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Duality for Cousin Complexes

Pramathanath Sastry

ABSTRACT. We relate the variance theory for Cousin complexes —# devel-
oped by Lipman, Nayak and the author to Grothendieck duality for Cousin
complexes. Specifically for a Cousin complex F on (Y, A)—with A a codimen-
sion function on a formal scheme Y (noetherian, universally catenary)—and a
pseudo-finite type map f: (X, A’) — (Y, A) of such pairs of schemes with codi-
mension functions, we show there is a derived category map 7} (F): fiF -
f'F, functorial in F € Coza(Y), inducing a functorial isomorphism fF ~
E(ftF) = E(f'F) (where E is the Cousin functor on (X, A’)). The map
'y!f(]-') is itself an isomorphism if (and clearly only if) f'F is Cohen-Macaulay
on (X, A’")—which will be so, for example, whenever the complex F is injec-
tive or whenever the map f is flat. For a fixed Cousin complex F on (Y, A),
7}(.7-') is an isomorphism for every map f with target (Y, A) if and only if F
is a complex of (appropriate) injectives. For a fixed map f, the functorial map
7} is an isomorphism of functors if and only if f is flat.

We also generalize the Residue Theorem of Grothendieck for residual
complexes to Cousin complexes by defining a functorial Trace Map of graded
Oy-modules Tr ;(F): f« ftF — F (a sum of local residues) such that when f
is pseudo-proper, Tr s (F) is a map of complexes and the pair (fEF, Trs(F))
represents the functor Hom( f«G, F) of Cousin complexes G on (X, A’).
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1. Introduction

This paper integrates the variance theory of Cousin complexes—worked out by
Lipman, Nayak and the author in [LINS]—with the variance theory of the twisted
inverse image (“upper shriek”) occurring in Grothendieck duality for noetherian
formal schemes in the form obtained by Alonso, Jeremias and Lipman in [ AJL2]
(with a very important input from Nayak [ Nay]).

It is useful for this introduction to use the catchall symbols —! and —' to
denote in one stroke the entire variance theory for Cousin complexes in [ LNS]
and the variance theory of “upper shriek” respectively. First, let us point to two
results in this paper which can be stated entirely in terms of Grothendieck duality,
i.e., entirely in the framework of —'. To fix ideas we will (for this paragraph)
restrict ourselves to ordinary noetherian excellent schemes admitting codimension
functions'. The first one, viz. Theorem 7.2.2, says that if f: X — Y is a separated
finite type map and A is a codimension function on Y, then the twisted inverse
image functor f' takes Cohen-Macaulay complexes (with respect to A) to Cohen-
Macaulay complexes (with respect to f*A, where f*A is asin [LNS, Example 2.1.2])
if and only if f is flat. The second result (viz. Theorem 6.3.5) concerns Gorenstein
complexes on (Y, A), i.e., complexes F which are Cohen-Macaulay with respect to A
and such that the associated Cousin complex EaF is a complex of injective quasi-
coherent Oy—modules (cf. [Hrt, p.248] where Hartshorne unnecessarily restricts
himself to bounded complexes). We show that F is Gorenstein with respect to A if
and only if f'F is Cohen-Macaulay with respect to f*A for every separated finite
type map f whose target is Y.

The above results are not our main results, but they are the ones that could
be stated without referring to the constructions in [ LNS] and therefore provide a
kinder gentler introduction for the lay reader to our work. However, the proofs of
the just stated results (which are valid for formal schemes) require an understanding
of the interrelationships between —# and —* (the main theme of this paper).

The constructions of —# and —' are in spirit and outlook antithetical. The
approach to Grothendieck duality in [AJL2] and [Nay] is global, top down and
holistic—in the spirit of Deligne and Verdier (cf. [ D1], [D2] and [V]). One begins
by providing —' for pseudo-proper maps by global methods; and then works one’s
way downward (via the flat base change theorem [ AJL2, Theorem 7.4]) to pseudo-
finite type maps which are composites of compactifiable maps by showing that —*
is local. This is not straightforward—the stumbling block being the fact that in the
category of formal schemes a closed subscheme of an open subscheme of a scheme X
need not be an open subscheme of a closed subscheme of X. The “localness” of —*
is proved by Nayak [Nay] via a surprising twist of Deligne’s argument for ordinary
schemes.

At the other extreme is the construction of the variance theory —*. The outlook
from the outset is punctual (complete local rings!). And reductionist in the following
sense; the initial search is for the basic irreducible units (the atoms) of such a theory
at the level of formal neighborhoods of points and sheaves supported there—i.e. at
the level of complete local rings and zero-dimensional modules (cf. [ Hul]). In such
an approach it has to be an article of faith that these local (punctual) constructions

.. an integer valued function A on the given scheme Y such that A(y') = A(y) + 1 if ' is

an immediate specialization of y (cf. [LNS, §§2.1]).



140 PRAMATHANATH SASTRY

somehow link up and give a global canonical variance theory. This faith is not
misplaced and in [LINS] the core result is that given data of the form

D=5y AF

where f is a morphism in the category I of [LNS] (which is included in the category
of formal schemes with codimension functions on them, and essentially pseudo-finite
type maps), A is a codimension function on Y and F is a Cousin complex on (Y, A),
there is a Cousin complex f*F on (X, f*A) which is functorial in complexes F with a
fixed codimension function A. Here f*A is the codimension function on X induced
by f as in [LNS, 2.1.2]. The basic units for this construction are modules on
complete local rings (R, mp) such that I'y,, M = M (i.e. M is a zero-dimensional
R-module). In [Hul], I-Chiau Huang worked out a variance theory — for such

objects with respect to local homomorphisms ( R, mg) — (S, mg) of complete local
rings such that the residue field extension kr — kg is finitely generated. For D
as above and a point z € X with f(z) = y, one has a map ¢*: @yy — @Xz and
the functor f* is so constructed that—among other properties that it enjoys—it
satisfies the relation (f4F)(z) = ©%F(f(x)). The construction is done in such a

way that —* is a variance theory, i.e. it is a pseudofunctor.

What then do these theories have to do with each other? ? For data D with
f a composite of compactifiable maps (so that f' exists) there seems no obvious
way to compare f!F and f'F. And the hope (admittedly faint) that the two might
be abstractly isomorphic in D(X) is dashed by the counter-example obtained by
setting (with k a field) X = Spec(k), § = Spec(k[I]), f the map given by the
natural map (7 — 0): k¥[T] — k, and F = f,.k™~. The natural codimension function
A on Y for the Cousin complex F is the one which gives the closed point of Y value
zero. In this instance f*F = k~ and f'F = k™~ @ k~[1]. In fact f'F is not even
Cohen-Macaulay (with respect to the codimension function A’ = 0) and so is far
from being isomorphic to f#F. However, note that E(f'F) is indeed isomorphic to
f'F, where E is the Cousin functor associated with A’(= ffA).

We show that this is true in general for data D. We also investigate when f*F
and f'F are isomorphic. The bridge between the two theories is a derived category
comparison map f!*F — f'F which on applying the (appropriate) Cousin functor
E transforms to an isomorphism. The key to obtaining this map is the observation
that if the point z is closed in its fiber, then with M = F(y), R = @yy and
S = @xw there is an R-linear punctual trace map Tr g, (F): gp‘;M — M which
induces an isomorphism ®: ¢% M - Hom%(S, M) [Hul, Chapter 7]. This allows
one to have a map of graded Oy—modules

(TR) Try(F): fuf'F — F.

Our principal results are the following.

1) (The Trace Theorem) If fin D is pseudo-proper then the trace map Tr¢(F) is
a map of complexes (cf. Theorem 2.4.2(a)). The crucial step here is the proof of the
trace theorem for (relative) projective space over ordinary schemes. This takes up a
considerable amount of time, and involves digressions into residues and the residue
theorem for projective space. Once the trace theorem is established for projective
space, then the proof given in [Hrt] for residual complexes applies without change

21 am aware that this might be come under the heading of “setting up a straw man” but this
was indeed my original confusion.
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to our situation. The punctual trace Trf, has a transitivity property which now
gives the following result (cf. Theorem 2.4.2(b)): let g : W — X be a second pseudo-
proper map. Then identifying ( fg)*F with ¢! f!7 (a part of the variance theory
for —#) we have

TrggF = Trg(F) o fuTry (f2F).

2) First suppose f as above is pseudo-proper. Let ( f', 74) be the dualizing
pair given by Grothendieck duality. By the universal property of ( f*, 7¢), the map
Tr(F) gives rise to a map

1 (F): FIF > fF
such that 7/(F) o Rf. (’)}) = Try(F) (cf. (4.1.1)). We are implicitly identifying
Rf.F with f,F since F, being a Cousin complex, is flasque. Next suppose f
compactifiable. Then 7} can be defined as v*v} where v is an open immersion,

f a pseudo-proper map and f = fv. We show that this is independent of the
compactification (v, f) of f. We actually show more. Suppose f is a composite of
compactifiable maps. Then applying the just described process repeatedly one can
define 'y}. We show in Theorem 4.1.4 that this is independent of the factorization
of f as a composite of compactifiables, and that this comparison map respects
pseudofunctoriality (in a sense made precise by Theorem 4.1.4(b)). We point out
that in the “classical” situation (i.e., ordinary schemes ... ), a separated finite type
map is always compactifiable by a theorem of Nagata [ N]. (See also [Lu] and [D3].)

3) Suppose f in D is a composite of compactifiable maps. Set fFF = E(f'F)
where I/ = Eya is the Cousin associated with the codimension function A on
X. Applying E to 'y} we obtain a map of Cousin complexes on (X, f*A),

VE(F): f1F — fFEF.

Theorem 6.3.1 states that Vf (F) is an isomorphism. The proof is not straightfor-
ward. The crucial step is Theorem 5.3.2 which states that if f is smooth then the
map 'y}(]: ) is an isomorphism (note that the last is a statement about 'y} which is
stronger than the corresponding statement about 7]‘? ). The proof here is involved
and in the end amounts understanding Grothendieck duality for smooth maps as
well as the compatibility of local and global duality in terms of endomorphisms of
residual complexes. This result on smooth maps takes up all of Section 5. Now
a general f of the type we are considering can be locally factored as a closed im-
mersion followed by a smooth map, whence we are reduced to showing W}E (F) is
an isomorphism when f is a closed immersion. This is easily proven (cf. Corol-
lary 6.2.5.1).

4) A consequence of the circle of ideas above is Theorem 6.3.2 which states that
77 (F) is an isomorphism if (and clearly only if) f'F is Cohen-Macaulay with respect
to f4A. We use ideas from Suominen [ Su] who shows that (with a fixed codimension
function) the category of Cohen-Macaulay complexes is equivalent to the category
of Cousin complexes. Now f'F being Cohen-Macaulay can be viewed as a condition
on F (if f is allowed to vary) or as a condition on f (if F is allowed to vary within
its codimension class). For fixed F we show that ”y} (JF) is an isomorphism for every
composite of compactifiable maps f with target (Y, A) if and only if F is a complex
of Aqet(Y)-injectives. Here Aqet(Y) is the category of quasi-coherent Oy modules
F which are torsion, i.e., satisfying 1'};'.7: = F where FHI is as in the last paragraph
of [AJL2, 1.2.1]. In particular 'y}(]—') is an isomorphism when F is residual. At
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the other end, for a fixed map f: (X, A’) — (Y, A), we show that 7}(7—") is an
isomorphism of complexes—for all Cousin complexes F with respect to A—if and
only if f is flat. (Cf. Theorem 6.3.3 and Theorem 7.2.2.) We have already stated
these results (at the beginning of this introduction) entirely in the framework of

5) We show (cf. Theorem 8.1.10) that given data of the form (( X, A’) ER

(Y, A), F) where f is a pseudo-proper map and F is a Cousin complex on (Y, A),
the pair (f*F, Tr;(F)) represents the functor Homy(f.G, F) of Cousin complexes
on (X, A"), i.e., the pair (f*F, Tr;(F)) induces an isomorphism

Homa (G, f*F) = Homy(f.G, F).

(Here the left side is the group of morphisms in Coz A+ between G and f*F.) In other
words the variance theory —*#, together with the trace maps (TR) for pseudo-proper
maps f, is a true duality theory for Cousin complexes.

One consequence is this. Suppose f: (X, A") — (Y, A) is a finite map of
schemes and for F € Coza(Y), f°F € Coza:(X) is the unique complex of quasi-
coherent Ox—modules satisfying f. f*F = Homy(f+Ox, F), then a certain obvious
isomorphism of the graded Oy modules f!F and f°F is an isomorphism of com-
plexes (cf. Corollary 8.1.11).

6) In certain circumstances we can define the twisted inverse image of f even
if f is not a composite of open immersions and pseudo-proper maps. In Section 9
we imitate the theory given in [Hrt] to obtain this when Y in the data D has
a bounded residual complex on it. For this we apply the variance theory —* of
[LNS] to residual complexes. In this case we define f'€ via residual complexes
for objects £ in D(Y) such that RIJE is in DT(Y) and such that there exists a
complex G with coherent homology sheaves satisfying RIJE ~ RIjG. We also
show that this construction is indeed f'€ when f is a composite of compactifiable
maps (cf. Theorem 9.3.10).

1.1. Conventions. In addition to the notations and conventions in [LNS,
1.4] we use the following in this paper. Minor differences in notation between this
paper and [LNS] are also noted (see item 1 below).

(1) We use the upright symbol H? for cohomology rather than the slanted
symbol H? used in [LNS]. Further if X is a scheme and J an Oy ideal then
we use I'y for the functor lim Homo, (Ox/J", —) and the symbol I; for the

sheafified version lim HONT:L@L\.(OQC/:J”, —). In [LNS] the slanted version

I' is the one used tﬁroughout (the context determining the interpretation
to be placed).
(2) For a locally noetherian formal scheme X,

Dge(X):= RIF ™ (Dge (X))

is the triangulated subcategory of D(X) whose objects are those com-
plexes F such that RIZF € Dgc(X)—or equivalently, RIJF € Dy (X).

(3) For X as above, D} (X) is the essential image of D¢ (X) under RIY, i.e.,
D(X) is the full subcategory of D(X) such that £ € D}(X) & & ~ RIZF
with F € D¢(X).
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For X as above,

*

D, (X):= RI} ™ (D;(X) N D* (X))

is the triangulated subcategory of D(X) whose objects are complexes F
such that RIZF € DZ(X) N DT (X).

