

b∈MN

fb(n)

b
=

N∑
r=1

fr(n)
∑

b∈MN
b≡rmodN

1

b
=

N∑
r=1

fr(n)A(r, 1),

and∑
b∈MN

νp(b) ρb
b

=
N∑
r=1

ρr
∑

b∈MN
b≡rmodN

νp(b)

b
=
∑
d|N

ρd

N∑
r=1

(r,N)=d

∑
b∈MN

b≡rmodN

νp(b)

b
=
∑
d|N

Pd(f)BN (d, p).

To obtain the last equality, we used (25) and (22). By Lemma 3.1 and Lemma 3.2, we deduce that
Sf (n) and Tf (p) ∈ K. This proves the theorem. □

Now to complete the proof of the main theorem, we make a judicious choice of the periodic function
f .

Proof of Theorem 1.1. Let 1 ≤ δ < N with gcd(δ,N) = d. If d = 1, that is, (δ,N) = 1, then
A(δ, n) = 0 for (n,N) = 1 unless n = δ, in which case, A(δ, δ) = 1. Moreover, the number
BN (1, p) = 0 for all p | N . These observations follow immediately from the definitions of A(r, n)’s
and BN (r, p)’s. Thus, the theorem is true when d = 1.

Now suppose that d > 1. We can assume that δ ̸≡ 1modN . Define f to be the periodic
arithmetic function such that

f(n) =


1 if n ≡ δmodN

−1 if n ≡ 1modN

0 otherwise.

We will use Theorem 3.1 to calculate L(1, f). Firstly, for (n,N) = 1 and 1 ≤ r ≤ N , fr(n) = f(rn)
is non-zero only if rn ≡ δmodN or if rn ≡ 1modN . Thus, fr(n) = −1 if r ≡ n−1modN and
A(r, 1) ̸= 0 if and only if r = 1 when (r,N) = 1. Thus, for n > 1 and coprime to N ,

Sf (n) :=
N∑
r=1

fr(n)A(r, 1) =
N∑
r=1

rn≡δmodN

A(r, 1) =
N∑
r=1

rn≡δmodN

∑
b∈MN

b≡rmodN

1

b
=
∑

b∈MN

1

b

N∑
r=1

rn≡δmodN
b≡rmodN

1,

where the inner sum is 1 if r ≡ bmodN and satisfies bn ≡ δmodN . In other words,

Sf (n) =
∑

b∈MN
bn≡δmodN

1

b
= A(δ, n).

If n = 1, we have an extra term as f1(1) = −1 and A(1, 1) = 1. Hence,

Sf (1) = A(δ, 1)− 1.

To determine the coefficients of log p, we note that for divisors e of N , we have Pe(f) = 0 for
e ̸= d, 1. By substituting these values in Theorem 3.1, we obtain∑

e|N

Pe(f)BN (e, p) = f(1)BN (1, p) + f(δ)BN (d, p) = BN (d, p).

From (16) we obtain ψ(δ/N) = ψ(1/N) − NL(1, f). Using now Theorem 3.1 and (24) with the
quantities calculated above, yields the theorem.
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□

Remark 3.1. Theorem 1.1 can be reinterpreted as follows. Let d, N be positive integers such that
d | N . Let ai ∈ Q for 1 ≤ i ≤ d, (i, d) = 1 and let

α :=

d∑
i=1

(i,d)=1

ai ψ

(
i

d

)

be an element of DP (d), the Q-vector space spanned by primitive d-division values. Set ρα to be the

sum
d∑

i=1
(i,d)=1

ai. Then Theorem 1.1 proves that

α−

ρα
log

N

d
+
∑
p|N
p∤d

log p

p− 1


 ∈ DP (N).

In particular, if ρα = 0, then α ∈ DP (N).

3.3. Towards the Murty-Saradha conjecture. We begin with an important observation re-
garding linear relations among primitive division values of the digamma function. This is necessary
in the proof of Corollary 1.1.

