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1 Overview

In this class we shall look at character theory and it’s take on quantum com-
puting. Once we have sufficient tools, we will get into the hidden subgroup
problem, which can be used to solve a whole class of problems including the
discrete logarithm.

2 The Hidden Subgroup Problem

The hidden subgroup problem is the natural generalization of the order find-
ing problem.

The Problem: Let G be a finite group and H ≤ G be a subgroup of G.
Let X be an arbitrary set and we are given a function f : G→ X such that
it is constant on every right coset of H (f(x) = f(y) if and only if x and
y belong to the same right coset of H) and is different for different right
cosets.

Find a generating set for H.

2.1 Discrete Log as a hidden subgroup problem

Problem: p is a prime and g is a generator for Z?
p. Given a ∈ Z?

p find x such
that gx = a (mod p).

This can be easily converted to the HSP setting. Let G′ be the additive
group (Zp−1 × Zp−1,+) and f : G′ → Z?

p such that it sends (α, β) to gαa−β

(mod p).
It is easy to see that (α, β) goes to 1 if and only if α = xβ. Therefore,

the hidden subgroup of this function is the subgroup generated by (x, 1).
Thus all we need to do is find a generator (α, β) and β/α = x.
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2.2 Graph Isomorphism as a hidden subgroup problem

We have seen earlier that graph isomorphism reduces to the problem of
finding the automorphism group of the graph. Converting to the HSP setting
is easy.

Let Gn be the set of all possible graphs on n nodes. The hidden function
is

fX : Sn −→ Gn

π 7→ Xπ

that is, it takes a permutation and sends is to the graph obtained by per-
muting X by that permutation.

The hidden subgroup is precisely the automorphism group of the graph.

This however is a case of the HSP in a non-abelian group setting. We
will just solve the problem for finite abelian groups.

3 Characters of a finite group

A character of a finite abelian group G is a homomorphism χ : G→ C?. That
is, they satisfy properties like χ(1) = 1,χ(g1g2) = χ(g1)χ(g2),χ(g−1) = χ(g)
etc.

Define C[G] to be the |G| dimensional vector space over C, by just con-
sider the elements of G as the standard basis elements of the vector space. It
in fact also has a multiplicative structure and is called a group algebra. Note
that the vector space for the quantum algorithms was C2n

= C[Zn
2 ] and at

some points we even exploited the group structure of Zn
2 . And the standard

basis for the quantum setting were {|g〉 : g ∈ G} which is precisely C[G].
Now notice that C[G] can be thought of as a function from C to G, where

every coordinate of the basis element can be thought of as the value of the
function. Thus C[G] = CG. In this setting, the characters, being functions
from G to C, can be thought of as vectors in C[G].

3.1 Properties of Characters

• It is easy to see that for every g ∈ G, χ(g)|G| = 1 since χ is a homo-
morphism. Hence, χ(g) is a |G|-th root of unity.

Thus characters are vectors where each coordinate is a |G|-th root of
unity. The vector (1, 1, · · · , 1) is referred to as the trivial character.
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• As in the quantum setting, we shall normalize characters by writing
them as

|χ〉 =
1√
G

∑
g

χ(g) |g〉

By the usual hermitian inner product (〈a|b〉 =
∑
aibi), it is clear that

〈χ|χ〉 = 1.

Thus characters are vectors of norm 1.

• Suppose we have two distinct characters χ1, χ2, that is there exists an
h such that χ1(h) 6= χ2(h). Let us look at what happens to 〈χ1|χ2〉 .
Multiplying both sides by χ1(h):

χ1(h) 〈χ1|χ2〉 =
1√
G

∑
g

χ1(h)χ1(g−1)χ2(g)

=
1√
G

∑
g

χ1(hg−1)χ2(g)

=
1√
G

∑
g̃

χ1(g̃−1)χ2(g̃h) , g̃ = gh−1

= χ2(h)

 1√
G

∑
g̃

χ1(g̃−1)χ2(g̃)


= χ2(h) 〈χ1|χ2〉

But since we assumed that χ1(h) 6= χ2(h), this will force 〈χ1|χ2〉 = 0.
Thus the characters are mutually orthogonal to each other.

And hence, for any non-trivial character χ, 〈(1, 1, · · · , 1)|χ〉 = 0 and
hence

∑
g χ(g) = 0.

Therefore it is clear that there are at most |G| characters (a |G| dimen-
sional space can have at most that many mutually orthogonal vectors). For
the finite abelian group setting, it is easy to show that there are in fact |G|
many characters.

Theorem 1 (Structure theorem for finite abelian groups). Any finite abelian
group G is isomorphic to a direct product of cyclic groups.

Thus
G ∼= ZN1 × ZN2 × · · · × ZNl
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For a cyclic group ZN , it is easy to show that we indeed have N charac-
ters:

ωN = e
2πi
N

χj : Zn −→ C?