If f:X — Y is amorphism in F which is pseudo-proper, then we denote
the resulting trace map by 74 : Rf. f' — 1p(y). (See[AJL2, Theorem6.1
().

The category G has as objects noetherian formal schemes, and its mor-
phisms are maps of noetherian formal schemes which are composites of
compactifiable maps, or equivalently, composites of open immersions and
pseudo-proper maps.

The category F* has the same objects as [F but its morphisms are compos-
ites of compactifiable maps, or equivalently, composites of open immer-
sions and pseudo-proper maps, i.e., F* = FNG. Note that if f: X — Y is
amap in G and Y € F then X € F (cf. [LNS, 2.1.2]) whence f is a map in
F*. The category F; has the same objects as ., and its morphisms are
maps in F, such that the underlying map of formal schemes is in F*.
The category F7 is the full subcategory of F consisting of objects admitting

a bounded residual complex [LNS, §§9.1]. Note that if X ER Yis a map in
F and Y is an object in F” then X is an object in F" (cf. [LNS, Prop. 9.1.4]).
The category F7 is the full subcategory of F. consisting of objects (X, A)

such that X € F”. Note that if (X, A) L& (4, A) is a map in F, and
(Y, A) € FZ, then (X, A") € F?.

For (X, A) € F., CM(X, A) is the full subcategory of D;;t(DC) con-
sisting of complexes which are Cohen-Macaulay with respect to A, i.e.,

CM(X, A) := DT (X; A)em N Dget (X) with DT(X; A)en as in [LNS,
§83.3]. The category CM*(X, A) is the full subcategory of CM(X, A)
given by CM*(X, A) = CM(X, A) N D} (X).

If —% is a contravariant pseudofunctor [LNS, §4] on a category C then,
for a pair of maps X i> YV &% Zin C, we write C’Jhcyg for the resulting

isomorphism of functors ffg? -~ (gf )h. A similar convention applies for
covariant pseudofunctors.

The important “pseudofunctor” from the point of view of Grothendieck
duality is the twisted inverse image “pseudofunctor” (see Section 3). Un-
fortunately when we deal with non-ordinary schemes, this is not a pseud-
ofunctor. Indeed, if X is a noetherian scheme, then 1!36 = RI} which is
not in general isomorphic to the identity functor on ]5(;(%). The twisted
inverse image is a prepseudofunctor in the sense of [ Nay, §7.2] A (con-
travariant) prepseudofunctor —B ig data of the form

((_)hv (_)h: C(h,)’(,)a 5?,))
satisfying the requirements of [LINS, §4] for a pseudofunctor, with the
exception that dx is no longer required to be isomorphism of functors for

X € C. We will often abuse terminology and refer to prepseudofunctors
as pseudofunctors.



144 PRAMATHANATH SASTRY

(12) Let f: X — Y be a closed immersion of formal schemes (see [ GD, p. 442]).
Let J be the kernel of the surjective map Oy — f.Ox, and let J be the

ringed space (Y, Oy/J). The natural map X — Y is denoted f. Note

that f is flat and f factors naturally as X 2> § =5 Y.

(13) A formally étale map of formal schemes is a formally smooth map which
is of relative dimension 0. Such a map is called étale if it is essentially of
pseudo-finite type. Equivalently an étale map is a smooth map of relative
dimension 0. Relative dimension here is as in [ LNS, Definition 2.6.2].

(14) A map (X, A") EN (Y, A) in F. (or in FF, FT) is smooth, étale, pseudo-
proper etc., if the underlying map X — Y of formal schemes is smooth,

étale, pseudo-proper etc.
(15) For (X, A) € F. and F,G € Coza(X)

HOHIA(.}-, g) = HomCozA (-7:7 g)

(16) For X € T, Q« will denote all the localization functors from subcategories
of K(X) to D(X). The source of @ will be clear from the context. If the
subcategory is Coz A (X) for a codimension function A on X, then we may
sometimes restrict the target of Qx to CM(X, A) (so that Qx becomes
an equivalence between Coz a (X) and CM(X, A)). This will also be clear
from the context.

(17) If R is a local ring, mp will denote its maximal ideal and kg the residue
field R/mp. A O-dimensional R-module M is (as in [Hul]) a module
satisfying ', , M = M.

(18) Let x be a point on a noetherian (formal) scheme X, and let M be a 0-
dimensional Oy , module. Then i, A will denote the sky-scraper sheaf on
X whose sections are M over open sets containing x and zero otherwise.
Note that i, M is a quasi-coherent Ox-module (cf. [LNS, Lemma 2.3.5]).

(19) As in [LNS], for a complete local ring A, Ay will denote the category
of O-dimensional A-modules. The pseudofunctor on complete local rings
given in

[LNS, Theorem 4.3.1] will be denoted —y.

2. Traces

In this section we define a trace map
Tey(F): fuf'F — F

associated with the data (f,F) where f : (X, A") — (Y, A) is a morphism in
F. and F is a Cousin complex on (Y, A). More precisely Tr;(F) is a map from
Fgtf.f4F — FgtF where Fgt is the forgetful functor from complexes to graded
objects. The most important result in this section is the Trace Theorem, i.e.,
Theorem 2.4.2, which asserts that Tr ;(F) is compatible with coboundary maps on
foffF and F (i.e., Try(F) is a map of complexes) when f is pseudo-proper. Related
results may be found in [Hu2].

Before we treat traces, we begin with more preliminary material involving local
rings associated with a point on a formal scheme.

2.1. Local rings. If X is an ordinary scheme and x a point on X, then there
are two naturally occurring local rings associated with the point z—the stalk O, of
the structure sheaf Ox at x and the completion O, of O, at its maximal ideal. For
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a formal (non-ordinary) scheme there are four local rings that one can legitimately
attach to a point as we shall see.

To simplify the discussion let X = Spf(A,I), where (A, I) is a noetherian adic
ring. For f € A, as is standard in such situations, we set Ay, equal to the I-adic
completion of A;. The points of X are in one-to-one correspondence with open
prime ideals of A, and the closed points of X correspond to maximal ideals of A
(which are necessarily open in the I—adic topology, since A is complete in the I-adic
topology, whence I is contained in the Jacobson radical of A). Let x be a point on
X, and let p C A be the open prime ideal corresponding to z. We then have an
obvious local ring associated with z, viz. A,. However, this ring is not the stalk of
O« at x. One verifies that the following formula gives the stalk at a:

Agpy=1im Agpy = Oxa-
fév
We have a canonical map
Ap — Ay

whose I-adic completion is an isomorphism (see proof of [ AJL2, Lemma 7.1.1]).
Denote the common [-adic completion of A, and Ay by Ap,) and the common p—

adic completion of A,, Ag,y and Ap,) by Ep. We then have faithfully flat inclusions
of local rings

Ap C A{p} C A[p] C Ap.
We also have formal schemes
Xip):= Spf(Apy), TApy))
and
DC; = Spf(4,,pA,)
together with natural étale maps (see 1.1(13))
I)C; — :X:[p} — X.

Note that the map Xj,; — X is adic, but the map Xj; — X[} (as well as the above
composite) need not be so.

2.2. Trace at the graded level. Let —y be asin 1.1(19). Suppose ¢ : R = S
is a morphism in €. e—i.e., R, S are complete noetherian local rings and ¢ is a
local homomorphism with kg a finite kp—algebra—and suppose M is an object in

Ry. According to [Hul, Chapter 7], we have an R-linear trace map, functorial in
M € Ry

(2.2.1) Trs/pam : pyM — M
such that the induced map
(2.2.2) ®s/pm - pyM — Hom(S, M)

is an isomorphism of S-modules. Moreover if ¢ is surjective, (2.2.2) recovers the
isomorphism in [LNS, Theorem 4.3.11(ii)]. Note that we are using the fact that
Ry = Ry, Sy = Sy and ¢y = ¢y where —4 is Huang’s pseudofunctor on €, the
category of of complete noetherian local rings and local homomorphisms (cf. proof
of [LNS, Theorem 4.3.1], especially Lemma4.3.2). Further, by the commutative
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diagram on the top of [Hul, p.51],if £ : S — T is a second morphism in €.¢ then
the diagram

M = M
Esey o (&p)s
<I>T/5,<I>5/R\L l/@T/R
Homg(T, Hom%(S, M)) — Hom%(T, M)

commutes. We are using the fact that the transcendence degrees of the residue field
extension kg — ks and ks — kr are zero, whence Cf 4 = C;i’g by the construction
of —y from —4 via [LNS, Lemma4.3.2] in the proof of [Ibid., Theorem 4.3.1]. As
a consequence the following diagram commutes

(2.2.3) ey M T) (Ep)sM
A
TrT/sl lTrT/R
M
@ﬂ TrS/R

Next consider datum of the form
D=((x a) 5y, A), F, 2)

where f is amap in F., F is an object in Coza (Y) and x is a point on X. Associated
to D we define a punctual trace at x, obviously functorial in F,

Trs/pm : oM — M if Al(z) = A(f(z))

0 otherwise

(224) Trfm(}") = {

where, in the first case, R and S are the completions of the local rings at x and

y = f(x) respectively, ¢ : R — S is the natural map induced by f, and M is F(y).
We remind the reader that the condition A’(x) = A(f(z)) implies that z is closed
in the fiber of f over f(x)) (and when f is of pseudo-finite type, the conditions are
equivalent). Varying x, we get a map of graded Oy-modules

(2.2.5) Tep(F): fuf'F = F

given by

Tep(F) =Y g TrselF
zeX
More precisely, as we noted before, the source of Tr ¢(F) is f.Fgty f*F and the tar-
get is FgtyF where Fgt is the forgetful functor from complexes to graded modules.
If g : (W, A") = (X, A’) is a second map in F, then from (2.2.3) we see that
the following diagram commutes:

(2.2.6) (f9)«g' ftF

H Og,f

FeGxg ﬁfﬂj: Try,

f*Trgl

f*fﬂf TI‘f f

(f9)-(f9)*F




DUALITY FOR COUSIN COMPLEXES 147

We end this subsection by discussing Ir  when f: X — Y is a closed immersion.
By [LNS, §§ 8.2, Def. 8.3.1 and §§8.4], for F € Coza(Y) we have an isomorphism

(2.2.7) [ FPF =5 Hom$y(£.0x, F).
We then have

LEmMMA 2.2.8. Let f: (X, A") — (Y, A) be a closed immersion in F.. Let
e: Hom}y(f«Ox, F) = F be “evaluation at 17. Then T'r f(F) is the composite

£ F 20 doms (£.0x, F) 5 F.

In particular Trp(F) is a map of complezes.

Proo¥r. This follows from [LINS, §§8.2 (79)] and from the fact that the map
in [LNS, Thm.4.3.11(ii)] is the map (2.2.2) when ¢ is a surjective map. O

2.3. Relative projective space. The key step for proving the general Trace
Theorem is the Trace Theorem for relative projective spaces w : de — Y, after
which the proof in [Hrt, VII§2,pp. 369-373] applies mutatis mutandis.

Throughout this subsection Y is a fixed ordinary noetherian scheme. Let

T=my :P:=P) —Y

be the relative projective space of fiber dimension d over Y, i.e., w is the first
projection in the decomposition P =Y xzPZ. There is a well known isomorphism

(2.3.1) / ‘Rimw, =5 Oy

(cf. [EGA-III, 2.1.12] or [Hrt, p.152, Theorem 3.4]); the generating section o of
Ré7,w; corresponding to the standard section 1 of Oy described as follows. We
have P = Proj (Oy [Ty, ... ,Ty4]). Let U = (U;)L, be the open cover of P given by
U; ={T; #0}. On Uy N...N Uy we have inhomogeneous coordinates t; = T;/Tp,
i =1,...,d whence a section

_dtl/\.../\dtd

ar .
T ..ty

€ wﬂ—(U(], .. .,Ud).

We have an isomorphism
Rimuwr - HYmC*(U, wy))

and &7 has a natural image in the right side as a Cech cohomology class. Let o be
the corresponding element on the left side. The section o does not depend on the
choice of homogeneous coordinates Ty, ..., Ty of P (cf. [C, p.34, Lemma2.3.1]) and
is the sought after section.

It is well known (and easily verified from the description above) that [ is

compatible with arbitrary base changes Y’ — Y. If Y is affine, say Y = Spec(A4),
then define

/ c HYP, wy) — A.
P/Y

as the global section of | .
Since the global trace map Tr, is built out of punctual traces, we look into
these traces in somewhat greater detail now. Suppose ¢ : R — S is a smooth
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residually finite map of relative dimension d between complete local rings and M
is an object in Ry. From [LINS, Theorem4.3.1,1(i)] we have

(2.3.2) esM = HE (M @ ws/R)
and this isomorphism is functorial in M. This gives us a residue map

(2.3.3) ress/p ¢ Hyg (M ®@ws/p) = M

defined by the commutativity of

HYL (M @ ws/R)
W
(2.3.2) 2 M

ppM
where Trg g as is as in (2.2.1). If S is of the form
S =R[t,...,tap

where t1,...,t4 are independent variables over R, then Huang has explicit formulae

for resg; g (cf. [Hul, p.42,(7.1)] and [Hul, bottom of p.21]) based on an iterated
form of the Tate residue.

Recall again that in this subsection Y is a fixed noetherian ordinary scheme.

PROPOSITION 2.3.4. Suppose Y is an affine noetherian scheme, = a point on
P closed in the ﬁber of ® over y = w(x) and M a zero-dimensional Oy, ,—module.

Denote (’)yy, OX « and iy M by R, S and F respectively. Let W be the closure of =
in P. Then the diagram below—uwith unlabeled arrows the natural maps—commutes.

(1*F © wr) == Hy, (M @ ws/r)

mg

(7*F ® wy) M

l i

HYP, 7*F ® wy) <—=— M ® HI(P, w,)

PRrOOF. First we elaborate on the equality on the top of the left column in
the above diagram. Let Y’ = SpecR, y' € Y’ the closed point of V', V' & ¥,

P = P¢, 2, P the natural affine maps, 7': P’ — Y the natural projection and

F the common fiber 7’7" (y') = 7 1(y). Since the fiber F is shared by P and P’
therefore we have a point &' € P’ corresponding to & € P. Let § = #*F ® w, and
G'=9"G (= 7""(g*F) ® war). It is not hard to see that

HY (G') = HA(G).
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More generally we remind the reader that if ( B,n) is a local ring, N a B-module,
and (B, 1) tAhe completion gf (B, n) at n, then for every integer i we have Hj (N) =
H; (N) ®p B = Hy(N ©p B).?