Lemma 3.3. Let N > 1 be a positive integer, and suppose there exists rational numbers ai 1 ≤ i ≤
N , (i,N) = 1 not all zero such that

N∑
i=1

(i,N)=1

ai ψ

(
i

N

)
= 0.

Then we have
N∑
i=1

(i,N)=1

ai ̸= 0.

Proof. Assume the contrary, that is, suppose there are rational numbers ai satisfying

N∑
i=1

(i,N)=1

ai ψ

(
i

N

)
= 0, and

N∑
i=1

(i,N)=1

ai = 0.

We can now construct a Q-valued rational function f ∈ F
(0)
D (N) by setting f(i) = ai for all

1 ≤ i ≤ N and (i,N) = 1. From the hypothesis on ai, f satisfies (14) and therefore by (16),
L(1, f) = 0. By Theorem 2.4, this implies that f ≡ 0, and hence ai = 0 for all i. This proves the
result. □

We also recall [3, Lemma 3.6] which is a direct consequence of Baker’s theorem (Theorem 2.1)
and the fact that that prime ideals do not contain units.

Lemma 3.4. Let F be a number field and u1, u2, · · · , un ∈ O∗
F be units. Let p1, p2, · · · , pm be

rational primes. Then

Q ⟨log u1, log u2, · · · , log un⟩ ∩ Q ⟨log p1, log p2, · · · , log pm⟩ = {0}.

We are now ready to prove that there can be at most one possible exception to the Murty-Saradha
conjecture regarding the dimension of DP (N).
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Proof of Corollary 1.1. Suppose for two distinct natural numbers r and s, we have dimQ DP (r) < φ(r)
and dimQ DP (s) < φ(s). Then for 1 ≤ i ≤ r with (i, r) = 1 and 1 ≤ j ≤ s with (j, s) = 1, there are
relations with ci, dj ∈ Q and not all ci and not all dj being zero such that,

αr :=
r∑

i=1
(i,r)=1

ci ψ(i/r) = 0 and αs :=
s∑

j=1
(j,s)=1

dj ψ(j/s) = 0.

By Lemma 3.3, we have that ραr :=
r∑

i=1
(i,r)=1

ci ̸= 0 and ραs :=
s∑

i=1
(i,s)=1

di ̸= 0. Let t be a prime not

dividing rs and set N = rst. Since αr = αs = 0 and ραr , ραs ∈ Q, Remark 3.1 implies that

Rj := log(N/j) +
∑

p|(N/j)
p∤j

log p

p− 1
∈ DP (N), for j = r, s. (26)

Now, we claim that Rr = Rs. Indeed, let

Rj =
N∑
k=1

(k,N)=1

gj(k)ψ

(
k

N

)
∈ DP (N) for j = r, s.

For j = r and s, define ρ̃j :=
∑

(k,N)=1

gj(k) ∈ Q. If ρ̃j = 0 for j = r or s, then Rj = L(1, gj)

with gj ∈ F
(0)
D (N). Proposition 2.1 would then imply that Rj is a Q-linear combination of units in

Z[ζN ]. However, by expression (26), Rj is a Q-linear combination of logarithm of primes dividing
N . Thus, Lemma 3.4 gives that Rj = 0, which is a contradiction to (26). Hence, ρ̃j ̸= 0 for j = r
and s. Now observe that

ρ̃rRs − ρ̃sRr =
N∑
k=1

(k,N)=1

(ρ̃r gr(k)− ρ̃s gs(k)) ψ

(
k

N

)
.

Since the sum of coefficients of ψ(k/N) in the expression above is zero, we obtain that

ρ̃rRs − ρ̃sRr ∈ Q
〈
L(1, f) : f ∈ F

(0)
D (N)

〉
.

Once again, ρ̃rRs− ρ̃sRr is a Q-linear combination of logarithm of primes dividing N by expression
(26). On the other hand, Proposition 2.1 implies that ρ̃rRs − ρ̃sRr is a Q-linear combination of
logarithms of units in Z[ζN ]. Hence, Lemma 3.4 gives ρ̃rRs − ρ̃sRr = 0.