1 7→ ωj
N

k 7→ ωjk
N

And clearly these are distinct. In the same way, we have |G| distinct
characters by just saying:

χj1,j2,··· ,jl
(a1, a2, · · · , al) 7→ (ωN1)

j1a1 (ωN2)
j2a2 · · · (ωNl

)jlal

Thus, the characters indeed form an orthonormal basis for C[G].

3.2 The fourier transform

The fourier transform is just the change of basis from the standard to the
characters. And the transform played an important role in the order finding
algorithm due to the property of ’shift invariance that the character basis
enjoys.

|χg〉 =
1√
G

∑
x

χg(x) |x〉

Uhχg =
1√
G

∑
x

χg(x) |hx〉

=
1√
G

∑
x

χg(h−1)χg(hx) |hx〉

= χg(h−1)

(
1√
G

∑
x′

χg(x′)
∣∣x′〉) , x′ = hx

= χg(h−1) |χg〉

The fourier basis are all eigenvectors for all shift operators Uh, the eigen-
value being χg(h−1).

4 The Hidden Subgroup Problem for Finite Abelian
Groups

The group is given to us as ZN1 ×ZN2 × · · · ×ZNl
. And we need to find the

hidden subgroup of G.
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As in the Simon’s problem and Shor’s algorithm, first create the uniform
superposition

|ψ〉 =
1√
G

∑
g

|g〉

How we create this is a lovely trick that we shall see later in this lecture.
Another thing we will assume that we can do a fourier transform (approx-
imate at least) efficiently. Applying the function to the padded version, we
get

1√
G

∑
g

|g〉 |f(g)〉

On measuring the second qubits, we would measure some f(x) and thus
would result in the state

1√
H

∑
h

|xh〉

A fourier transform on this gives

1√
H
√
G

∑
h

∑
g

χxh(g) |g〉

Note that χa(b) = χb(a). And hence

1√
H
√
G

∑
h

∑
g

χxh(g) |g〉 =
1√
H
√
G

∑
h

∑
g

χg(xh) |g〉

=
√
H
√
G∑

g

(∑
h

χg(h)

)
χg(x) |g〉

Now, since χg(h) is a character ofH as well the summation inside the bracket
will be zero for a lot of χs.

At this point, for any group G, define the dual group G′ as the group of
characters of G. H⊥ = {χ ∈ G′ : χ(h) = 1∀h ∈ H}.

For all characters in H⊥, the summation in the bracket will be |H|, and
0 otherwise. Hence the summation reduces to

√
H√
G

∑
g:χg∈H⊥

χg(x) |g〉

Now measuring |g〉 will give us a random element in H⊥. Thus using the
sampling lemma in Simon’s problem we can get a generating set for H⊥.
With this, how do we find a generating set for H?
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Suppose we have our sample g1, g2, · · · , gt where t = 4 log |G|. By the
structure of the group G, gi = 〈ai1 , ai2 , · · · , ail〉 . Thus for each xi ∈ H we
know that

ω
x1ai1
N1

ω
x2ai2
N2

· · ·ωx1ail
Nl

= 1

But this is an exponential constraint, if we have a linear constraint we can
solve it using the techniques discussed earlier.

Let N = lcm(Ni) and let Mi = N/Ni. Then the constraint above is just
finding solutions xi to

∑
j Mjaijxj = 0 (mod N). The mod can be removed

as well by having an extra indeterminate yi and writing it as

M1ai1x1 +M2ai2x2 + · · ·Mlailxl +Nyi = 0

These constraints, for each i, is just a system of diophantine equations that
can be solved using the hermite normal form. Thus, this would solve the
hidden subgroup problem.

4.1 The Converse

Another important question is the following: suppose we have a way of
solving the hidden subgroup problem for a finite abelian group, can we use
that to find the structure of G?

One way is to take the generators of G (by random sampling), finding
their orders and factorizing them. The factorization of the orders will de-
compose the group in to a direct product of p-groups. How do we find the
cyclic product decomposition of the p-groups?

We shall discuss this in the next lecture.

4.2 Creating the uniform superposition

We want to create the state

|ψ〉 =
1√
G

∑
g

|g〉

The idea is to find a binary encoding of the group and use that. En-
code elements of G using binary strings of length m, m chosen such that
2m ≥ |G| ≥ 2m/poly(m) (a reasonably efficient encoding). Once we have
an encoding function, we naturally have another checker functions Uf that
takes a binary string and decides whether it is actually an encoding of an
element of G.
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Using the hadamard transform, we can create a uniform superposition
over {0, 1}m:

|ψ〉 =
1

2m

∑
x∈{0,1}m

|x〉

Applying the checker function to the padded version of this, we get

1
2m

∑
x∈{0,1}m

|x〉 |f(x)〉

Now since we assumed that the encoding is reasonably efficient, measuring
f(x) will give us a 1 with high probability. And hence, the rest of the state
will collapse to

1√
G

∑
g

|g〉

which is precisely what we want!
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