Now, I.G" = G' and Hy(G') := H(I,G') ~ n'"i, (Hy,, (M) @we = 0fori >0,
since M is a zero dimensional R—module. One can therefore find an Oy —injective
resolution G’ — J such that I;J = J, i.e. an injective resolution (topologically)
supported on F' (by replacing any injective resolution J by J = I,d). Moreover, g'
being affine, g.J is a resolution of ¢'.G' = gLg'" (T*F @ w,) = ¢.¢'" (7* F) @ wz = G
(the last equality follows from the fact that M is a zero dimensional R-module,
whence F = g,.g*F giving g.¢'* (n*F) = #*F). Let z € P be such that 7(z) = y,
and let 2’ € ' be the point lying over ¢’ corresponding to z. Since the local rings
Op,. and Op . have the same completion for such pairs of points—i.e. the natural
map Op, — Op s transforms into an equality on completing—and since I;J =7,
therefore it is not hard to see that g¢.J consists of Oy—injectives. Thus ¢.J is an
injective resolution of G. We therefore have

H{y (G) = HY(Pwgld) = HY(L g1y 9)
=HYT,J)
— H1,(¢)
— ()
which explains the top of the left column.
Let resg/p s HiS(M ®wg/r) — M be the composite
HY (M ®@wg/p) = HY(r*F @ wy)
= H§ (" F@w,)
— HYP, 7" F @ wy)
=~ M@ HYP, w,)
— M

where the last arrow is 1 ® fP/Y. We have to show that resg/p = resg/g.

Since [ is compatible with the flat base change Spec( R) — Y, and so are
all other functorially defined arrows in the diagram, we assume without loss of
generality that ¥ = Spec(R). Assume—again without loss of generality—that z lies
in the open subscheme Uy = Spec(R[T /Ty, ..., Ta/To]) of P = Proj(R[To, - .., T4)).
We therefore have

S = R[Tl/To, e ,Td/T()]pA

for some maximal ideal p of the polynomial ring R[T:/Ty,...,T4/To] and [Hul,
p-42,(7.1)] applies. If the natural extension kr — kg is trivial then S is equal to
R[[t1,...,t4]] for some analytically independent variables t1,...,¢; over R and the
formula in loc.cit. reduces to

(2341) reSS/ m®dt1/\/\dtd:|_{m iqu:OéQ:---:Ozd:l

(a3 (0% .
RTINS i 0 otherwise

3In [LNS, §§4.2, (19)] we made an elaborate distinction between these modules, necessary,
to make sure that our book-keeping was correct when constructing the pseudofunctor —H.



150 PRAMATHANATH SASTRY

Suppose we are in this situation, i.e., kg = kg or equivalently S = R][[t1,...,t4]]-
Since the two maps, fﬂ and resg/ g, are compatible with change of homogeneous co-
ordinates Ty, ..., Ty (cf. [Hul, p.49,(7.7)] for the latter assertion), we may assume
without loss of generality that ¢; = T;/Ty for i =1,...,d. Let t = (ty,...,14), and
let Z — Up be the closed subscheme given by the vanishing of the ¢;’s. We define

resy : Hig(ws/p) — R
by the commutativity of

HY(P, wy) —=> His(ws/n)

T

HYP, wy) 7 R
193%

Lipman’s proof [Lpl, p.75,Prop.(8.5)] of his “Residue Theorem for Projective
Space” applies without change to our situation * and we conclude that

— t)dty A---AdE
(2.3.4.2) e8¢ [p( )t?ll_” o d] = Pas1...cca1

where the right-side is the coefficient of ti'“_l e tgd_l in the power series p(t). It
is straightforward to check that the diagram

HgS(M ®wS/R) %Hf}ns (M ®wS/R)

Tl lfé{SS/R,M

1®@rest

M @ H{s(ws/r) M

commutes. Whence, on comparing (2.3.4.1) with (2.3.4.2), we see that resg/p =
resg/ g in this case, i.e. when the natural extension kr — kg is trivial.

One can reduce to the above case by making a flat base change R — R’ with R’
a complete noetherian local ring satisfying mgR' = mg. In greater detail, suppose
ks = kglb1,...,6,]. We can find R’ as above such that for each i = 1,...,m, the
minimal polynomial of 8; over kg splits into a product of linear factors over kg/. Let
P' = R'®@gP and let the resulting projections be p : P’ — P and «’ : P’ — Spec(R').
Let {x1,...,2,} = p~'(z) and for i = 1,...,m let S} be the completion of Op ,.
If M' = R®gp M, then according to [Hul, p.47, Lemma (7.6)] we have

n

(2343) ZreSSQ/RQM’ OT =T, 0O resS/R’M
i=1

where 7 is the natural map

n
d d d
Hy (M @ ws/p) — R @ HE (M @ws/p) = P Ha, (M @wsy/r)

i=1

and 7, is the natural map

M — R @p M =M.
“In fact since (1 : 0 : --- : 0) are the “homogeneous coordinates” of the R—valued point

Spec(R) =% Z < P, only that part of the proof of loc.cit. which concerns itself with rational
points applies, i.e. the part that begins at the bottom of p.77.
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On the other hand, since fP /v is compatible with base change, clearly we have

(2.3.4.4) ZfevSS;/R',M' OT =T, 0TeSg/R M-

i=1
Since ks, = kg’, we have r’ééS;/R/ =resg;/p. Now 7, Is an injective map and hence
(2.3.4.3) and (2.3.4.4) give the Proposition. O

PROPOSITION 2.3.5. (Trace Theorem for Projective Space.) Let Y be in F and
F in Coza(Y) for some codimension function A on Y. Then the map of graded
Oy —-modules
T (F): men? F — F

is a map of complezes

PRrROOF. Our strategy is as follows. We will show that there is a complex
£ = &7 of quasi-coherent Oy -—modules associated with 7fF together with maps of
complexes (the second one an isomorphism)

a: ol F = &

and
B: €& = F®Rimw,
such that the diagram of graded Oy—modules

(2.3.5.1) Tl F ——— ¢

Trw(f)l lB

d
fo@R T ey

™

commutes. Since all arrows other than Tr . (F) are maps of complexes, this would
prove that Tr.(F) is a map of complexes.

The complex £ is best described as the E,; term of a spectral sequence associated
to a natural filtration of the complex 7. 7F. Recall from [LNS, §§10.2] (especially
the discussion following the proof of 10.2.4 in Ibid.) that we have a decreasing
filtration {FP},cz of subcomplexes of 7#F given by

F? = (03, F),

and recall that FP/FPT! = 7#(FP[—p]) [LNS, (93)]. F* induces a decreasing
filtration {®”},cz on m,m*F obtained by applying 7. to F*. Let {EP'?} be the
associated spectral sequence. Then & is the complex

_ 81’—1 P
o BP0 £, g0 T gt

where ¢ is the natural coboundary on the E; term of the spectral sequence {EP?}.

To say more (i.e. to define a and 5) we need to deconstruct the above definition
of £&. We view 7#F (resp. m,m*F) as a bigraded complex (not necessarily a double
complex!) whose p—th column is the complex FP/FP*! (resp. ®7/®Pt1). In greater
detail let

AP — (Fp/Fp+1 )p+q.
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Then, with A’ = 7fA, we have

AP? = @ iw(wﬁf)(w).
A(m(z))=p
A'(z)=p+q

In [LINS, §§10.1] the above sheaf is denoted £PT%P. One has the following decom-
position of Op—modules

(Wﬁ]:)n — @ AP+ FP — @Ar,q
pt+g=n r>p
as well as the associated decomposition of Oy -modules
(memb F)" = @ me AP PP = @F*Ar’q.
prq=n r>p

Note that the map
ok . AP Ap+k7qfk+1

induced by the coboundary map on F*? is such that 679* = 0 if k is negative,
i.e. there are no arrows with a westward component in the bigraded complex (cf.
[LNS, Lemma 10.2.3]).

APaQ+1

3ﬂq0T
ar a1

fﬂ%Q—————>_AP+1ﬂ

Ap+k7qfk+1

Recall that the Ey term of {E2?} has a simple description which in our case trans-
lates to having

EP = Hp(q)p/q)erl)
such that the coboundary map 9% is the connecting homomorphism associated to
the short exact sequence of complexes
(2.3.5.2) 0 — OPTL/QPT2 5 P /PPH2 — P /PP 5 ().

Note that ®P/®P+1 = 7, (FP/FPT!) is the complex whose (p + ¢)-th homo-
geneous piece is m..AP? and whose coboundary on (p + ¢)-cochains is 7,790,
The complex ®?/®P*+2 is a two column double complex?; its left column—the p-th
column—being

B8 = (P )
and its right column—the (p + 1)-th column—being
P+ @P+2 = gt (FPH [—p — 1)).

5Which means, for this proof, the grids anti-commute.
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0 0
AP0 — 2 Apt10

81),1,0T Tapﬂ,l,o

gp,—d+1,0 gr+1,—d+1,0

8P>*d+1>1
ﬂ-*APv—d"rl —>7T*AP+17—d+1

op —4d,0 gpt1,—d,0
p,—d,1
o Ap—d -2 7, APHLi—d
0 0
q)p/q)erl ¢p+1/q)p+2

Now APY = ( for ¢ > 0 and hence ®7/®P*! has no terms in degrees k > p.
Therefore we have a natural surjective map

(2.3.5.3) af = P (F): m AP0 = (@ /PTHP _, TP (P /PPTL) = £P.
For future reference we note that
(2.3.5.4) ar(F) = aP (FP[—p]).

The map o: m,wtF — £ at the graded level is defined in degree p by the composite

i H P
(ﬂ_*ﬂ_ﬁ}_)p projection m.Ap’O _1/1_> Ef,o s
We have to check that « is a map of complexes. Since 7% is zero for negative k,
we only need to check that 9% o a? = 970! o @P*!. Now, 8% is the connecting map
associated with (2.3.5.2), and therefore this is easy to verify (the diagram above
might help).

We next define the isomorphism §: & = F ®y R%r,w,. Let

E,(F):= Ean/ (7" F ® (wz[d])).
Consider the diagram of complexes

Ew(]:) ;]: 7711‘7:

k Y (F)

7 F @ (wrl[d])

where 7, (F) is the map in [LNS, §§10.1, (90)], L = L# the isomorphism of Cousin
complexes is [LINS, §§8.1] (see second paragraph of loc.cit.) and ~.(F) is the
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composite L o 1;(F). By definition of 7, the above diagram commutes. Some
notations become necessary at this point. To that end, for every pair of integers
p < q define

Fpq:=0>pF [0>4F,
Ap = 77*‘7:P7p+1 ® (Wﬂ[d]) =(rF® w”)[d —p],
Byi= 1" (Fppt2) ® (we[d]).

Note that 7¢F,, = FP/F? [LNS, §§10.2,(93)]. The map n,(F) is functorial in
F € Coza(Y) as is Lx. Therefore v, (F) is also functorial in F. We therefore have
a commutative diagram of complexes of Op-modules with exact rows

0—— Fp+1/Fp+2 - > Fp/pp+2 s Fp/Fp+1 — =0
7«(7p+1.p+2)T T%(fp,pﬂ) T%(fp,pﬂ)

0 Ap+ 1 B, -Ap 0

Denote the exact row on the top E; and the one at the bottom Ej. Now, by [LNS,
Prop. 10.1.6], 1, is a quasi-isomorphism and hence so is 7,. On applying Rz, to
the above diagram and identifying Rx.E; with 7, F; (for E; consists of flasque
complexes) we get a map (in fact an isomorphism) of triangles in Dgc(Y'):

P+l jPr2 — > PP /P2 — > P /PP Rmx PrHL /pr+2[]]

R?T*’YWTZ R?T*’VWTZ Rm%TZ Rm%Tz
I

Rr.App1 Rn.B,

where x: FP/FPT! — FP+1/FPT2(1] is the map in Dy (P) arising from the standard
triangle associated to the exact sequence E; and x: A, — Apy1[1] comes from a
similar process involving E,. We point out that the top triangle is the standard
triangle associated to the exact sequence (2.3.5.2).

As a map of graded Oy-modules § is defined in degree p as the composite

HP (R 7)™
—

&P = Hp(@p/@pﬂ) Rdﬂ*(ﬂ*y:p ® W)

— =  FP 9 Rm,w,.
We argue as follows to show that § is a map of complexes. First, it is easy to see
that
H?(Rm,x'): Rim, (FP @ wy) = R (FPT @ wy)

is the negative of the map induced by 7*0%®1: m*FP@w, — 7 FP @w,. On the
other hand HP (R, ) is the negative of the connecting map £P = HP(®?/dP+!) —
HP+HL(@rtl /@rt2) = £PF1 Tt is now clear from the definition of 92 that 3 is a
map—in fact an isomorphism—of complexes.

It remains to show that the diagram (2.3.5.1) commutes. To do so, it is enough
to assume that Y is affine and

F =14, I'yF
for some y € Y. The last assumption is equivalent to the assumption that

F=i,Fyl-p (p=421)).
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Let
M = F(y), G=1i,M
and let = be a point on P which is closed in the fiber of m over y. Let R be the

completion of Oy at y, S the completion of Op at z, and p: R — S the map
induced by 7. We have a map

alz) : (" F)(z) — T(P, EP)
defined as the composite

(ﬂ_ﬂj_—)(x) natural F(P, Ap’o) (2.3.5.3)

In view of Proposition 2.3.4, it is enough to prove that the dotted arrow in the
diagram

(P, £7).