0 = ρ̃sRr − ρ̃rRs =
t (ρ̃s − ρ̃r)

t− 1
log t+ ρ̃s

log r +
∑
p|r
p∤s

log p

p− 1

− ρ̃r

log s+
∑
p|s
p∤r

log p

p− 1

 .

Since(t, rs) = 1, we obtain ρ̃r = ρ̃s, and therefore Rr = Rs. Thus,

log r +
∑
p|r
p∤s

log p

p− 1
= log s+

∑
p|s
p∤r

log p

p− 1
.
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Adding
∑
p|(s,r)

log p

p− 1
to both sides of the above equation gives

log r +
∑
p|r

log p

p− 1
= log s+

∑
p|s

log p

p− 1
.

From here, it follows that r = s. This completes the proof. □

Proof of Corollary 1.2. Recall that ψ(1− x)− ψ(x) = π cot(πx). We apply Theorem 1.1 to ψ
(
δ
N

)
and ψ

(
N−δ
N

)
. This gives

ψ

(
δ

N

)
=

N∑
n=1

(n,N)=1

A(δ, n) ψ
( n
N

)
+ log d+

∑
p|N,

p∤(N/d)
p prime

log p

p− 1
.

ψ

(
N − δ

N

)
=

N∑
n=1

(n,N)=1

A(N − δ, n) ψ
( n
N

)
+ log d+

∑
p|N,

p∤(N/d)
p prime

log p

p− 1
.

Therefore,

π cot
πδ

N
=

N∑
n=1

(n,N)=1

(A(N − δ, n)−A(δ, n)) ψ
( n
N

)
.

By (3), we have A(N − δ, n) = A(δ,N − n). On substituting this in the above equation, we have

π cot
πδ

N
=

N∑
n=1

(n,N)=1

A(δ,N − n) ψ
( n
N

)
−

N∑
n=1

(n,N)=1

A(δ, n) ψ
( n
N

)

=
N∑

n=1
(n,N)=1

A(δ, n)
(
ψ
(
1− n

N

)
− ψ

( n
N

))
.

Applying the reflection identity again we get the desired result. □

4. Okada constants and elements in the ring Q[GN/q]

In this section, we establish a generating function for the Okada constants as elements in the
group ring Q[GN/q] and prove Theorem 1.2. Here r and N are natural numbers greater than 1,
q = (r,N), GN/q

∼= (Z/(N/q)Z)∗, and the elements of GN/q are denoted by σc where (c,N/q) = 1.

For our setup, we emphasize that GN/q acts by left multiplication on Q[GN/q], that is

σc ·
N/q∑
b=1

(b,N/q)=1

βb σb =

N/q∑
b=1

(b,N/q)=1

βb (σc · σb) for βb ∈ Q.

Fix any natural number n with (n,N) = 1.
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Proof of Theorem 1.2. We set s = N/q. By using Lemma 2.3, we see that the generating function
is given by

s∑
b=1

(b,s)=1

A(qb, n)σb =
s∑

b=1
(b,s)=1

1

qφ(s)

∑
χ mod s

χ(b)χ(n)
∏
p|N
p∤s

(
1− χ(p)

p

)−1

σb

=
σn
q

∑
χ mod s

∏
p|N
p∤s

(
1− χ(p)

p

)−1

ϵχ,

where the idempotent ϵχ is given by:

ϵχ =
1

φ(s)

s∑
b=1

(b,s)=1

χ(b)σb.

Using the fact that σn ϵχ = χ(n) ϵχ (See [15, Chapter 6] ), we note that∏
p|N
p∤s

(
1− σp

p

) s∑
b=1

(b,s)=1

A(qb, n)σb =
1

q

∏
p|N
p∤s

(
1− σp

p

)
σn

∑
χmod s

∏
p|N
p∤s

(
1− χ(p)

p

)−1

ϵχ

=
σn
q

∑
χmod s

∏
p|N
p∤s

(
1− χ(p)

p

)−1∏
p|N
p∤s

(
1− σp

p

)
ϵχ

=
σn
q

∑
χmod s

ϵχ =
σn
q
.

