
 
Feb16,2021 The Hilbertschemeofdivisors on a curve

hit k be a field and a complete smooth curve 1k geometrically

ironed ofgenusg s t Xlk d Finn l and a linebundle ofdeg2gtwo

degto 2g in
Note lillo D and Lo is generated by global buttons Since u I
Lo is very ample Note huh an Loexists since X k 40

hit V HoCxLo Hane din U g ntl N sorry

Set G Gnu the Gassmannian of n dime quotients
ofV

Have universal heart sequence ofvb s on G
O Ku J V pOg Qu 0 Eu

where Qu is a rank n mentor bundle the subscript u is of
universal

hit Xa XxkG and p Xa X pi Xg G be the

two projections Since Lo is gon'd by global rations we have
a surjection

kOx Q s p
t Lo

H
pz lVn0a

s t on applying p to the surjection we get the

identity map on V kGg In greater detail we have
p

P V kOxen
k I pz PFLo R D dTx

Il flatbarechange s spark
11 a
V kPz 6 g V µq I xx Lo v pq



In fart again using thefont that flat barechange one has

p PFLo Ight I Lo we see that forany zEG the map
T XxE3 Q l gy yields the identity map on V µkCz

We therefore have an Ox modulemapsG

p t Ku s pt Lo

given by the composite

up Ku V pG s pt Lo

Let

C i cohn pf Ku pfLo
The surjection pt Lo C of Qa modulesgives rise to a surjectionof
Qa modules

C pilot
and hence we get a cloud subseheme ofXa

D Cs XG
The ideal sheafof D is the kernelof Qa c gap Li

Claim D wa R S G is a finite map
ProofofClarin The map D s G is clearly proper since it is the

composite of a cloud immersion followed by q which is proper Therefore
it is enough to showthat D s G is quasi finite It is sufficient
to shore that the map 91µg Qal 0 zy

is nonzero for

every z E G where J is the ideal shredof D in Oxon This is where we

need the font that X is geometricallyirreducible for this implies that
11933 f X KB is integral None pitKul egg is free 6 gz module



of rank N n and the map pitKu gzy pilot gy oI KID is
nonzero far upon taking global sations one simply has the
inclusion ftp.ku ezy GVxOpklz This proves the claim

Nent let it be the stratum in G on whichthe
coherent Clamodule F pz0g is flat Cwheme locallyfree of
rank n Such a stratum existsby elementary considerations see
proof given below Let

D inverse imageHH in D under p D SG

HMxgD

If F F'I then a little thought shows that

if pz Open
where we are writing up for the map D s H in a standard

abuse of notation We thus have the following commutatne diagram
DNC s X en

i
finite flat with P

F p Open of rank w j w

as an 0µm module H

Clavin H n is the Hilbertschemeof effectivedegree in divisors on X
and diagram I is the universal family of effective degree
divisors on X parameterised by H
Proof

Let T be a k scheme and D G XT a cloud subscherne

such that D S T is flat finite with Gg a kit an

n dimensional kit nature space for every t ET Consider the



commutature diagram with the square being the standard cartinan

Square
D C s X G s X

g a
finite flat ofrank n S T a Speck

we have an exact sequence
0 s 0C D Ox OD OK

whence an errant sequence
t O Q CD offLo offLo offLol O

H
u

Tor te T let De D left D I say Then De is an effulut

degree n divisor on Xt Xxft Moreover the line bundle

Mt 6 CDe Lo feltD
on Xt etained by restricting µ OxCD q Lo to Xt is ofdegree2g
since Lo has degree 2g in and De has degree u In particular
b Me O and Me is generated by global sutures These properties

are of course also enjoyed by Lo kit TET Standard

semi continuity then gives that R'qz M R'q offLo O

q U is a venter bundle on T of rank gel and gz gilo is

a water bundle of rank N mtg11 In fart q CqFLd V µQ
by flat bare change By hypothesis F of CoffLo p is

a retro bundle of rank in on T China qz Clo is sunk

a water bundle We thus have an eventsequence of
water bundles on Ti



O qz M S V pay F O CET

and the ranks of there v b s are sunk that the uni

property of G Gnu Eu applies and we obtain a Comique

classifying map
T T S G

smh that En E Et with r w p6a being
canonically identified with V pOt Moreover the argument for

showing that the naturalmap Vp6 pzp pFLo D ptLoXa

being a snigation applies mutatesmutandis and we have singultus
82 92 M S M V pO of Lo Wethereforehave a

Comm diagram with exactrows

0 s txt pz Ku Hr pit V pOG txt p Qu O

H H H
G s ga'tr't Ku s U r0 s ga'tt't u so

12
o sqtqa.us

uxorkx
s gig Open so

t e
o s n s V boxy S D so

the downward arrow on the south east corner being obviously

snjetne In particular

Op coke qfq M V p6 i

Curt cohn pika v rOxa
a D Open



Thus

D Hr Dcm

This proves the claim

The FlatteningStratificationbusiness

Let A be a Cnortherian ring and M a finitemodule Foreach

f ESpect let ecp drink M kcp Let nao be an

integer and 8 a prime ideal ofA sink that eep n By
Nakayama's lemma we have a surjection