()

(2.3.5.5) s M ——= ' F(z) (P, &P)

: lF(RB)
v
Hy (M @ wg/p) == HY(7*G ® wy) — HY(P, 70 @ wy)
can be filled by (2.3.2) to make it commute. To that end consider the (possibly

different) arrow u: @yM - HZ (M ® wg/g) described as follows. First we have
a composite of maps of complexes

Fmﬂﬁf -~ Rrwwﬁ]—' ﬁRFw(g[—p] ® (wr[d]))
Qp(vx)"t

=  RIL((G@wr)ld-p])
= RIn (M @ wg/r)[d - p).
The map u is defined as the p-th cohomology of this composite. In view of the

definitions of the maps @(z) and 3, it is clear that (2.3.5.5) commutes when the
dotted arrow is filled by u. Therefore we need to show that

u=(2.3.2).
To that end let
W't E(F) (@) < HE (M © weyp)

be defined in a manner completely analogous to the way u was defined; i.e., u' is
the p-th cohomology of the composite

FmEﬂ(f) - RFIEﬁ(]:) ﬁRFw(g[_p] ® (Wﬂ[d]))

= RI,(Gow)ld- 1)
- RIn, (M ®@wg/g)[d — pl).
Clearly, by definition of 7., v, and L we have
u =uo L(x).
Now according to the discussion in [LNS, Remark 10.1.10] we have
u' = (—1)°)(2.3.2) o L(z)

where e(z) = A'(x)A(y) + A'(z). Since z is closed in its fiber over y (so that
A'(z) = A(y)) it is clear that e(x) is even. It follows that u = (2.3.2). O
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2.4. The Trace Theorem. Now that we have the Trace Theorem for relative
projective space, the road to the general Trace Theorem is clear. We begin with
a lemma which helps us reduce the problem to proper maps between ordinary
schemes.

LeEMMA 2.4.1. Let f: (X, A") = (Y,A) be a pseudo-proper map in F. and let
F € Coza(Y). Let J € Ox be a coherent ideal contained in the mazimal defining
ideal of X. For each positive integer n, let v,: X, — X be the closed immersion
defined by " and let f,: X, = Y be the composite f, = fv,. Then Try(F) is a
map of complezxes if and only if Try, (F) is a map of complexes for every n.

Proor. Let C, = Hom%(v,.Ox,,, fiF). We regard C, as a subcomplex of
f*F. Note that f*F is the union (direct limit) of {C,}. If Try, (F) is a map of
complexes, by Lemma 2.2.8 and (2.2.6),

Trf(f)|cn : Cn - F

is a map of complexes. Taking direct limits over n we conclude that Tr;(F) is a
map of complexes. Conversely, if Tr ;(F) is a map of complexes, then (2.2.6) and
Lemma 2.2.8 give the result. O
THEOREM 2.4.2. Suppose f: (X, A" — (Y, A) is a pseudo-proper map in F,
and F is an object of Coza(Y).
(a) (Trace Theorem) The map
Tes(F): fuf'F = F

is a map of complexes which is functorial in F.
(b) (Transitivity of Traces) If g: (W, A"} — (X, A") is a second pseudo-
proper map then the following diagram commutes :

(Fo)«g' f*F o (f9)«(f9)*F

H g, f

feg.g" f*F Trrg
f*Trgl
f*fﬁf TI‘f f

PRroOF. Part (b) follows from (2.2.6). For Part (a), if J is a defining ideal of
X, then the maps f, of Lemma 2.4.1 are adic, and hence by Lemma 2.4.1 we are
reduced to the case where f is proper.

Next consider a defining ideal J of Y and set J:= JOx. By our assumption J
is a defining ideal for X. Let u,: Y, — Y be the closed subscheme of Y defined
by J" and v,: X,, — X the closed subscheme of J defined by J". Let h, be the
induced map from X,, to Y,,. If Try, (u,*F) is a map of complexes for each n, then
by Lemma 2.2.8 applied to u,, and by (2.2.6) we see that the Trace Theorem is true
for f, = fv, and hence by Lemma 2.4.1 it is true for f. Now h,, is a proper map
of ordinary schemes. Thus we are reduced to proving the Trace Theorem when f is
a proper map of ordinary schemes in F. Since we have proved the Trace Theorem
for relative projective space, the proof of [ Hrt, p.369, Theorem 2.1] applies mutatis
mutandis and we are done. d
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2.5. Traces and translations. Let f: (X, A") — (Y, A) be a pseudo-proper
F.-map, and F € Coza(Y). For each n € Z let f(™: (X, A’ —n) = (Y, A —n) be
the obvious map induced by f such that the map of schemes X — Y underlying f
and f( is the same. Let

T O F) = (FF)

be the isomorphism of complexes in [LINS, Prop. 8.5.1], defined at the graded level
by [Ibid., (85) and (86)]. Consider the diagram:

via (™)
£ A ial
T () (f[n])l lTrf(fM
Fln] Fln]

At the punctual level, the only points in X that come into play in the above diagram
are points x which are closed in their fiber, i.e. points x such that the transcendence
degree of k(z) over k(f(x)) is zero, whence, from the punctual description of 7"
in [LNS, (86)], it is evident that the diagram commutes.

If g: (W, A”) = (X, A") is a second map, then using [LNS, Prop.8.5.1 (ii)],
one obtains a similar compatibility between Theorem 2.4.2(b) and translations. We
leave the exact formulation of this to the reader.

3. The twisted inverse image pseudofunctor

In this section we summarize Nayak’s work on the pseudofunctor —' on G—laid
out in [Nay]—which extends the definition of —' given by Alonso, Jeremias and
Lipman in [AJL2] for pseudo-proper maps. Here are some heuristics to orient the
reader. Notionally “upper shriek” is to be thought of as a right adjoint to the (per-
haps non existent) derived “direct image with proper supports on torsion sheaves”.
This heuristic would dictate, for example, that we set f' equal to RI}.f* = [ RI
for an open immersion f : X — Y of noetherian formal schemes—for the corre-
sponding direct image with proper supports “is” the functor “extension by zero”.
Since the objects of G are noetherian formal schemes, Deligne’s definition of direct
image with proper support (see his appendix to [ Hrt]) does not apply principally
because we cannot guarantee that a coherent ideal sheaf J C Oy on an open sub-
scheme U of a noetherian formal scheme V extends to a coherent ideal sheaf J C Oy
on V. This is, incidentally, the reason why Verdier’s proof of the localness of —*
[V, p. 395, Corollary 1] does not apply mutatis mutandis to our situation ®. Nayak
establishes the localness result and pseudofunctoriality of —'. Here then is the
promised summary.

3.1. Factorizations. For f : X — Y in G, we wish to define f' : ]NDCJ{C(H) —
Dg;t(f)C). If f is pseudo-proper, f' is defined to be the functor ftx|]~)(;;(y), where
I is right adjoint to Rfi : Dget(X) — D(Y)—guaranteed to exist by [AJLZ2,
Theorem 2(a)] and [AJL2, Theorem 6.1(a)] (see also the beginning of 1.3 of Ibid as

6The proof given in [AJL2, Proposition 8.3.1] is incorrect. See however a partial resolution
to the localness question in [ AJL3].
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well as the notation before Theorem 7.4 in Ibid). If f is an open immersion, then
in light of the above discussion, we set
f'=RIf(=RfL).

If f is a general map in G, then f can be written as a composite of open im-
mersions and pseudo-proper maps (in any order), and the above gives us a clue
on how to proceed. The problems that need to be addressed are compatibilities
of different definitions corresponding to different factorizations of the same map.
Nayak’s Theorem 7.1.3 in [Nay] as well as the remark in 7.2.4 of Ibid answers this
in a very satisfactory way. Since the issues involved impact this paper we give a
quick thumbnail sketch of what is involved.

A sequence F = (f1,..., fn) of maps in G is called a factorization if fio...of,
is defined (the maps are composable) and an individual f; in the sequence is either
pseudo-proper or an open immersion. If f = f; o...0 f,, then F is called a
factorization of f. We often write |F| = f; o...0 f,. We define

F'=f, .. f.

It F=(f,...,fn) and G = (g1,...,9m) are factorizations such that f, o g; is
defined then we set

FxG:=(fi,... s [ns 915, 9m)-
Note that F * G is a factorization of |F|o |G| and that

(F+xG)' =G'F'.

In [Nay] Nayak proves that if Fy and F» are two factorizations of f, then there is
an isomorphism

H(F]_,F2) : Fz! = Fl!
satisfying the following properties.
(a) IJ/(FlyFl) = ].Fll.
(b) If F3 is a third factorization of f, then
/,L(F]_,Fz) O’J‘(FZaF3) = /'I’(F17F3)'
(c) If F is a factorization of f, Gy, Ga of g and H of h where g and h
are such that f o g o h is defined, then setting E; = F x G * H and
E; = F x Gy« H, the isomorphism p(FE;, Es) is induced by u(G1, G2),
ie.
(B, Ey) = H' (u(G1, Go) (FY)).
(d) It
V——=>X
gl /
u Y Y
is cartesian with f pseudo-proper and u an open immersion, then the
base change map 8 : v*f' = ¢'Lju* = g'u* of [AJL2, Theorem 7.4]
(note that w is adic) is given by
B = p(Fr, F2)
where Fy = (u, g) and Fy = (f,v).



DUALITY FOR COUSIN COMPLEXES 159

Now for each map f in G pick a distinguished factorization f of f—with the
understanding that if f is either an open immersion or pseudo-proper f = (f).
Nayak then defines f' as

f! — f!~
In fact Theorem7.1.3 and 7.2.4 of [Nay] show that —' is a pseudofunctor”, the
required isomorphism

Cio:f'g = (9f),
being (with h = gf)
Chyi=u(h,g*f).
For a factorization F' of f, we have a canonical isomorphism
Vg : F! e fI
given by v = p(f, F).
3.2. Flat base change. Suppose we have a cartesian square of noetherian

formal schemes
V——X
|
U—=9Y
with u flat. The flat base change theorem of Alonso, Jeremias and Lipman [ AJL2,

Theorem 7.4] states that if f is pseudo-proper there is a base change isomorphism
(between functors on DCTC(H))

B=B(fu): RIGv" f' =5 g'RIwu’.

Nayak extends [ to the case when f is a composite of compactifiable maps. In
greater detail, if f is an open immersion, let S(f,u) be the obvious isomorphism.
For a general morphism f in G, suppose F is a factorization of f. Then F induces,
via the base change map u, a factorization U xy F of g. Setting G = U xy F one
gets, by applying 8 successively to the maps in the sequence F', an isomorphism

B(F) : RIW'F' = G'RLu*.
This gives us an isomorphism
(3:2.1) B=B(f,u) : REv" ' = g RO
given by

B = (g, Uxy f)RLu™) o B(f).
Nayak shows that the map £ is “independent” of the chosen distinguished factor-

ization f of f in the following sense. If F' is any factorization of f and G = U xy F,
then the following diagram commutes (cf. [Nay, §2.3 and 7.2.3]):

(3.2.2) RIjv* F o RIv*f
e E
G'RI}u* o ¢RI

"More precisely a prepseudofunctor in the sense of 1.1(11). However if for each X € G we

set X' = D;rct(f)C) rather than D(;FC(DC), then —' is a pseudofunctor.
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3.3. Comparing pseudofunctors. The construction of —' on G is built on
its description on open immersions, pseudo-proper maps and the fact that it sat-
isfies a compatibility relationship for open base changes of pseudo-proper maps.
This allows one to compare a pseudofunctor on a subcategory of G with —' if we
have a comparison for pseudo-proper maps and for open immersions, and certain
compatibility relations. We give more details below.

Let G be a full subcategory of G such that if Y € G and f: X — Y is a map in
G, then f isamapin G (i.e. X € G). Note that all open subschemes and all closed
subschemes of Y are in G, and if g: W — Y is another map in G, then X xy W € G.
Note also that F* and F* NF” provide examples of G.

Let P be the class of pseudo-proper maps in G and F the class of open immer-
sions in G. Suppose we have another pseudofunctor —f% on G such that for each
object X in G we have a functor

Sy: XF — X'
and for each map f:X — Y in PUF a functorial map
vr: S ft — f' Sy
such that
(a) If f € F, v is an isomorphism.
(b) It X ER Y 2, 2 are a pair of maps such that either both f and g are in P

or both f and g are in F, then the following diagram commutes:
b

C
(3.3.1) Sxftg? ——"—= Sx(gf)"
f'Sygt Yof

Cra
(c) It
(3.3.2) v =%
b
U——7>1Y
is cartesian with v € F and f € P, then the following diagram commutes
(3.3.3) Svgtut ——> g' Syl
7x lz zl%
Sypuh £t g'u'Sy
Yo lz 2l<p!
v' Sy fH ! v f' Sy
viay

where (7 = (Ci’f)_lc';u and @' = (CL’f)_lC!

g,u-
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In [Nay, Theorem 7.2.5], Nayak proves

THEOREM 3.3.4. (Nayak) Under the above hypotheses on (=9, S, 7), the asso-
ciation f vy, f € PUF, can be extended uniquely to all morphisms

f:X—=>Y
in G in such a way that

(a) IfY 2 Z is a second map in G, then the diagram (3.3.1) commutes.

(b) The natural transformation vy is compatible with open immersions into
Y, i.e., whenever we have a cartesian square (3.3.2) withu € F and f any
map in G the diagram (3.3.3) commutes.

Note that the uniqueness assertion is clear. Indeed if F' = (f1,..., fn) is any
factorization of a map f: X — Y in G, and
Fi= 8 f,f

then we have a map
Y(F): SxF? — F'Sy
given by the composite (where we are suppressing the functors Sy etc.)
Fi=ff it — s A

1
fr-L'an_1

Fufnafo2® A
fﬁ"'fé’yfl f;lfi :F!7
and ¢ is characterized by the commutativity of

F
(3.3.5) sept — o prg

Sxft ——=—=f'Sy

where the downward arrows are the natural ones obtained from —8 and —'.

4. The comparison map

In this section we define the fundamental comparison map which serves as
the bridge between the pseudofunctors —* and —' (see Definition 4.1.4.1). This
comparison is easily defined when f is pseudo-proper, but has a more involved
definition for a general f in F}.

4.1. Pseudo-proper maps. Suppose f: (X,A') — (Y, A) is a pseudo-proper
map in F.. For F € Coz(Y), the trace map

Tey(F): fuf'F — F
gives, on applying @y, a map
Qy(Trs(F)) : REQx(f*F) = Qy(F)
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whence we have, by the universal property of ( f',7/), a unique map 7}(7—") :
Qxf*F — f'QyF such that QyTr;(F) = 7 Rf. (7}(.7—')) This map is functorial in
F giving a comparison map of functors

(4.1.1) 7y Qxff — fQy.

Note that the source of the functors (being compared by 'y}) is Coza(Y) and

the target is D, (X). We would like to extend the definition of fy} to the case where
f e Fr (ie. fisacomposite of pseudo-proper maps and open immersions in any
order). We will, from now on, often suppress the localization functors Qx, Qy etc..