This proves the result. □

5. Galois Correspondence and L(1, f)

Let K be a number field and f be an arithmetic function, periodic with period q taking values
in K. It is clear from (17), that L(1, f) is a linear form in logarithms of algebraic numbers in Q(ζq)
with coefficients in K(ζq). In this section, we focus on the relationship between the period of f and
the field of coefficients of the linear form in logarithm L(1, f). This is captured in Theorem 1.3.

This is then used to determine the image of F
(0)
D (q) under the induction operator IndNq .

Recall that if G = GN = Gal(Q(ζN )/Q), the element σn ∈ G is defined by σn(ζN ) = ζnN ; where
(n,N) = 1. Also, if f ∈ FD(N), then σ−1

n (f)(m) = f(mn) for all integers m. Moreover for a
subgroup H of G, we define

FD(N)H := {f ∈ FD(N) : σ(f) = f for all σ ∈ H}
FD(N)H := {f ∈ FD(N) : ⟨f, χ⟩ = 0 for all χmodN such that χ|H ̸= {1}} .

With this notation, we have the following equality of subspaces of FD(N).

Proposition 5.1. Let H be subgroup of G. Then

FD(N)H = FD(N)H and F
(0)
D (N)H = F

(0)
D (N)H .
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Proof. Let f ∈ FD(N). Then f =
∑

χmodN ⟨f, χ⟩ χ and for all natural numbers m,

f(nm) =
∑

χmodN

⟨f, χ⟩ χ(n)χ(m).

Hence, the arithmetic function σ−1
n (f) has the character decomposition

σ−1
n (f) =

∑
χmodN

⟨f, χ⟩ χ(n)χ. (27)

Now, if ⟨f, χ⟩ = 0 for χmodN such that χ|H ̸= {1} and σn ∈ H, then

σ−1
n (f) =

∑
χmodN,
χ|H=1

⟨f, χ⟩ χ(n)χ =
∑

χmodN,
χ|H=1

⟨f, χ⟩ χ = f,

which implies that f ∈ FD(N)H .
Conversely, suppose that f ∈ FD(N)H . By orthogonality relations for characters, we have

1

|H|
∑
σn∈H

χ(n) =

{
1 if χ|H = {1}
0 otherwise.

Using this and (27), we get

f =
1

|H|
∑
σn∈H

σ−1
n (f) =

∑
χmodN

⟨f, χ⟩

(
1

|H|
∑
σn∈H

χ(n)

)
χ. (28)

This proves the claim. The same argument also establishes the equality for F
(0)
D (N). □

Corollary 5.1. Let q and N be natural numbers such that q | N . Let H = Gal (Q(ζN )/Q(ζq)).
Then

IndNq

(
FD(q)

)
= FD(N)H .

Proof. If f = IndNq (g) for some g ∈ FD(q), then Definition 1.1 and (27) together imply that

f ∈ FD(N)H . Now, suppose f ∈ FD(N)H . By Proposition 5.1, ⟨f, χ⟩ = 0 for all characters χ such
that χ|H ̸= {1}. Therefore, f is supported on the characters χ for which χ|H = {1} and these are
precisely the characters χmod q. Therefore,

f =
∑

χ mod q

⟨f, χN ⟩ χN .

Construct a periodic function g of period q, supported on the coprime residue classes as

g =
∑

χmod q

⟨f, χN ⟩

[∏
p|N

(
1− χ(p)

p

)]
χ.

