LECTURE 1

1. Gluing sheaves

Let X be a topological space and 2" = {X_|a € A} an open cover of X.
For any open subset U C X, and indices a, B, v in A define U, := U N X_,
U,=U0nU,=UNnX_,,andU,, :=U, NU,NU, =UNX,, . Wealso will use

aB aB) aBy

the notation 2 NU for the open cover {U,} of U. Suppose that for each o € A we
have a sheaf .%, on X, and isomorphisms

Pap - cg~ﬁ|X@(ﬂ - ya|Xaﬁa

—one for each pair of indices «, 8 € A—these isomorphisms satisfying the co-cycle
rules

Yaa =1, ach
PapoPpy = Pay O Xapy @, B,y €A
Then (as we will show) there is a sheaf .# on X together with isomorphisms
Ya: Flx, = Fo
such that the diagram

cgﬁ|)(otﬂ
] Ya

9,3')(&;3 g;:ﬁ ya‘xaﬁ

commutes. In fact the pair (%, {1, },) is unique up to unique isomorphism. Here
is how one finds .%.

Pick an open set U in X. Define amap ¢*(U): [[,cpn Fa(Ua) = [l 5) Fa(Uap)
by

(Sa)a = (5a|Ua/3 - ‘PaB(UaB)(Smng))aﬁ-
Now define
F(U):= ker(¢*(U)).

It is easy to see that the assignment U — % (U) is a sheaf.

Where are the co-cycle rules used? In producing the isomorphisms

Ya: Flx, = Fo a €A

satisfying the requirement that the diagram above commutes for every pair («, 3).
Here is a sketch of how that is done. Fix an index A € A. Let U C X be an open
subset of X . Then, by our notations, U = U,. Pick an element s € .Z(U). Write

s =(Sa),-
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By definition of % (U) as the kernel of ¢*(U), and using the co-cycle rules, we get,
for every o € A,

Sa = @ax(sx‘un)'
Thus sy determines all the s,. Note that we are using the fact that U is Uy, whence
Uxoa = U,. Define

OA(U): ZF(U) = ZA(U)
by
(Sa), F> Si.
One checks, as U varies over open subsets of X, that this defines a map of sheaves
Yxa: Flx, = Fx. Since s, determines all other s, in a section (s_), € Z(U) for
U C X, ¥y is an isomorphism. There is, as we pointed out in the lecture, another
way of doing this. Consider the diagram of exact sequences.

0——>F(U) —Taea FaUa) = a5 Fa(Uas)
wxi Il. QDM\L \an,ﬁ) Pra

0 ——=AU) —[laea #2Ua) —=1I, ,) #2(Uas)

(e,8)

If we show that it commutes, then 1) has to be an isomorphism, since all other
downward arrows are isomorphisms. The only important diagram is the square on
the right. The element chase is as follows:

(5,)al (s, — @aﬁ(sﬁ))aﬁ

I

(Pra(82) = Pra(Pap(ss)))as

(‘p/\a (Sa))a — (‘p/\a (Sa) - SD)\L-} (Sg»aﬁ