We begin with two Lemmas. Let f be as above (i.e. pseudo-proper and in F.).
Let v : U — Y be an open immersion, V =UxyX, v : V = X and g : V — U the two
projections. We have—from the local nature of direct images— u*R f. = Rg.v".
The sheafified version of duality on formal schemes [ AJL2, Theorem 8.2] gives us
v f'F = g F and utry(F) = 7,(u*F) for F € ]5;2(‘3) We also have, by the

construction of fti and gﬁ, v"fﬁ = gﬁU*.

LEMMA 4.1.2. In the above situation the diagram

v*'y!f '
v fEF vt fF

g F —— gu* F
g

commutes for F € Coza(Y).

Proor. From the punctual nature of the definition of Tr y it is clear that Try
behaves well with respect to open immersions into Y, i.e. w*Tr;(F) = Tr,(u*F).
The Lemma is a simple consequence of this. (See also Proposition 4.2.2 where a
more general result is proved somewhat elaborately.) d

LemMA 4.1.3. Let (X, Aq) ER (Y, A) EN (Z, As) be a pair of pseudo-proper
maps in F.. Then the diagram

i
Cf~g

Qxflgt — Qx(gf)"
v}(g”)l
f'Qyg? Yof

f!(v!g)l
f'9'Qz e, (95)'Q=

commutes.

Proor. We will suppress the symbols Qx and @Qy. By the universal property
of ((gf)!, 74¢) it is enough to show

(4.1.3.1) Tor OR(gf)u(Ch ;o £1(75) 07 (%) = 75 o R(gf)u(vh 0 CF,)
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In what follows, we save on notation by writing f., g« and (gf). for Rf., Rg. and

R(g/)«.
Consider the following diagram

Tf

9:(ff))g" 94" 9+9' Qy
|:|2 D3
AP, #
9 (SN > 9.9 T, Qy
Oy ‘ O TTrgf La Tgf
TN = (9o
! ﬂ ’Y;J [ O}yg 1
(9f)«f'g (9f)f'g (9.)«(gf)
If we can show that Oy, Oy, O3, Oy, O and the outer rectangle commute then
(4.1.3.1) follows easily. Now Oi,...,04 and O clearly commute (O commutes by

the transitivity of the trace). It remains to show that the outer rectangle commutes.
To that end consider the diagram

g«(f fg* Tfl Ggf — g — = Qy
~ |
g fif'g —— g.g Tos
(@) f'g* — (9f)f'g ———— (9f).(9])"

The subdiagram on the left obviously commutes. The one on top commutes by the

functoriality of 'y; and 7. The remaining (L-shaped) subdiagram commutes by the

definition of 0}7 g d
We are now in a position to prove

THEOREM 4.1.4. There exists a unique family of natural transformations

(4.1.4.1) v Quft — f'Qy,
one for each morphism f: (X, A") — (Y, A) in FE such that
(a) If f is pseudo-proper 7} is given by (4.1.1).
(b) If f is an open immersion then ’y} is the identity transformation on f*.

(c) The map 7} is compatible with open immersions into Y, i.e. Lemma 4.1.2
holds with the weaker hypothesis that f € Fr.
(d) Lemma 4.1.3 holds under the weaker hypothesis that f and g are in F}.

PrOOF. Let the triple (G, {Sx}, {77}pur) in Subsection 3.3 be given by the
data (FF, {Qx}, {v;}pur). By Lemma 4.1.2 and Lemma 4.1.3 we see that Theo-
rem 3.3.4 applies to our situation. O
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REMARK 4.1.5. We remind the reader how the map q'f is computed in practice
for f: X — Y a general maps in F}. First, if f is an open immersion, then recall
that f* = f* and f! = f*|Coz(Y), and so we set 'y} equal to the identity map
T*lcoa(yy = f*|coa(y)- For general f € F we proceed as follows: if F'= (fi,..., fn)
is a factorization of f, we write F* = f,*... fi*. We define

¥ (F): F' — F'

as the composite

’7!
Fr=ft o pt I e

£y,

fulhoifns® o i

Faoef3y, : |
A = F

Then
vp: = f
is characterized by the commutativity of

Fﬂ%fﬁ

'r’(F)l l'ylf

F!%f!

REMARK 4.1.6. In view of the discussion in Subsection 2.5 it is clear that ”y}
is compatible with translations in an obvious way.

4.2. Etale base change. Suppose we have a cartesian square
(4.2.1) vV —>
L)
U——=Y

with u (and hence v) flat and adic. T F € DI, (Y) and G € D, (X), then

qct qct
RIu*F = w*RIJF = v*F and RIyv*G = v*I3G = v*G (see [AJL2, Corol-
lary 5.2.11(c)]). By (3.2.1) we have a base change isomorphism
REf = R,
and in light of the relations we have given (in our special case), this translates to a
functorial isomorphism

Br 0 f'F =5 g'u*F (F € D (Y))-

If f is pseudo-proper the map fBs is obtained (when, as we have assumed, u is
adic) in the following manner. By [AJL2, Proposition 7.2(b)] we have a functorial
isomorphism

bg : w'Rf.G = Rg,0"G (G € D(X))
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where the map g is adjoint to the composite
Rf.G - Rf.Rv,.0*G — Ru,Rg.v*G.

The map Bg is then defined via the universal property of ( ¢', 74) as the map adjoint
to the composite
-1

Ro.v* ['F —L5 v RS f'F 2w F.

The following proposition relates the above base change with a base change for
the pseudofunctor —* in a special situation. We treat the isomorphisms in [ LNS,
Prop. 10.3.6, (94),(95)] as equalities.

PROPOSITION 4.2.2. Suppose f: (X,A") = (Y,A) is a map in F, and v : U —
Y is an étale adic map such that for ¢ € U the natural map @’3771(11) — @u,q s an
isomorphism (equivalently, the residue fields at u(q) and q are isomorphic via the
natural map between them). Consider the cartesian square (4.2.1) above. Then for

F € Coz(Y) the following diagram commutes

v*v}

v fIF —> ot f'F

| o
i fiF gu*F
=

gt F —— gt F
g

where f' VEfEF = gt AT s the functorial isomorphism arising from the pseud-
ofunctorial nature of —*, and the equalities are the identifications given in [LNS,
Prop. 10.3.6, (94),(95)].

PRrOOF. The proposition is trivially true if f is an open immersion, for, in this
case, 'y} : f*— f* and fy!g : g% — g* are the identity maps.

Suppose the proposition is true when f is pseudo-proper. We claim that then
it is true for f a composite of pseudo-proper and open maps. To see this, fix f in

Fr. Suppose F = (f1,..., fn) is a factorization of f. Recall that we require each
fi to be either pseudo-proper or an open immersion. The map » : U — V induces,
via base change, a factorization G = (¢1,... ,gn) of g—the factorization U xy F'
in Section 3—such that with v = vg, v =v,, U=V, V=V,,,Y=Xgand X =X,
we have, for £ =1,... ,n a cartesian square

Vi —2 > X

— >
Vi1 5= Xi—1

It is easy to check that each wvg, £k = 0,... ,n satisfies the same hypotheses that u
satisfies, viz. vy is étale, adic and Ov, , — Ox; 4, (p) is an isomorphism for every
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p € Vg. Since the proposition is true with f = fi, therefore the diagram
(4.2.2.1) v —— o F!
B’(F)lN NlB(F)

Glur — G'u*
commutes, where the two horizontal arrows are v*~'(F) and v'(G)u*, the map
B(F) : v*F* = ! F* = G*u! = G*u* is the isomorphism that arises from the
pseudofunctoriality of — (indeed vp!fi' =5 gilvg_1?) and B(F) : v* F' = G'u~
is the natural isomorphism arising from the various base change isomorphisms
vZf,'c e 92”271 (the obvious one if f; is an open immersion, and the map f in
[AJL2, Theorem 7.4] when f, is pseudo-proper). Consider the diagram (with the

inner square being (4.2.2.1) and the slanted arrows being the natural isomorphisms
arising from the pseudofunctorial nature of —* and —')

If we show that each of the subdiagrams Oy, ...,y commutes, then, as the inner
square (i.e. (4.2.2.1)) commutes, the outer square will commute and the proposition
will follow.

The subdiagram [; commutes by the pseudo functoriality of —* (recall that
u*|Coz(Y) = u* and v*|Coz(X) = v*). The subdiagrams O, and Oy commute by
the definitions of 7} and ')/;. Subdiagram O3 commutes by (3.2.2).

It remains to prove the proposition when f is pseudo-proper. By the universal
property of (g',7,) it is enough to show

(4.2.2.2) 7y (u* F) o Ry (7, (u* F) 0 B%) = 7, (u*F) 0 Ry (B 0 v* 7} (F)).

Part, of the proof (commutativity of (4.2.2.3) below) rests on the fact that at the
punctual level the punctual trace Tr, ./ at a point «’ € V equals the punctual trace
Try ,(2y- We elaborate below.

Let 2 € X and G = i, f*F(x). We will examine the map 6 under the identifica-
tions Rg.v*G = g,v*G and v*R f,.G = v* f.G (note that v*G = v1G is also flasque).
It can be checked that 6g : u* f,G — ¢.v*G is adjoint to f.G — f.v.v*G = u.g.v*G.

Let y = f(x), A = @yvy, R = @X,wa M = F(y) and ¢ : A — R the map
induced by f. Let —4 be the pseudofunctor on zero-dimensional modules over
local rings constructed by Huang in [Hul]. Then (f*F)(z) = pxM. If v=1(z) is
empty (so that u~!(y) is also empty) then u*f.G and g,v*G are both zero and fg
is the obvious map. The interesting case is when we have p € V such that z = v(p).
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Let ¢ = g(p). Using our hypothesis on v : U — Y we make the identifications
@UJI = A and @vvp = R (since the isomorphisms underlying these are canonical).
With these identifications, the map @u,q — 6V,p induced by g is again ¢ : A — R.

Suppose v~ (z) = {p1,.-. ,pn}- Set ¢; = g(p;) fori =1,... ,n. Then u=t(y) =
{g1,--. ,qn}. We have fiizpuM = iypuM, guip ouM = ig 0uM, viip, oM =
lepp M, usig ouM = iyppaM, vigoaM = ®Dpiy exM and finally v iypuM =
@Brig, pxM. Thus in every case (whether v—1(z) is empty or not) we have

v*f.G = g u*G.

It is now easy to see that 6g : v*f.G — g.u*G is the identity map. Indeed, the
only interesting case is when v~!(x) is non-empty, and in this case, with previous
notations, the map

f*g — f*U*U*g = U*Q*U*g

is the diagonal map i, M — Opi,pxM. This proves the assertion on 6.

Now suppose p,x,q,y satisfy £ = v(p), y = f(z) and ¢ = g(p). The R-
modules (f*F)(x), (v f#F)(p) and (g*u*)F(p) are all equal to M and the natural
isomorphism B'%(p) : (v f*F)(p) == (g*u*F)(p) is the identity map on M. If
x is closed in the fiber f~!(y) (equivalently p is closed in the fiber g~!(g)) then,
from the definitions of Tr¢, and Tr,, we have

Tryo(F) = Try p(u*F) = Trpyan : opM — M.
The above assertions imply that the diagram

(4.2.2.3) u* fo f1F — = guv* fAF

- ’

u*Trf g*vﬂfﬂf

J{g*ﬁlf

wF = ubF < — gug'ulF
Lg

cominutes.
Consider the following diagram:

F' ey

\FG
b
/-

E' H'

e
0

u Ty

-

/
N
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where
E=u'F =u'F
F=u*f.f'F =u*Rf.f'F
G = gv* f'F = g f*F = Rguv* fF
H = g.g"'F = Rg.g"!F
E =uF=uF=E
F'=uw'Rf.['F
G'=Rg.o*f'F
H' =Rg.g'u*F = Rg.g'u*F.

The inner square is (4.2.2.3). The arrows pointing northeast and northwest arise
from 7} (f*F) while the southeast pointing arrow is from ’y; (u*F). The inner square,
being (4.2.2.3), commutes. The outer square commutes by the definition of B (see
[AJL2, Definition 7.3]). Now consider the four trapezoids squeezed between the two
squares. The top-most trapezoid commutes by the functoriality of 6. The one’s on
the left and the bottom commute by the definition of 7} and 7;. This does not
allow us (a priori) to conclude that the trapezoid on the right commutes—and we
are not interested in showing this—but it does allow us to conclude that (4.2.2.2)
holds (since the arrows labeled € can be reversed), which is what we wished to show.
For completeness we point out (after the fact) that hence the remaining trapezoid
also commutes. O

REMARK 4.2.3. We have not stated Proposition 4.2.2 in its full generality;
only as much as we need for the main conclusions of this paper. The assumption
that the residue field of a point ¢ € V coincides with the residue field at u(g) can
be relaxed, but this would involve proving a base change for the punctual trace
Try, for x € X closed in f~'(f(z)) and we lead us away from what we have set
out to prove. One can also relax the assumption that u is adic. In that case the
conclusion would be that I3(v*7}(F)) is equivalent to v, (u*F). In greater detail,
if the only assumption on u is that it is étale, and Bz : RIgv* f'F — ¢'RIju*F
is the base change map in [AJL2, Theorem 7.4], then, making the identifications
v*G = RIGv*G (G € Coz(X)) and u'F = RL}u*F, one can prove that

Br o RIGU™ Y (F) = 7, (u'F) o .
We leave the details (modulo the assertion on the behavior of the punctual trace)

to the reader. We will have no occasion to use the more general assertion made in
this remark.

5. Smooth maps

In this section we prove that 7} : Qxf* = f'Qy is an isomorphism when
f:X — Y is a smooth pseudo-finite type map. The proof we give can be broken
into two parts: we show if there is any functorial isomorphism (s : Qx f* == f'Qy
(one for each smooth f) then fy} is also an isomorphism (this is essentially done
in subsection 5.2); and we also show (essentially in Theorem 5.1.2) that there is
indeed such an isomorphism (f. Indeed, in this paper, that is the only role played
by Theorem 5.1.2—it provides a (s as the inverse of &; (see (5.1.3.2)). We do not, in
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this paper, examine the relationship between the (; we produce (through Verdier’s
classic trick) and ”y} (are they equal?). The principal difficulty in investigating this
is our lack of knowledge of the composite

RfRGwsd] = Rf.f'F L Oy,

—the isomorphism coming from Theorem 5.1.2—for f pseudo-proper smooth of
relative dimension d. Here and below wy is as in [LINS, Definition 2.6.4].

