
 Characteristicpolynomialsofhomogeneousequations

This is an attempt to unify the treatmentsofsolutions
of homogeneous linear ODES with constant coefficients and
of homogeneous linear recurrence relations with constantcoefficients

The abstracttheory Let k be a field and SC kex a

subset which is multiplicatively closed We are mainlyinterested
in

a S non zero polynomials forthe DE care
b S polynomials with nonzeroconstant term for the

recurrence relations case
Let V be a k vector space and

T V V
a linear operator such that

Ken pct deg pct
for all non zero polynomials p in S

Examples
1 Let D da be the usual differentiation operator on

differentiable functions on R Suppose pin con'tcan t tenpitch
is a polynomial of degree n over Q degp n a 0 and
suppose g R E is a solution of PCDf 0 Then

Dug c D g t caDng t tenDg t ang
and hence it is clear that Dng makes sense In
fact a little thoughtshows that Dung makes sense Thus

g is infinitely differentiable
In view of the above observation let V be

the G vectorspace of infinitely differentiable functions
f R G Let p n Éconn i e Atn be as above

with a 0 It is well known that given Casas san DEE
there exists a unique solution of the linear homogeneous



p D f O
satisfying the initial conditions

10 no Df 10 ai Dn f 10 an i

and that these solutions depend linearlyupon too an DEE
Thus

dingker p D digp
Thus with V as above FD and S the setof non zero

polynomials we are in the situation we are considering
Remark Wehave implicitly assumed p above is non zeroby talking
about its degree

2 Let U be the A vectorspaceof maps
f Ino S Q

where Ino 0,12 and
A V v

the advancementoperator
Af In fan

given by
FEU ne No

a linear homogeneous recurrence relation with constant coefficients
he er ed Ed with a 0 ed 0 is an equation ofthe
form

coAntd te and t t Cd ant t ed an 0 he No
This can obviously be re written as

pCA f o

where pen cord te nd it t ed int ed E Qtr

and f EU where complex sequence Cao as an are

identified with maps f No A in the obvious way
None Clearly given Cao 2d1 E Ed there is unique
solution to the equation If Ciantd i o nemo satisfying
the initial conditions Ao Lo a a dd i Ld 1 Moreover there
solutions obviously depend linearly on Cao n Ld 1 Ead In
other words



dimp ka p A degp
If we set S equal to the subset of EEN consisting of
polynomials with non zero constant terms and FA we

find ourselves in the situation we are considering

We now state and prove our main result

Theorem Let G Y E S be s t ged I 4 1 Then
Ken 4 T Reelect Ker ECT

Proof
Let We ka ECT We ka 4G and W ka 1846

Then Wi CW it 2 whence W.tw C W We claim that
WitW W Wz

Since ged O 4 1 there exist p g e KETT s t

p I q4 1
Let we winwe Then

we p T ECT q T 46 we

p T g T at q T 4 T at

O

Thus heRWz 0 proving the claim
The theorem follows from the observation that

dink w Wa dink Wi dimply
deg E deg Y
deg EY
dink W

Since WitWa E witwa is a subspace ofW we get
w WW2

as required a e d

The following two corollaries are useful



Corollary 1 Let 41,42 Xp be a collectionof pairwise coprime
polynomials in S Let 4 4,42 Xp Then

Ken UCT her Vict
Proof
This is straightforward We onlyneed to observe that if

32 then Yi Ye and Yr are coprime and then apply
induction

q e d

Corollary2 Let 4 Ya and U be as in Corollary2 For each
i c Is k let Cgij Eje deg Vi be a basis of
Ken Vi T Then gig e jedeg Ui he is k is a basis

of her 441
Proof

Obvious fromCorollary 2 g e d

Solutions of D Dnf 0
As above let D da be the differentiation operator

Theorem Let de e ne in je 0,1 n ng andg R G the map
g t Ateat t ER

Then g is a solution of the DE
D d f 0

Proof
It is clearly enough to prove that

D d n t eat o n e IN 1

We prove x by induction on n The care net is easy
and standard
Suppose that for some men we have



D a m Ctm edt 0

Then
D d Am edt If F c a D tm eat

Y C D tmeat

É m1 Cd Dolt DP tm ed t

1 Dlt Dr Ctmeat

Leibnitz rule

t É f c x
PDP tm ere

II Y P eat D eme eat

t D a m ftm edt t emailÉ pi c a
m t t D famieat

O t mtl Eg Ta Calm
KDkCtm edt conductionhypothesis

mtl D Nm tm ext
O Induction hypothesis

Remarks We have used the identity

mp p contd Y
The algebraic proof is obvious The combinatorial proof is
as follows Pick a team of p players from mtl players and
their pick a captainfrom the pplayers There are Y p
ways of doing this On the other hand one could pick the
captain first and the remaining p l players later There are



int F1 waysof doing this

Remark2 Since eat te't th eat are linearly independent
indeed IECi ti eat O tt ER It Citi 1 0 t ter Cio ti

and since dimeCher D N n therefore they form a

basis for Ken D W

Solutions of CA677 0
Let U f I f No a and let A v V be the

usual advancement operator ie A Cul flat for feu ne no

Theorem Let Dee o me IN je O b m i and g No 9
the map

gin n't th ne no
Then g is a solution of the recurrence relation

A dMf G
Note The constant term of Ise d

M is dmwhich is nonzero
Proof

If j o then A 6 g o Indeed since gentd in this
care A Ngcut Agent agent gentil agin dnt anto
This means A Ng O

Let us assume I e je m 1 Let ne no We have
CA amgen Into me c Rak Amkgin

Into F c D argentm k

Into E G kakcntm.ptanim k

anting me cDhakentm b J

dntm IX



where X is the set of maps
of 1,2 j 1,2 mtn

such that the image of of contains the set 1,2 in
Since te je m 1 X is clearly empty whence 1 1 0

Thus
A Pmg O

a e d

Remark3 The equality 1 1 220 Te CDk Mtn It can be seen

using the inclusion exclusion principle Anotherway to showthatInto T fi Ramenk is zero is to considerthepowerseriesexpansionof
Ocn Cer men

It is clear since n divides er 1 in the power series

ring over R that the coefficient of set is zero On
the other hand this coefficient is j Into Mn c i men bJ

Remarks For j b im let gj EV be given by
g n nd d ne Ino

We have seen that g gj
E Ren CA d m Moreover they

are linearly independent for if a em Ed are s t

a g t emgm 0
then

t can t emnm d 0 ne Ino
ie

at cant tant 0 we No
This means that e a Cu O proving that gas igun are

linearly independent Since
dim fkn A am deg x a m m

this means that g gm is a basis for herCA dm

Corollary 2 together with Remarks 2 and 4 abovegive us



the following results

Theorem

a Let dis dk be distinctcomplexnumbers mis my positive
integers and W the complex vator spare of solutions to
the homogeneous linear ODE

D d m D dark f 0

Then the functions gig tejemi kick given by
gig t It edit t ER

form a basis for W

b Let di Xp be distinct non zero complexnumbers
m up positive integers and W the complex vector

space of solutions of the homogeneous linear
recurrence relation

A d m Adam A damk f 0
Then the funtions gig No G te je mi kick given
Mt

guy n n't di ne no

form a basis for W


