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Infinite products (contd)

We will show that the λ as defined in the previous lecture is countably additive on F . We need

some results from analysis.

Any bounded sequence of real numbers has a convergent subsequence. If we have two bounded se-

quences of real numbers, there is a “common” convergent subsequence, that is, a strictly increasing

sequence of natural numbers {ni}∞i=1 along which both sequences converge: just take a convergent

subsequence t1 of the first sequence s1, and restrict the second sequence s2 to those indices (to get

t2), and choose a convergent subsequence of t2, say u2. The same indices give a subsequence of

t1, which converges because t1 does. This argument can be extended to finitely many sequences.

What about countably many sequences? This argument does not generalise directly, but the result

is true:

Lemma. Suppose for each k ∈ N, {xkn}∞n=1 is a bounded sequence of real numbers. There exists a

strictly increasing sequence of natural numbers {ni}∞i=1 such that for all k ∈ N, {xkni
}∞i=1 converges.

Proof. We use a diagonal argument.

For an infinite subset S ⊆ N, say that a sequence of real numbers converges along S if the

subsequence obtained by restricting the indices to S converges. Inductively define S1 ⊇ S2 ⊇ S3 . . .,

infinite subsets of N, as follows: let S1 be such that {x1n}∞n=1 converges along S1. Having chosen

S1, . . . , Sk−1, consider the sequence {xkn}∞n=1 with indices retsricted to Sk−1: this is a bounded

sequence, and so has a convergent subsequence. This gives an Sk ⊆ Sk−1 such that {xkn}∞n=1

converges along Sk.

For an infinite subset T ⊆ N and q ∈ N, let #q(T ) denote the qth smallest element of T . Let

S = {#k(Sk) : k ∈ N}

Since Sk+1 ⊆ Sk, #(k + 1)(Sk+1) > #k(Sk+1) ≥ #k(Sk). So S is infinite. Each {xkn}∞n=1 converges

along S, since all elements of S except possibly the first k−1 elements are also elements of Sk.

We know that if {Kn}∞n=1 is a sequence of compact subsets of Rm such that the intersection of any

finitely many of them is nonempty, then
⋂

n∈NKn is nonempty. We generalise this:

Lemma. Suppose {Kn}∞n=1 is a sequence such that Kn is a compact subset of Rln , for some ln.

Suppose for all n,
n⋂

i=1

K∗i 6= ∅

Then ⋂
i∈N

K∗i 6= ∅

Proof. Here different Kn may have different dimensions (the ln), but we’re pushing them all into

R∞ by applying ∗.

For each n, choose xn ∈
⋂n

i=1K
∗
i . This xn has several components xnk ; for k > max{l1, . . . , ln}, xnk

can always be taken to be 0, so assume this is the case.

For all k ∈ N, we will show that {xnk}∞n=1 is bounded:
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• Suppose every ln is less than k. Then {xnk}∞n=1 has only zeroes, and so is bounded.

• Suppose some ln0 ≥ k. Let Z be the projection of Kn0 onto its kth component (Kn0 ⊆ Rln0 ,

so this is well-defined). Z is a compact subset of R, and so is bounded. For all n ≥ n0,

xn ∈ K∗n0
, and xnk ∈ Z. So {xnk}∞n=1 is bounded.

Using an earlier lemma, let S ⊆ N be infinite such that {xnk}∞n=1 converges along S, for every k.

Let the limit be xk, and consider the point x ∈ R∞ whose kth coordinate is xk, for all k. We will

show that

x ∈
⋂
i∈N

K∗i

To show that x ∈ K∗i , consider xn for n > i and n ∈ S. The first li components of each of these,

as a tuple, is an element of the compact set Ki, and these converge to the first li components of x

(along S), so x ∈ K∗i .

We now show that λ is countably additive on the field F .

As shown earlier, it suffices to show that if a decreasing sequence of sets decreases to the empty

set, then their λ values decrease to 0. We show the contrapositive: Suppose B∗1 ⊇ B∗2 ⊇ B∗3 is a

sequence of sets in F whose λ values do not decrease to 0. λ being finitely additive implies that

λ is monotone, so {λ(B∗n)}∞n=1 decreases, say to ε, with ε > 0. We need to show that
⋂

n∈NB
∗
n 6= ∅.

For each n, let ln be such that Bn ⊆ Rln . Using regularity (Littlewood’s principle), choose Ln ⊆ Bn

compact such that

(µ1 ⊗ . . .⊗ µln)(Bn \ Ln) <
ε

2n+1

This is possible as the measure is finite (in fact a probability measure).

B∗n \
n⋂

k=1

L∗k ⊆
n⋃

k=1

(B∗k \ L∗k)

To see that this is true, take x belonging to the LHS. x ∈ B∗n, and for some k, 1 ≤ k ≤ n, x /∈ L∗k.

B∗k ⊇ B∗n, so x ∈ B∗k and x ∈ B∗k \ L∗k ⊆ RHS. So we have

λ

(
B∗n \

n⋂
k=1

L∗k

)
≤

n∑
k=1

λ(B∗k \ L∗k) ≤
n∑

k=1

ε

2k+1
≤ ε

2

This only uses F being a field and λ being finitely additive. λ(B∗n) ≥ ε, and so

λ

(
n⋂

k=1

L∗k

)
≥ ε

2
> 0

In particular,
⋂n

k=1 L
∗
k is nonempty, for every n. We have shown that this implies

⋂∞
k=1 L

∗
k is

nonempty.
⋂∞

k=1B
∗
k, being a superset, is also nonempty. λ is countably additive on F . By the

Carathéodory extension theorem, λ extends uniquely to a probability measure on σ(F ) = B∞.

Although we looked at probability measures only on (R,B), the result is true for any sequence

of probability spaces: we have the infinite product space, with B∞, Fn, λn, λ etc as defined

above. λ is countably additive on F and so after extending, on σ(F ). However, the proof of

countable additivity needs more work in the general case: here it was simpler because we could

use compactness.