5.1. Verdier’s isomorphism. We will be modifying Verdier’s argument in
[V, Theorem 3,p.397] to formal schemes to connect differential forms to duality.
We begin with the formal scheme version of the fundamental local isomorphism
[Hrt, p.180, Corollary IT1.7.3].

LEMMA 5.1.1. Let f : X — Y be a closed immersion of noetherian formal
schemes, and J C Oy the coherent ideal which is the kernel of the natural surjective
map Ox — f.Oy. Suppose J is locally generated by a reqular sequence of d elements
so that 3/3° can be regarded as a locally free Ox—module of rank d. Then for
F e ﬁ(;(y) we have a functorial isomorphism

FF = BULF) ©x A6, (3/3°)*[~d).
PRroOOF. The natural map f!RFg' — f' is an isomorphism by [AJL2, Corol-

lary 6.1.5 (b)]. Using this and [AJL2, Example6.1.3(4)] we conclude that for
F e ]NDCTC(H), we have a functorial isomorphism
F'F = PRHomy(f.Ox, RIJF).
The rest of the proof is as as in [ Hrt, p.180, Corollary I11.7.3] using “way-out”. Note
that since f is adic we have Lf*RIj = RIYLf* (cf. [AJL2, Corollary 5.2.11(c)]).
For the next result, recall that G is the category whose objects are noetheriar?

formal schemes and whose morphisms are composites of pseudo-proper maps and
open immersions.

THEOREM 5.1.2. Suppose a morphism f : X — Y in G is smooth of relative
dimension d. For F € D(;(H) we have a functorial isomorphism

(5.1.2.1) RI}(f*F @x wyld]) = f'F.

PROOF. Let X? = X xy X, p1,p2 : X2 = X the two projections and & : X < X2
the diagonal (cf. commutative diagram below).

X2 > X

/ lpl lf

X=X —F>1
Note that ¢ is adic and is a closed immersion. If J5 C Oy is the ideal of the
closed immersion 4 then Jy is locally given by a regular sequence, and one checks,
as follows, that /\flgx (J5/33) = wy. First, by [LNS, Prop.2.6.8] applied to the
composite

xS 2 Py
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we see that 6*@1131 = J5/d3. Next, by applying [LNS, Prop.2.6.6] to the prod-
uct (X2, p1, pa), we see that Q%C/y can be identified with J5/d%, whence wy =

Ay, (35/33). The above results on differentials are probably true in greater gen-
erality (as they are for ordinary schemes), and can presumably be proven via the
techniques in [EGA-IV, p.126].

Consider the commutative diagram above (with 1 = 1y, the identity map).
According to [AJL2, Theorem 3] (see also [AJL2, Theorem 7.4]) we have

PLF'F = RELp; 7.
Since f is not assumed to be pseudo-proper, we have implicitly used the localization
theorems for —' proved by S. Nayak [Nay] (See also (3.2.1)). Applying &' to both
sides of the above isomorphism we get, using §'p} ~ 1' = RIY,
RIf*F =5 §'RILpsf'F
=5 (RIFLO*p3 f'F) ©x wi[—d)
(the second isomorphism is via the Lemma). This means we have
RI(f*F@wld]) = RIZLS psf'F
= RIGF'F=fF  (since f'F € Dyt (X)).
O

REMARK 5.1.3. Let (X, A') ER (Y, A) be a smooth map in FF. Assume that
the relative dimension is constant, and is d. By [LNS, Lemma5.1.3] and [LNS,
Main Theorem (iii)] for F € Coza(Y) we have an isomorphism

(5.1.3.1) I(f*F ©x wild)] = Quf*F
and hence a functorial isomorphism
(5.1.3.2) §(F): f'F =5 Quf*F

given by & = (5.1.3.1) o (5.1.2.1)~'. This gives a unique map (functorial in F €
Coza(Y)) in Coza/ (X)

(5.1.3.3) MN(F): f1F — fiF

such that Qx(\f) = & o7} It is elementary to see that ~;(F) is an isomorphism if
and only if Ay(F) is an isomorphism. Note that Ay is defined even when the relative
dimension is not constant (by defining it separately on each connected component),

and in this case also A¢(F) is an isomorphism if and only if 7}(5’:) is. In this paper
we do not attempt to nail down Ay. This question is, at the bottom, the same as the
question of the relationship between ¢; and ”y} discussed briefly at the beginning
of this section.

5.2. Smooth pseudo-finite maps. Suppose f : (X, A') = (Y, A) is a map
in [F which is smooth and pseudo-finite. In this situation we note that f.F is
in Coz(Y) for every F € Coz(X). Moreover, in addition to the trace map Tr :
foft = 1 between functors on Coz(Y) we have another trace map (arising from
Grothendieck duality)

Tep: fuff =1
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defined as follows. We have the map

Qy(f ' F) = REQx(FF) o RESF 255 7 = Qu(r).

Since f,f*F and F lie in Coza(Y), we define Tr}(F) as the unique map of Cousin
complexes satisfying 7;(F) = Qy(Tr}(F)). It is easy to check that Tr7} is functorial
in F € Coz(Y). The two traces are clearly related via the equation

(5.2.1) Tr} o fudy = Try.
This new trace Tr;‘c has the expected universal property, viz.:

LEMMA 5.2.2. For f as above and F a Cousin complex on (Y, A) the pair
(f*F, Tr}(F)) represents the functor F(G) = Homa(f.G, F) of Cousin complezes
G on (X, A").

PROOF. Suppose we have a map of complexes ¢ : f,G — F. By the universal
property of (f', 7¢) we get a unique map in ¢' : G — f#(F) in DJ(X) such that
TriRfup’ = ¢. Since G and f*F are in Coz(X) therefore (' has a unique repre-
sentative (which we also denote ') in Coz(X). Since f.G, f.f*F and F are all
in Coza(Y), by Suominen’s results in [Su], the relationship between R f,p' and ¢
translates to an equality (in Coz(Y)) Tr} f.p' = ¢. This proves the Lemma. O

EXAMPLES 5.2.3. We give a few examples of f smooth and pseudo-finite for
which Xy is an isomorphism. These are more or less an immediate consequence of
Lemma 5.2.2. The idea is to show that ( f*F, Trs(F)) represents the functor F in
the Lemma. Note that if we show this for f and F as above we would indeed have
proved (via (5.2.1)) that Ay(F) (and hence 7}(7—")) is an isomorphism.

(1) Let (X, A) € F, with J € Ox a coherent ideal containing an ideal of
definition of X. Denote by X* the completion of X with respect to J and by « :
X* — X the resulting map. The map & is pseudo-finite and smooth of relative
dimension zero (i.e. & is étale and pseudo-proper). For F € Coz(X) and G €
Coz(X*) one checks via [LINS, Lemma 10.3.8(i)], [Ibid., Prop. 10.3.9] and especially
[Ibid., Remark, 10.3.10] that RI;F = I F, &*F = k*[}F, k.c*F = IJF and
k*k«G = G (see [AJL2, Proposition 5.2.8] for the last relation). Needless to say,
we are using equality signs for many well-known canonical isomorphisms.

The Trace map Tr(F) : k.&*F — F is the natural map IF — F. Let F be
the functor

F = Homa (k«—, F)

on Coz,:a(X*). If G € Coz(X*), then I3k.G = k.G and any map k.G Y Fin
Coz(X) must factor (uniquely) as

(5.2.3.1) PR o N

Now £*(¢') is a map from G to ™[ F = k' F and k.k*(¢') = 1" Thus ¢ = K* (')
solves Tr (F)r.p = 1, and this is the only solution. Indeed for any solution ¢ we
have k.o = 9’ by the uniqueness of the factorization (5.2.3.1) above, and hence
© = K" k() = K*(1"). We have therefore proven that ( &*F, Tr.(F)) represents F
and hence that A, and ., are isomorphisms.

If X = Spf(R), J C R the open ideal corresponding to J, F = T'(X, F),
R* the J-adic completion of R, then T'(X*, k!F) = [';F, ktF = T;F~% and
kaktF =Ty F~E. The map Tr, corresponds to the inclusion I' ;jF C F.
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(2) Let (R, m, k) be a complete noetherian local ring, X = Spf(R,m) and z € X

the unique point in X. Suppose that (Y, A) is an object in F, and that f: X — Y
a smooth pseudo-proper map of relative dimension d. Note that f is pseudo-finite.
Let y = f(z) and A(y) = p so that f*A(z) = p. Note that y is a closed point of Y.
Set A = Oy, and wr = I'(X, wy). For F € Coza(Y) we may—via (2.3.2)—make
the identification

fﬁ}- = iz (HZ1(‘7_-(y) @ WR)) [_p]'
If

resp/A : Hfi(}'(y) ®@wr) = F(y)
is the residue map (2.3.3) then the trace map Tr ;(F) : f, f*F — F is the composite

viaresp/a . natural

iy (HL(F(y) ® wr)) [-p] iy F(y)[—p] 222y 7

We want to show that (f*F, Tr;(F)) represents the functor F in Lemma 5.2.2.
Without loss of generality we assume that p = 0. By (2.2.2) (f*F,iyresg/a)
represents the functor Hom a(f.—, F(y)®) on Cozia(X). It follows easily that
(f*F, Try(F)) represents the functor

F = Homa (fs—, F)

on Cozgia (X). Thus this is another instance where Ay, and hence 'y} is an isomor-
phism.

The following lemma, based on the above examples, is very useful in establishing
that 7} is an isomorphism for smooth f.

LEMMA 5.2.4. Let (X, A) be an object of F., © € X a closed point, R the
completion of Ox , at its mazimal ideal, and

k: X*:=Spf(R, mp) — X

the resulting pseudo-finite étale map. For a map a: F — G in Coza (X) the follow-
ing are equivalent

(a) k' (Qx(a)) is an isomorphism;

(b) a(z): F(z) = G(x) is an isomorphism.

Proor. Without loss of generality, we may assume that A(x) = 0. Note that
& is a special case of (1) and (2) in 5.2.3 and hence we have isomorphisms

Ko Qx = iy [()(2)]

(and Tr,(F) may be identified with the inclusion i,F(x) — F for F € Coz(X)).
The Lemma follows. O

5.3. The isomorphism theorem for smooth maps. Let (4, m) be a local
ring and assume A is complete with respect to an ideal I (not necessarily m-primary)
of A. Let Y = Spf(A,T), y €Y the unique closed point, A a codimension function
on Y, and p = A(y). Assume Y € F. Let K be an A-module which is an injective
hull of the residue field of A, and consider the Oy-module K~* € Aqet(Y). Set
F = K~4[—p|. Note that F € Coz(Y).

LeEMMA 5.3.1. In the above situation, if f: (X, A") = (Y, A) is a smooth map
in FF, then Ap(F) is an isomorphism.
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Proor. Without loss of generality we may assume that p = A(y) = 0. To
reduce notational clutter we write R = f*F and A = A\;(F). Since the question
is local on X we assume X = Spf(R, J). Note that if §' is the coherent Ox ideal
corresponding to the open ideal mR + .J of (R, J) then I},R =R and therefore

(5.3.1.1) ) = A

We first prove the Lemma under the assumption that I is m-primary, i.e. (4, m)
is a complete local ring and Y = Spf(A4, m).

Now F is a residual complex on Y (cf. [LNS, §§9.1]). By [LNS, Proposi-
tion 9.1.4] we conclude that R is a residual complex on X.

We have a natural isomorphism of R-modules (from the definition of ¢-dualizing
complexes, and from the nature of maps between Cousin complexes)

R = Homa/(R, R) =: [R, R]

given by 7 — u,, p,= multiplication by r. In particular A = Ay(F) corresponds to
a unique element r; in R. We have to show that r; is a unit in R (this is equivalent
to showing that A is an isomorphism). This is the same as showing that the image
of ry in En is a unit for every maximal ideal n of R (En = completion of R at
n). Pick such an n; it corresponds to a closed point = of X. With [R(z), R(z)]:=

Hompg(R(z), R(x)), we have a commutative diagram
R—[R, R]

.

o~

R, — [R(x), R()]

where the left column is the usual completion map and the right column is the result
of applying the functor (-)(z) on morphisms in Coz(X). The horizontal arrow at
the bottom is # — ps, where pp is multiplication by 7. (Note that R(z) is an Rn
module being the injective hull of the residue field of R,.) This bottom arrow is an
isomorphism by Matlis duality. Thus the image of r¢ in R, is a unit if and ounly if
Az) : R(z) — R(x) is an isomorphism.

Let X* =X} = Spf(R,) (cf. Subsection 2.1) and & : X* — X the natural map.
By Theorem 4.1.4 (d) we have a commutative diagram

KR —> (fr)'F

KR Ttk

N!(v})l

K f'F—>(fr)'F

According to 5.2.3(2), 7}& and ~% are isomorphisms. Therefore &' ('y})—or, equiv-
alently &'(Qx\)—is an isomorphism. By Lemma 5.2.4, this means A(z) is an iso-
morphism. Thus we are done if Y = Spf(A4, m). (See also [S, p.124, Lemma 3]).
Suppose [ is not m-primary. Let A be the m-adic completion of A, S the mR+.J-
adic completion of R and set U:= Spf(zzl\, mg), V.= Spf(S,mS+JS). Letu:U— Y,
v:V =X, g:V— U be the natural maps. Note that V=U xy X and v, ¢ are the
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two projections. The two maps u and v both satisfy the hypothesis on the map x
in 5.2.3 (1). Hence 7}, and 4} are isomorphisms. Now u*F = K~4, and therefore
(by what we proved for the case where I is m-primary) v, (u*F) is an isomorphism.
Using Theorem 4.1.4(d) we see that ’71!Lg (F) is an isomorphism (since ~}, and 7; (utF)
are isomorphisms). In other words fy}y(}" ) is an isomorphism. This coupled with
the fact that 71!} is an isomorphism gives (via another application of loc.cit.) that
v' (74 (F)) is an isomorphism. Since Qx(A) = &0} (see (5.1.3.3)), this implies that
Ve 1075
v'Qx(A) is an isomorphism. Now +;, is an isomorphism—by 5.2.3 (1)— and hence
Qvv*(\) is an isomorphism. In other words v*(\) is an isomorphism in Coz(V).
Now, on Coz(X) we have the identity of functors v,v* = Ij,. Therefore using
(5.3.1.1) we get A = I},(A) = v,o?(A) (the last via [LNS, 10.3.8(i),10.3.9, 10.3.10])
proving that A is an isomorphism. O

THEOREM 5.3.2. Let f: (X, A") = (Y, A) be a smooth map in FF. Then the
functorial maps 7} :Qxff = f'Qy and Xp 1 f* — f* are isomorphisms.