Agf Mp
It follows we have f EA f and a sugelion

Y
AI Mf

SpaAf is an affine open neighbourhoodof Call it Up Clearly
eCq En t ofE Up Moreover since we are working with

noetherian rings otherwise assume M finitely presented we have

a presentation
rn 0 YAf Af My so

None 0 is an nxne matrix with entries from Af Let
I be the Af ideal generated by there entries Let B Aff
It is clear that U µ B is an isomorphism hit 2g be
the cloud subschene of Up defined by B It is easyto see

since presentations to the form pullbark well that f
w f Up is a mapof schemes smh that f T is an

isomorphism then W tenths through 2g uniquely Patching



the pairs Ug 2g as f varies over prime ideals 8 with egD u
we see that there is a locally closed sulschene 2nofSpuA
smh that Fitz is locally freeof rank n and if 7 f s SpeeAn

is any map of schemes s t g'tM is locally freeofrank in then

g fators through Zn This can be furtherupgraded to the

following situation Let S be a anodtenan scheme f a coherent

Q module and a non negative integer Then thereexists

a locally cloned subseheme Z of S smh that f g Y S

is a map of schemes smh that g F is locallyfree on Y

of rank then g faiths uniquely throngZ

H is smooth

Let he H be a point sinceheis notassumedalgebraicallycloud we

cannot assume k kik is an isomorphism even if he is a cloudpointand

so there is no advantage to assuming he is a closedpoint Tolighten

notation we write

H Han D Dh Xu XxSpeckled

Let Da D ly or more precisely

D DX Spukthh

Note that Dw is an effete Cartierdivisor on Xu Not also that

since X is geometrically integral by hypothesis Xu is integral
None

Dw D t Dm I
closed

where each Di is supported on arpoint say PiCXDthesepoints



being distinct

We will show that Clay is geometrically regular over k

Tor this it is enough to show that the completion A01h ofQth
is geometrically regular over k We use the M smoothness versionof
infinitesimal lifting to provethis We have to show the following
see Thuman 287 on p 219 of Matsumura's CommutativeRingTheory

If B is a k algebra I an ideal of B smh that 12 0 and

we have a k algebra map Oo A Do with Oo Mao O

for V O Cie Oo is continuous for the Mp adietopology on A andthe
discrete topology on B then Oo lifts to a k algehnmap 0 A B

Note the requirementof continuity on Oo This is slightlydifferent

fromthe usual infinitesimallifting butrequired in the formalsituation

Notations For any f algebra C let Xc Xspac If e is an 0th algebra
then we write Dc for the pullback of D to Xc ie

Dc D OHC
Note that Dc Spree is a flat familyof effutuedegree

divisors on X parameterisedby spree and since the map is finite
Dc is affine

Since Da is finite over SpreA and A is complete therefore

by Serre's version ofthe Weierstrass PreparationTheorem if
we

DA Spur then R IT Ri where each Ri is a completeE l
local ring Moreover R being flat over A forces earh Ri to
be flat over A Note that the integer m occurring in the product



R III Ri is the same as the integer m occurring in I since

Dw is the closed fibre of Da sSpaA Let

Di Spu Ri 5 1 in

and assume thatthe subscriptsused are compatible with the subscripts

in In other words we choose our subscripts so that

Dixonkth Di i b m

The point Pi E Xu on which Di is supported maps to a closed

point Pi E X under the naturalmap Xu X Pickaffine

open U Um in smh that PI C U and if j ti.PT EUI
Let Uh Umn be the inverse images of U n Um in Xu Then
U are affine open in Xu Pi Cwin and forgti Pi dUh As usual

for any k algebraC we write Uic UixpSpace and these are all

affine schemes In particular we have A algebras Si Sm suchthat
Uta Spu Csi EIs m

Monona Di E Uia but DinUta p if i tj and we

have a snigature map of A algebras
Si s Ri E Is m

defining the cloud urinurion Di U.in ByshrinkingUT
around Ii if necessary we may assume that kerCsi Ri is

principal say generated by sie si Norte si is a nonzerodivisor

in Si
Now let us return to our mapof k algebras Oo A Bo

where Bo Bt B a k algebra I a B ideal smh that 22 0 Recall

that we required OoMAV 0 for us 0 We wish to lift Ooto a



k algebra map 0 A B

Write

hips Spree SiB i b in

Since UiBo is a closed subscheme ofWB we have a sujeton
of B algebras Si B s Si ABO hit ri E SiB be any
lift of Si 1 E Si ABo Clearly Ti is a non zerodivisor on Si B
we are using the geometricirreducibilityof Ui C X here and the

local flatness criterion see e g the CorollaryaboveThem22b on p 172 of
Matsumura's CommRingTheory shows that Si.B q B is flat over B