We claim that g ∈ FD(q). By Definition 1.1, it suffices to check that g is rational valued. This follows
from the invariance of the above expression of g under Galois automorphisms. Let ω ∈ Gal(Q/Q).
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For (n, q) = 1, we have

ω(g(n)) =
∑

χ mod q

ω

⟨f, χN ⟩

[∏
p|N

(
1− χ(p)

p

)]
χ(n)


=

∑
χ mod q

⟨f, ω(χ)N ⟩

[∏
p|N

(
1− ω(χ(p))

p

)]
ω(χ(n))

= g(n),

where we get the last equality by noting that Gal(Q/Q) permutes the group of Dirichlet characters
mod q. Hence the rationality of g follows from the rationality of f . □

In order to prove Theorem 1.3, we first establish equality of certain associated vector spaces.
This is because it is difficult to prove Theorem 1.3 directly. In greater detail, given f ∈ F0

D(N)

such that L(1, f) ∈ K+ ⟨log |u| : u ∈ O∗
K⟩, it is difficult to show that f ∈ F0

D(N)H owing to the
non-explicit description of L(1, f) as linear forms of logarithm of units in Q(ζN )+.

Proposition 5.2. Let K be a number field contained in Q(ζN ) and let H = Gal (Q(ζN )/K). Let
τc : Q(ζN ) → Q(ζN ) denote complex conjugation. Define

K− := {z ∈ K : τc(z) = −z} ,

and K+ := K ∩ R. Then we have the following equality of vector spaces.

(i) Q
〈{
L(1, f) : f ∈ F

(0)
D (N)H and f is even

}〉
= Q

〈{
log |u| : u ∈ O∗

K+

}〉
.

(ii)
{
L(1, f) : f ∈ F

(0)
D (N)H and f is odd

}
= iπ ·K−.

Proof. In each case, we shall show that L(1, f) lies in the vector space on the right hand side using
the condition imposed on f . To prove the equality of vector spaces, we compare the dimensions
(Q-dimension for (i) and Q-dimension for (ii)) of the spaces spanned by L(1, f) using the linear
independence results mentioned in Section 2, and the dimension of the space spanned by logarithms
of units using Dirichlet’s unit theorem.

• Proof of part (i): Define H1 to be the group generated by H and the complex conjugation
τc ∈ Gal(Q(ζN )/Q). Then we have,

Q
〈{
f : f ∈ F

(0)
D (N)H and f is even

}〉
= Q

〈{
f : f ∈ F

(0)
D (N)H1

}〉
=Q ⟨{χ mod N : χ ̸= χ0,N , χ|H = {1} and χ is even}⟩ (29)

=Q ⟨{χ mod N : χ|H1 = {1} and χ ̸= χ0,N}⟩ , (30)

where the last two equalities follow from Proposition 5.1. Therefore, it suffices to show
that for all non-principal characters χ mod N such that χ|H1 = {1}, we have L(1, χ) ∈
Q ⟨{log |u| : u ∈ O∗

K}⟩. Now, let χ be a non-trivial even character associated to the field K.
Hence, χ is associated to the maximal real subfield K+ of K. By Stark’s result, Theorem
2.2, we can write

L(1, χ) =
∑

σ∈Gal(K+/Q)

aχ(σ) log |ασ|,

for some aχ(σ) ∈ Q and some ασ ∈ O∗
K+ . Thus, we obtain the inclusion of vector spaces

Q
〈{
L(1, f) : f ∈ F

(0)
D (N)H and f is even

}〉
⊆ Q ⟨{log |u| : u ∈ O∗

K+}⟩ .
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We now compute the Q-dimension of the vector space generated by the L(1, f) values. By
Theorem 2.3, (29) there exists no non-zero even algebraic valued Dirichlet type function f
of period N such that L(1, f) = 0. On combining this fact with (30), we have

dimQQ
〈{
L(1, f) : f ∈ F

(0)
D (N)H1

}〉
= dimQQ

〈{
f : f ∈ F

(0)
D (N)H1

}〉
= dimQQ ⟨{χ mod N : χ|H1 = {1} and χ ̸= χ0,N}⟩

=
φ(N)

|H1|
− 1,

by the linear independence of Dirichlet characters. On the other hand, by Dirichlet’s unit
theorem, the rank of the non-torsion part of the unit group O∗

K+ is [K+ : Q] − 1. Using a
fundamental system of units for O∗

K+ and applying Baker’s theorem, we have

dimQQ ⟨{log |u| : u ∈ O∗
K+}⟩ = [K+ : Q]− 1 =

φ(N)

|H1|
− 1.