Proor. It isenough to show that Af is an isomorphism. The question is clearly
local on X and by Theorem 4.1.4(c) it is local on Y too. So without loss of generality
we assume that X = Spf(R, J) and Y = Spf(A,I) with J = J~F and J = I~ being
the corresponding coherent ideal sheaves on X and Y respectively.

We reduce to the case where the Krull dimension of Y is finite. To that end,
let y € Y be a point, A* the J,-adic completion of Oy,, U = Spf(A*,TA*) and
u : U — Y the resulting adic étale map. Consider the cartesian square (4.2.1). To
emphasize the role of y, write v, = v and g, = g. Now 'y} is an isomorphism if
and only if ’U;(’y'f) is an isomorphism for every y € Y. By Proposition 4.2.2 this is
true if %!;y is an isomorphism for every y € Y. Since U has finite Krull dimension,
the theorem is true if it is true for bases Y of finite Krull dimension and we restrict
ourselves to this case for the rest of the proof.

Since Y is finite dimensional, all Cousin complexes on Y are bounded. For
F € Coz(Y) and n € Z we let F™ denote the degree n component of F. For
F # 0 let a(F) = max{n|F" # 0} — min{n|F" # 0} + 1. Note that for F # 0,
a(F) < co. The theorem is clearly true for F = 0. We prove the result for non-zero
F by induction on a(F). So suppose the theorem is true for G € Coz(Y) such that
1 < a(G) < I. Suppose a(F) =1. Let p = min{n|F™ # 0}. We have a short exact
sequence of Cousin complexes on (Y, A)

0—G—F — FP[-p] —0
where F — FP[—p] is the natural projection. By [LNS, Lemma 10.2.4]
0 — f'G — F*F — fY(FP[-p]) — 0

is exact. Now a(FP[—p]) =1 <! and a(G) <1 —1 and and hence by our induc-
tion hypothesis A¢(G) and Ay(FP[—p]) are isomorphisms. Since A is functorial, it
follows that A;(F) is an isomorphism.

It remains to prove the theorem when a(F) = 1. In this case F = H[—p] where
H = ©a(y)=piy My where M, is a zero dimensional Oy ,—module. So, without loss
of generality, we assume that F = i, M,[q] (M, a zero dimensional Oy ,—module)
for some point y € Y with A(y) = —¢g. We again set U = Spf(A*,IA*) where
A* is the completion of Oy, with respect to the ideal J,. Let V, u, v be as
in (4.2.1). Since F is concentrated at y, therefore, by the construction of f!F,
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we have f!F(x) = 0 for every x not in f~'(y). This means that f*F(z) is an
@yyfmodule for every « € X. It follows that f'F = v,v*f!F. Since v is adic
we have v* f*F = v* f1F, and hence f*F = v, 0! f*F and A\ (F) = v.of (A (F)).
According to Proposition 4.2.2, v*v}(]—') is an isomorphism if and only if vé(uﬁ]:)
is an isomorphism, i.e. v¥(A;(F)) is an isomorphism if and only if A\ (u*F) is an
isomorphism. Since Ay (F) = v, (As(F)), it is enough to show that A, (ufF) is an
isomorphism.

Thus we are reduced to the case A is a local ring (so that Y has only one
closed point y) and F is concentrated at y, i.e. F =i,M|q], M a zero dimensional
A-module. Let m be the maximal ideal of A. We can find an exact sequence

0— M — E°— E'
where E° and E' are injective A-modules with ['nE* = E’ for i = 0,1. Let
G = (E")~4]q], i = 0,1. Note that each G’ is an object of Coza(Y). Since f*
is an exact functor (see [LNS, Lemma10.2.4]) and Ay is functorial, we have a
commutative diagram with exact rows

0 i Fig° ftg!
Afl Afl Afl
0 ia F1g° figt
Now each E, being injective and zero-dimensional, is of the form @K, where K

is an injective hull of the residue field. By Lemma 5.3.1, A\;(G°) and A;(G') are
isomorphisms. Hence Af(F) is also an isomorphism. O

6. The Cousin of the comparison map

In the last section we showed that if f: X — X is smooth and is a composite of
compactifiable maps then f* is a concrete model for f'|CM(X). For non-smooth f
simple counter-examples exist showing that f* cannot model f'|CM(X) in general.
Indeed, let Y = SpecR where R is a discrete valuation ring with residue field &, and
let f:X:= Speck — Y be the natural closed immersion. Then f'k~% ~ k@ k[-1].
Now k™7 € CM(Y, A) where A is the codimension function on Y which is 0 on the
closed point. But k @ k[—1] is not Cohen-Macaulay with respect to f*A = 0. Note
however that E:(a)(k @ k[—1]) >~ k ~ f*(k™~®). It is worth asking—for a general
map f : (X, A) — (Y,A) in F*—if f* is isomorphic to Ea/(f'Qx). One of the
principal results of this paper is that this is so (see Theorem 6.3.1).

6.1. Definitions and notations. Let (X,A’) — (Y, A) be a map in F. De-
fine a functor f¥ : Coza(Y) — Coza:(X) by setting

(6.1.1) f¥:=Ea(f'Qy)

The functors f* and f¥ can be compared via the map Ea/(7}). More precisely
we have a functorial map

(6.1.2) P ft o P
defined by the composite

Al (V) )
£ = BaQuft =2 B (£0y) = 1.
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We will show that 7}5 is a functorial isomorphism. We have seen this is true when
f is smooth (cf. Theorem 5.3.2). Locally f can be factored as a closed immersion
followed by a smooth map. We therefore turn our attention to closed immersions.

6.2. Closed immersions. Suppose f : (X, A’) = (Y, A) is a closed immer-
sion in F. and suppose F € Coza(Y). Recall from [AJL2, Example6.1.3(4)] that
we have an isomorphism

FRHomy(f.Ox, F) = f'F
induced by the universal property of ( f', 74) and the map
f*f*RHomQ (f*ODC; f) — ]3’7_[0,”7/;ﬂ (f*ODC; _;E‘) evaluation at 1 T
Recall also from [LNS] that we have an isomorphism of Cousin complexes

FHomy(f.Ox, F) = fIF

such that
Fe P Hom$ (f.Ox, F) == FuftF
| |
Homsy(f.0x, F) — F
commutes where e is “evaluation at 1”. Let
(6.2.1) QyHomy(f.Ox, F) — RHomy(f.Ox, F)

be the obvious map obtained by applying Homy (f+Ox, —) to an Aqci(¥)-injective
resolution F — J of F. Clearly the diagram

(6.2.2) Qo f*Hom$y (f.0x, F) = Qx f*F
(6.2.1)l lv}
F*RHomy (f.Ox, F) =~ f'F

commutes, i.e. (6.2.1) is an aspect of 7}. We wish to examine a similar phenomenon
at a punctual level, culminating in a tractable description of functor RI', (7})(:
RFf(z)(f*"y})) for a point z € X. To that end suppose z € X, y = f(z), M = F(y),
p=—A(y), R= 0y, and S = Ox ;. There is an isomorphism (in D*(R))

(6.2.3) RHom% (S, M[-p]) = RI'yRHomy(f.Ox, F)

defined as follows. Let P be the open prime ideal sheaf of Oy corresponding to the

point y € Y. Then I'y = (Ip), = ['m,(—)y- The natural map I, F — F induces a
map

RHomy(f.Ox, RIpF) — RHomy(fOx, F)
and since the source of this map is R.I} stable, it factors through the map
RILRHomy(f+Ox, F) = RHom3(f.Ox, F).
It is not hard to see that the induced map
RHomy(f.Ox, RIpF) — RIpRHomy (foOx, F)
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is an isomorphism (for f,Ox is coherent and f is adic). Now f.Ox is coherent on
Y, and so on taking stalks at y we get an isomorphism
RHom%(S, RI',F) = RI,RHomy(f.Ox, F).

Since RI'yF = M[p|, we obtain the map (6.2.3).
Next, let

(6.2.4) QrHom% (S, M) — RHom¥y(S, M)

be the obvious map obtained by applying Hom 3(S, —) to an R-injective resolution
M — I* of M. Note that the Oth cohomology of (6.2.4) is an isomorphism.

PROPOSITION 6.2.5. With notations as above, the following diagram commutes:

QrHom% (S, M[p]) == QrT'yHom}(f+Ox, F) —= RT,QyHom}(f.Ox, F)
(6.2.4)[p] RT, (6.2.1)
RHom%(S, M[p)]) (6’;’3) RI'yRHom}(f+Ox, F)

ProoF. The proof is a straightforward unraveling of definitions. We point out
that if 4 : F — J is a resolution of F by injectives in Ayt (Y) then T'y(p) : M[p] —
[',(J) is an injective resolution of M[p]. We leave the details to the reader. O

COROLLARY 6.2.5.1. Let f : (X, A") = (Y, A) be a closed immersion in F..
Then 'yf : ft = fF s an isomorphism.

ProoOF. It is enough to show that for = € X, Hf’(m)('y}) is an isomorphism,

or equivalently Hy’p(f*v}) is an isomorphism where y = f(z) and p = —A(y). By
(6.2.2) and the Proposition, this is so if and only if H ~7((6.2.4)[p]) is an isomor-
phism, i.e. if and only if H°(6.2.4) is an isomorphism. But H°(6.2.4) is obviously
an isomorphism. O

PROPOSITION 6.2.6. Let f : (X,A") — (Y,A) be a closed immersion in F. and
F an object in Coza(Y). Then f'F is Cohen-Macaulay with respect to A' if and
only if for every x € X and every i # 0

Ext4 (S, M) =0
where M = F(f(x)), S = Ox,e and R = Oy f(,)-
Proor. According to (6.2.3),
HPA ) (£ F) ~ Exti(S, M),
giving the proposition. O

PROPOSITION 6.2.7. Suppose f : (X, A"Y — (Y, A) is a map in FF and F €
Coza(Y) is a complex of injective objects of Aqet(Y). Then f'F is Cohen-Macaulay
with respect to A’.

PROOF. Suppose first that f is a closed immersion. For y € Y, M = F(y) is
an injective R = Oy ,—module. The result follows from Proposition 6.2.6.
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If f is not a closed immersion then, locally, f = gh with h a closed immersion
and g a smooth map in F. By Theorem 5.3.2 we see that g'F ~ gt F. If the source
of g is (P, g*A), then the Cousin complex g*F is a complex of Age(P)-injectives.
By what just proved in the previous paragraph, h'g!F is Cohen-Macaulay. But
h'g*F ~ f'F in DI, (X) and we are done. O

qct
6.3. General maps. We are now in a position to prove

THEOREM 6.3.1. Suppose f : (X, A") = (Y, A) is a map in F¥. Then the
functorial map

E E
v f P f
s an isomorphism.
PROOF. The question is local and therefore we may assume that f = gh where

h is a closed immersion and g is a smooth map in Ff. By Theorem 4.1.4(d) we
have a commutative diagram

high ————— ft

3l .

gt g

h!’yé]l

h!g! —~ S f!
Applying Eas to the above diagram we get a commutative diagram

Mgl ———————— #t

vﬁl

Enr(h'g?) vf

via ’y;} \L

En(hig) —=—f"

Since h is a closed immersion, Vf is an isomorphism by Corollary 6.2.5.1, and by
Theorem 5.3.2 7; is an isomorphism. It follows that fy]‘? is an isomorphism. O

THEOREM 6.3.2. Let F € Coza(Y). The following are equivalent:
(i) The map ’y}(f) is an isomorphism.
(ii) The twisted inverse image f'F is Cohen-Macaulay with respect to A'.

ProoF. Clearly (i) = (ii). To go the other way, suppose the complex f'F is
Cohen-Macaulay. Then fy}(]-' ) is a morphism in the category CM(X, A’). Since
the functor E : CM(X, A’) — Coza(X) is an equivalence of categories, it is enough
to prove that E (’y}(}" )) is an isomorphism. This follows from the Theorem. O

THEOREM 6.3.3. Let F be an object in Coza(Y). Then the following are equiv-
alent

(a) F is a complex of Aget(Y)-injectives.
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(b) f'F is Cohen-Macaulay with respect to fE(A) for every map f in F* with
target Y.

(c) 'y}(]—') is an isomorphism for every map f in FF with target (Y, A).

d) AL (F) is an isomorphism for every closed immersion f in F. with target

(d) ¢ y g
(Y. A).

e) The map +%(F) is an isomorphism for every closed immersion of the form

f

(X, A" = (Y, A) with X an ordinary integral scheme.

ProoF. From Proposition 6.2.7 we get (a) = (b). By Theorem 6.3.2 we have
(b) & (¢). Clearly we have a chain of implications (c) = (d) = (e). It remains to
show that (e) = (a). So suppose (e) is true. Let y be a point in Y and R = Oy,,.
We have to show that M := F(y) is an injective R-module. Since I'n,, M = M
it enough to show that p;(mp, M) = 0 for ¢ > 0 where, for p € SpecR, p;(p, M)
is the ith Bass number of M at p. Let X be the closed integral subscheme of Y
defined by the closure of y in Y, i.e. X = Spec(Oy/J) where J is the open prime
ideal sheaf corresponding to the point y € Y. Let f: X — Y be the resulting closed
immersion. Let € X be the unique point such that f(x) = y. Note that z is the
generic point of X and the local ring of X at z is kg. According to our hypothesis
f'F is Cohen-Macaulay with respect to f*A. By Proposition 6.2.6

Exto(kr, M) =0
for 4 > 0. Tt follows that u;(mg, M) =0 for i > 0. O

REMARK 6.3.4. Note that by [LNS, Theorem 4.3.11V ], if F is a Cousin com-
plex on (Y, A) consisting of Aqet(Y) injectives (so that for y € Y, Fly) is a direct
sum of injective hulls of the residue field at y) then f*F is complex of Aqet(X)—
injectives for every map f: X — Y in F*.

One can eliminate references to 7} in the above Theorem and state it completely
in terms of Grothendieck duality and Gorenstein complexes—a notion which we
now define. Let (Y, A) be as Theorem 6.3.3. A complex F in D (Y) is said to
be Gorenstein with respect to A if it is Cohen-Macaulay with respect to A and
if its Cousin complex with respect to A consists of injective objects in Aqe(Y).
Theorem 6.3.3 and Remark 6.3.4 give us the following (where we decided to keep
matters simple and not list all possible equivalences obtainable from Theorem 6.3.3
and Remark 6.3.4):

THEOREM 6.3.5. Let (Y, A) be as in Theorem 6.3.3, and let F be an object of
Dy (Y). Then the following are equivalent:
(a) f'F is Cohen-Macaulay with respect to f*A for every map f in F* with
target Y.
(b) f'F is Gorenstein with respect to f*A for every map f in F* with target
Y.
(c) F is Gorenstein with respect to A.