If DiB SpuCsiB then we have DiB is an effective dative

Cartier divisor in Wb wheme in XB over SpuB hit

DB Dsps t DmB
where the sum is regarded as the sum of effectiverelative

Cartier divisors on the B scheme XB It is clear that
D XpsSpieB DB where theright side makessense sirree Bois
an Oya algebra which a priori B isn't see notationsgivenabove

for OH.eu algebras In fait DB is a flat family of degree in
divisors parameterised by SpeeB We therefore have a uniquemap
Pps SpeeB SH suchthat Chirps D DB Using once again the
universal property of CH D we have a commutate diagram

rB
SpeeB s H

g
n

SpuBo SSpeeA



where the unlabeled arrows are the obvious ones Consider the

composite SpeeBo SpreA H If ye SpeeBo then either

y maps to be or to a generalisationof h in It since it

failures through SpuA and whence through Spulllush Theunderlying
continuous map for the just consideredmap SpulBo SH is the

same as that of 8ps sirree as topological spares Spieth and

Spu B are identical and the abovediagram commutes It follows

that if V is any open subschane ofH containing h then

TB fartms as SpuB V E H Thus TB canbe written

Geheme theoretically as a composite SpuB Spu a att H
ruhit 04h B be the corresponding mapof rings We

have then a commentator diagram
Hh th s B
i l
A q SBo

Since Oo MAV D for u 0 and Alman OH.tn
mq

we see that theML E I fer v O Swire 12 0 this

further means Tn Mun 0 for us 0 In particular
Ou

th faitors as Clash OH.tn
muu B fer some V

hit 0 A B be the composite
OuA Ahman OH.br

mq
2B

Then 0 lifts Oo and we are done

P T O s



H is complete geometricallyirreducible andofdimensionn
Since X sSpuk is geometricallyirreducible so is the m fold

product
XM i Xxk Y

m times

for everymail Monona Xm is smooth complete and of dimension in
Let me net Write

m Xxi
hit To Th Tw be the projections Xxx sX in an obvious

notation and I Hi tn XxkXu s Xu the projection

to the last n factors Wehave satons

Sj Xm XxpXw i l u

of t given by
Si Rio nm Ni Ni par

for a cm m T s X a T valuedpoint of Xf
it

Suice Xm t s Xu is smooth Di Si Xn are

smooth relative Center divisors over X for themap it
hit

it it itD D t Dw

Tom the animal property of CH DH we get a

unique classifying map
4 X s H

smh that 1 4 DH D

It is easy to see Y is surjative Indeedif he AHM



and if Da C Xu is the divine corresponding tobe Die D x SpnkCuD

then we can find a finite field extension kch k on which

Dk D x Speck is supported on k rational points and have
Dk Rt Pn where Pi C Xk are k rational points perhaps
not distinct The Pi can be regarded as maps Pi Speak X

whence we have a point CR Pu C XI Wxrk It is

clear that the composite XI IT H sends

R R to h If 0 EX is the einage offly Pu then

clearly V Q L
It is inimediate that H is complete concerted being the

sujatine image of Xu In particular it is irreducible beingsmooth
Moreover if k s K is a field extension then He is

clearly by uninural properties the Hilbert scheme on effertine

degree in divisors on Xk and since Xia is geometricallyirreducible

Hk is irreducible by our just concluded argument Thus It is
geometrically irreducible

4It is easy to see that X SH is finite In fat
we have essentially grin the argument when we showed His
surjaline and a little thought showsthat the fibres home

cardinality e n the orderofthe symmetricgroup Su and
the generic fibre of 4 infant hers cardinality n

Exercises Let Dee D be the locus on which the finite
surjelinemap D H is e'tale



1 Show that thereenists heHas suchthat D4xw lies entirely ein De
in particular De is non empty

Hint Make a base change k k where K Te and considerthe locus
on which Def consists of dimins supported on n distinctpointsofXk
2 Let 2 D Dce 2 p 2 E H and E H Z Shorethat

E is non empty and that De E is Etale where Casalways

DE Dn'x E Notethat E is an opensubsehemeofH
3 For distinct i j CLb in set Zij Dit nDj in Xn

see above for the definition of Dit CXu Let

T UZigi j
and let U be the open subscheme of I givenby

vi X T

Shore that 4 E V where E is as in Problem2 and
V I HH themapwe defined earlier

4 Show that the geometric fibres of V
Y S E have

cardinality n

5 Suppose XCk7 CX smooth complete gromwired1k

By choosing a line bundle Lo of degree larger than 2g in
for example at me

for suitable m g 1 one can again
construct It with the same universal property Will H
have k national points