This proves the equality of Q-vector spaces in question.

• Proof of part (ii): If K is a totally real subfield of Q(ζN ), then H contains the complex
conjugation τc = σ−1. In this case we note that the statement of the proposition is trivially

true as K− = {0}, and the only odd function in F
(0)
D (N)H is the identically zero function.

Therefore, we assume that K is totally imaginary, and let f ∈ F
(0)
D (N)H be an odd function.

We write f = 1
|H|

∑
σ∈H

σ(f). Using (18), we have

L(1, f) =
1

|H|
∑
σ∈H

L(1, σ(f))

=
iπ

2N |H|

N∑
n=1

(n,N)=1

f(n)
∑
σ∈H

σ

(
1 + ζnN
1− ζnN

)
.

For every n coprime to N , we note that the inner sum is an element of K and changes sign
upon the action of the complex conjugation τc. Hence the elements are totally imaginary
and it follows that L(1, f) ∈ iπ ·K−. Therefore,{

L(1, f) : f ∈ FD(N)H and f is odd
}
⊆ iπ ·K−.

Now we compute the dimension of the Q-vector space on the left hand side. By Theorem
2.4, there exists no non-zero odd f ∈ FD

0(N) such that L(1, f) = 0. Hence,

dimQ

{
L(1, f) : f ∈ F

(0)
D (N)H and f is odd

}
= dimQ

{
f : f ∈ F

(0)
D (N)H and f is odd

}
=
φ(N)

2|H|
,

where we get the last equality by noting that dimQFD(N)H = φ(N)
|H| and that the set of

even and odd functions in this vector space is a subspace of equal dimensions. On the other



22 ABHISHEK BHARADWAJ, RAM MURTY, AND SIDDHI PATHAK

hand, since K is a totally imaginary field, we have

dimQK
− =

dimQK

2
=
φ(N)

2|H|
.

This completes the proof.

□

Before proceeding to prove Theorem 1.3, we establish the following technical lemma.

Lemma 5.1. Let L be an abelian number field and α ∈ O∗
L. Then log(α) = log |α| + rα (iπ) for

some rational number rα.

Proof. Note that L is either totally real or totally imaginary. By Dirichlet’s Unit Theorem, the rank
of the unit group of L is same as the rank of the unit group of L ∩ R. Therefore, for any α ∈ O∗

L,
there exists a natural number n such that αn ∈ R. Since log(αn)− n log(α) ∈ 2πiZ for any integer
n; the result of the lemma holds. □

5.1. Proof of Theorem 1.3. For a function f ∈ FD(N), we decompose f = fe + fo, where

fe(n) :=
f(n) + f(−n)

2
and fo(n) =

f(n)− f(−n)
2

.

Note that f ∈ F
(0)
D (N)H if and only if fe, fo ∈ F

(0)
D (N)H . Furthermore, the values L(1, fe) and

L(1, fo) are linearly independent over the field of algebraic numbers. This fact follows from Theorem
2.5. Thus, to prove Theorem 1.3, it suffices to restrict ourselves to the case of even functions fe and
odd functions fo.

Proof of Theorem 1.3. The first equality of spaces is established in Proposition 5.1. We now prove

F
(0)
D (N)H =

{
f ∈ F

(0)
D (N) : L(1, f) ∈ K ⟨{logα | α ∈ O∗

K}⟩
}

by decomposing f = fe + fo and applying Proposition 5.2.

Let f ∈ F
(0)
D (N)H , so that fe, fo ∈ F

(0)
D (N)H . Then, for any 0 ≤ b ≤ N − 1 and σn ∈ H for which

σt ∈ H such that nt ≡ 1 mod N ,

σ−1
n

(
f̂(b)

)
=

1

φ(N)

N∑
a=1

(a,N)=1

f(a) e2πiabt/N =
1

φ(N)

N∑
m=1

(m,N)=1

f(mn) e2πibm/N

=
1

φ(N)

N∑
m=1

(m,N)=1

σ−1
n (f)(m) e2πibm/N = f̂(b),

as f ∈ F
(0)
D (N)H . Thus, f̂(b) ∈ K for all 1 ≤ b ≤ N − 1. Therefore, from (17), we obtain that

L(1, f) is a K-linear combination of {log(1 − ζbN ) : 1 ≤ b ≤ N − 1}. Hence, L(1, fe) is a linear

form in logarithms of elements in { |1 − ζbN | : 1 ≤ b ≤ N/2} with coefficients in K. On the other
hand, by Proposition 5.2, we have

L(1, fe) ∈ Q ⟨{log(|u|) : u ∈ O∗
K+}⟩ .

Applying Lemma 2.1, we note that L(1, fe) ∈ K ⟨{log(|u|) : u ∈ O∗
K}⟩. Since fo ∈ F

(0)
D (N)H , by

Proposition 5.2 we have that L(1, fo) ∈ iπ ·K− and iπ = (N/2) log(ζN ). Therefore,

L(1, f) = L(1, fe) + L(1, fo) ∈ K ⟨{log(α) : α ∈ O∗
K}⟩ .

Conversely, let f ∈ F
(0)
D (N) such that

L(1, f) ∈ K ⟨{log(α) : α ∈ O∗
K}⟩ .
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By Lemma 5.1, we can write log(α) = log(|α|)+ iπrα for some rational number rα in the expression
for L(1, f). Thus, we deduce that L(1, fe) is a Q-linear combination of log |α|’s, and L(1, fo) is an
algebraic multiple of iπ. That is, we obtain

L(1, fe) ∈ K ⟨{log(|α|) : α ∈ O∗
K}⟩ and L(1, fo) ∈ iπ ·K.

Furthermore noting that both L(1, fe) and L(1, fo) are real valued, we have

L(1, fe) ∈ K+ ⟨{log(|α|) : α ∈ O∗
K}⟩ and L(1, fo) ∈ iπ ·K−.

Hence, by Proposition 5.2, we deduce that there exists an odd function ho ∈ F
(0)
D (N)H such that

L(1, fo) = L(1, ho) and there exist some even functions gj ∈ F
(0)
D (N)H and cj ∈ Q such that

L(1, fe) =
∑
j∈I

cj L(1, gj),

for some finite index set I. By Theorem 2.4, we conclude that fo = ho, so that fo ∈ F
(0)
D (N)H .

Moreover, by Theorem 2.3, we have fe =
∑
j∈I

cj gj . We now show that fe ∈ F
(0)
D (N)H . For σn ∈ H,

and (b,N) = 1 we have

σ−1
n (fe)(b) = fe(bn) =

∑
j∈I

cj gj(bn) =
∑
j∈I

cj gj(b) = fe(b),

where we use that gj ∈ F
(0)
D (N)H . This shows that fe ∈ F

(0)
D (N)H . Therefore, f = fo + fe ∈

F
(0)
D (N)H . This proves the theorem. □

Proof of Theorem 1.4. The second equality stated in theorem is immediate from Theorem 1.3 once
we take K = Q(ζq). The first equality follows from Corollary 5.1. This completes the proof.

□

6. Concluding Remarks

For any positive integer k ≥ 1, let

ψk(x) :=
dk

dxk
(ψ(x))

be the k-th order polygamma function. A natural extension of our study is to understand the
expression of an N -division value of the polygamma function in terms of primitive N -division
values. We connected the study of linear relations among division values of the digamma function
to those among the value L(1, f) for f ∈ F(0)(N). Analogously, the division values of the k-order
polygamma function are related to the special value

L(k + 1, f) =

∞∑
n=1

f(n)

nk+1
.

Thus, one may canonically generalize our considerations to this setting.

With the utility of the induction operator evident in our work, it would be interesting to explore such
operators for other cognate functions. We relegate the development of these ideas to future research.
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