7. The Comparison map for flat morphisms

Theorem 6.3.2 shows that fy} is an isomorphism of functors if and only if f
takes Cohen-Macaulay objects to Cohen-Macaulay objects. This characterization,
unfortunately, does not give us much information about the map f. In this sec-
tion we prove that fy} is an isomorphism of functors if and only if f is flat (cf.
Theorem 7.2.2).
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7.1. Tor and Ext. Consider a commutative diagram in F

x—Lso

N

such that g is smooth and h is a closed immersion (so that h is adic).

PrROPOSITION 7.1.1. Let x € X and let S, R and A be the local rings at x,
h(z) and f(x) respectively. Let k be the residue field of A, R = R®, k, K an
R-injective hull of the residue field of R, and ¢ : A= R the map of complete local
rings induced by g.

(a) For every integer i there is an isomorphism of R-modules
Ext4 (S, ¢3(k)) == Homp(Torf (S, R), K),

i.e. Ext(S, @y(k)) is the Matlis dual of the finitely generated R-module
Tor’(S, R).
(b) Let i be an integer. Then the following are equivalent:
(i) Exth(S, o3(M)) = 0 for every finitely generated 0-dimensional A-
module M ;
(il) Ext%:(S, p4(M)) =0 for every 0-dimensional A-module M ;
(iii) Tor(S,k) = 0.
PRrOOF. The statements are a trifle disingenuous since both statements are
trivially true if ¢ is negative. However stating matters the way we have avoids
annoying trivialities later.

Let d = dim R, m the maximal ideal of R and m the maximal ideal of R. Since
wg,z = R we have R-isomorphisms

op(k) ~ AL (k@4 wy ) ~ HE(R) ~ HE(R).
Since R is a regular local ring, HL(R) is an R-injective hull of the residue field of
R. This means we have an R-isomorphism
¢4(k) ~ Hompg(R, K)

since the right side is also an R-injective hull of the residue field of R. Let F* — S
be an R—free (and hence A-flat) resolution of S. We have

Ext} (S, ¢y(k)) ~ H (Homp(F*, Hompg(R, K)))
~ H (Homg(F* ®r R, K))
~ Homp(H *(F* ®x R), K) (since K is R-injective)
~ Homp(Tor®(S, R), K),
thus proving part (a).
In order to prove part (b), first note that Tor B(S, R) ~ Tori(S, k), since
F*@rR=F*®4k. ‘
Next note that since Ext 3 (S, —) commutes with direct limits, and since ¢y ~
He(— ®4 R) commutes with direct limits, (i) and (ii) are equivalent (for every

module is the direct limit of finitely generated modules). Now suppose that for a
given ¢ condition (ii) holds: Ext (S, ¢4(M)) = 0 for every M € Ay. Since k € Ay
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this implies by part (a) that the Matlis dual of the finitely generated R-—module
Torf(S, R) is zero. This means Tor F(S, R) = 0, whence Tor{ (S, k) = 0.

We have to show that if i satisfies condition (iii), then it satisfies condition (i).
So suppose that ¢ is such that Torfl(S, k) =0, ie. TorlR(S, R) = 0. Let F be the
functor on finitely generated A-modules in Ay given by

F:=Exth(S, ps—).
We have to show that F'(M) = 0 for every M € Ay which is finitely generated. We
proceed by induction on the length (M) of M. If ¢(M) = 1, then M ~ k, and

by part (a) F(k) = 0 since we have Tor (S, R) = 0. If £(M) > 1 we have a short
exact sequence of A-modules

0—M —M-—M'"-—0

with £(M"),e(M'") < €£(M). By induction hypothesis F(M') = F(M") = 0. Now
¢y is exact (see [LNS, Lemma 10.2.4]) and hence

F(M'") — F(M) — F(M")
is exact. It follows that F(M) = 0. O

7.2. Local cohomology and the twisted inverse image. In this subsec-
tion we examine the relationship between certain local cohomology modules asso-
ciated with the twisted inverse image functor and Tor modules.

ProprosITION 7.2.1. Let f: (X, A") = (Y, A) be ¢ map in F¥. Let z € X,
y=f(z), S =0x,, A= 0y, and k the residue field of A. Let p = A(y) and
g = A'(x). Then for a fived integer i the following are equivalent:

(i) HEM(f (i, M[—p])) = O for every M € Ay.
(i) HEFI(f (i, M[—p])) =0 for every finitely generated A-module in Ay.

(iii) Hita(f'F) =0 for every Cousin compler F € Coza(Y).

(iv) Torl(S, k) =0

ProoOF. Since the statements are local in a neighborhood of z, we assume that
f = gh, where h : X — P is a closed immersion and g is smooth (and a composite
of compactifiable maps). Let R be the local ring at h(x) and suppose ¢ : AS Ris
as in the statement of Proposition 7.1.1.

(i) & (i). By (6.2.3) Hite(f'i, M[—p]) is isomorphic to Ext’ (S, ¢y(M)). As in
the proof of Proposition 7.1.1(b), by taking direct limits we see that (i) and (ii) are
indeed equivalent.

(i) = (iii). Suppose F € Coza(Y). Let z = h(z) and let M = F(y), G1 = g*'F,
Ga = g*(i,M[—p]). Then G;(2) = Ga(2) = ¢4(M). By (6.2.3) applied to the map h
we see that

RI.RHom%(h,Ox, G1) +—— RHom%(S, ¢y M[—q])

(6.2.3)

— RI,RHom%(h.Ox, G2).
(6.2.3)

Thus (since Qxg* ~ ¢'Qy on Coz(Y))
RT,h'g'F ~ RL,h'g' (i, M[—p])

i.e.
R, f'F ~ RT, f' (i, M[-p)).
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By (i) it follows that Hite(f'F) = 0.

(ili) = (iv). Set F = (iyk)[—p] and let K be an R-injective hull of the residue
field of R. Then

Homp(Tor (S, R @4 k), K) —= ExtR(S, wy(k) aa) HITI(FF).

But by (iii) the last S-module is zero. Hence Torf (S, R ®4 k) = 0 (since its R—
Matlis dual is zero and it is finitely generated as an R-module). In other words
Tor}(S, k) ~ Tor®(S, R®4 k) = 0.

(iv) = (i). By Proposition 7.1.1(b), if Tor;*(S, k) = 0 then Ext%(S, ¢3(M) =0
for every M € A;. By (6.2.3) this means that HH(h' g% (i, M[—p])) = 0 for every
M € Ay. Since g*(i, M[—p]) ~ ¢'(i, M[—p]) (cf. Theorem 5.3.2) we are done. O

THEOREM 7.2.2. Let f: (X, A") = (Y, A) be a map in FF. The following are
equivalent:
(i) The map 'y} :Qxf* — f'Qy is an isomorphism of functors.
(ii) If F € Coza(Y) then f'QyF € CM(X, A').
(iii) The functor f'lomy, a) takes values in CM(X, A').
(iv) The map [ is flat.

ProOOF. By Theorem 6.3.2 (i) and (ii) are equivalent. Moreover (ii) and (iii)
are clearly equivalent. We will show that (ii) < (iv). By Proposition 7.2.1, f'F is
Cohen-Macaulay with respect to A’ for every F € Coza(Y) if and only if for every
z € X and every ¢ # 0 Tor?”’y((’)xw, k) = 0 where y = f(z) and % is the residue
field at y. By [M, p. 174, Theorem 22.3 (i) and (iii)] this is equivalent to Ox , being
flat over Oy, . O

8. The universal property of the trace

If f: (X, A"y = (Y, A) is a pseudo-proper map in F. and p : f.C — F a map of
complexes where C € Coza/(X) and F € Coza (Y), then the resulting map C — f'F

in D(;’;t (X) induces—on applying the Cousin functor Ea and the inverse of 7}5 (F)—

a map of Cousin complexes a(p) : C — f¥F. This suggests that (f*F, Try(F))
represents the functor Homy(f.C, F) of Cousin complexes C € Cozas(X). What is
required is to show that p = Tr¢(F)oa(p) and that § = a(p) is the only solution of
the equation p = Try(F) o 4. This section proves these assertions and hence proves
that (f*F, Tr;(F)) has a universal property giving us a duality theory for Cousin
complexes.

Throughout this section we fix a morphism f: (X, A") = (Y, A) in F..

8.1. Duality for Cousin complexes. For the rest of this section the map
f is assumed to be pseudo-proper. For C € Coza:(X), F € Coza(Y) and a map of
complexes p : f.C = F we define a map

(8.1.1) a(p) : QuxC - f'F

as the unique map such that 7¢(F) o Rf.(a(p)) = Qy(p) (we are implicitly using
Rf.C ~ Qyf.C.) The natural isomorphism C - FEa:QxC followed by Ea/(&(p))
gives us a map

(8.1.2) a(p):C— fEF
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in Coz(X). Since 7}5 is an isomorphism, we can define a map
(8.1.3) alp):C — f'F

in Coz(X) as the map satisfying v} (F) o a(p) = o/ (p).

For the rest of this section we fix the data (C, F, p) where C € Coza/(X),
F € Coza(Y) and p is a map of complexes p : f.C — F. Note that if z € X and
y € Y then p induces a map C(z) — F(y). By [LNS, Lemma 10.2.1] this map is
zero unless y = f(z) and z is closed in f~'(y). For # € X closed in f=1(f(x)) let

(8.1.4) p(z) : C(z) = F(f(x))
be the map induced by p: f.C — F. Then
p=> ipap(@)

where the sum is taken over points x which are closed in their fibers over Y.

LEMMA 8.1.5. Suppose § € Homa (C, f4F) is such that Trp(F)o f.d0 = p. Then
d=a(p).

PROOF. By the universal property of ( f', 77) we see that 7}(7)0Qx(6) = a(p)
This implies, by the definition of &'(p) (cf. (8.1.2)) and of 7}3 that Wf(}")O& =a/(p)
It follows that § = a(p). O

Let F?(C), G,(C) be the complexes in [LNS, §§10.2] (cf. especially the discus-
sion immediately following the proof of Lemma10.2.4 in Ibid..

LEMMA 8.1.6. Let F' and C' be Cousin complexes on (Y, A) and (X, A') respec-
tively and suppose ¢ € Homa/ (C', C), ¥ € Homa(F', F) and p' € Homy(f.C', F')
are such that the diagram of complezes

£.C' RAN 1.C

Fl——F

¥

commutes. Then
a(p) o = i) o a(p)
in Cozar (X).

PROOF. By the universal property of ( f', 1) we have &(p)oQxyp = Qx f*())o
a(p'). The Lemma follows. O

For a Cousin complex C on (X,A’), let {FPC} and {G,C} be the filtrations
in [LNS, §§10.2] (see material immediately following the proof of [ Ibid., 10.2.4]).
Recall from [LNS, §§10.2,(93)] that FPF = ff(o5,F) and G,(F) = fi(o<pF).
Note that by [LNS, Lemma 10.2.1] the maps p(z) of (8.1.4) induce maps
T =pF: fFP(C) = 05, F
(8.16.1) Pr=ey FoFP(C) = o>p
p=p, : f:Gp(C) = o<, F
where, for example, p = 37 iy, p(x)—the sum being taken over points z such
that A'(z) = A(f(z)) > p.
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LEmMA 8.1.7. The diagram

FP(C) c G,(C)
oz(er)l la(ﬂ) la(P)
fﬂ(UZP}—) FF fﬁ(aﬁp}-)

commutes.
ProoF. One checks, by the definition of p*, that

Uzpj: F

commutes, where the horizontal arrows are the obvious inclusions. The rectangle on
the left in our assertion therefore commutes by Lemma 8.1.6. A similar argument
gives the commutativity of the rectangle on the right. d

REMARK 8.1.8. The above lemma asserts that a(p;) = F?(a(p)) and a(p, ) =
Gyplalp))-
PROPOSITION 8.1.9. Tr¢(F) o fi(a(p)) = p.

PrOOF. Let z € X be closed in its fiber. By [LINS, Lemma 10.2.1] it is enough
to show that

(8.1.9.1) Try . (F) o alp)(z) = p(x).

Let p = A'(x). We have the identities p(z) = p, (x), Try . (F) = Try.(0<,F) and
(by Lemma 8.1.7) a(p)(z) = a(p, )(z). Thus, without loss of generality, we assume
that 7 = o<, F and C = G,(C), by replacing C by G,(C), F by o<, F and p by p, .
Now let
C':=1,C(z)[—p].

Since € = Gp(C), the natural map ¢ : ' — C—induced by the identity map C'(z) —
C(x)-is a map of complexes. Moreover, since F = o<,F, the map p(z) induces a
map of complexes p' : C' — F such that p'(z) = p(z). Lemma 8.1.6 applied to ¢
above and ¢ = 1 £ gives us a(p)(z) = a(p’)(x). Thus in order to establish (8.1.9.1),
we may (and will) assume that C = C' and p = p/, i.e. C is concentrated at z.
Let A and S be the completions of the local rings at y = f(x) and z respectively,
and b : A — S the map induced by f. The pair ((f*F)(z), Trs.(F)) represents
the functor Hom 4 (M, F(y)) of 0-dimensional S—modules M. Therefore we have a
map d : C(x) — (f*F)(x) such that Trs,(F)od = p(x). Since C = i,C(z)[—p], the
map d gives rise to a map of complexes ¢ : C — f*F given by the composite

C iz (d)[—p] Zw((fﬁ]:) (x))[—p] natural fﬁf
The second arrow is a map of complexes since the nth graded piece of F for n > p
is zero and z is a point closed in its fiber with A’(z) = p. Clearly Tr¢(F) o6 = p.
By Lemma 8.1.5 we are done. d
For future reference we gather the results in Lemma 8.1.5 and Proposition 8.1.9
into the following theorem.
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THEOREM 8.1.10. Let f : (X, A’) = (Y, A) be a pseudo-proper map in F.. For
C € Coza/ (X) and F € Coza(Y) the natural map

Homa: (C, f*F) — Homy(f.C, F)
J— Trf(}") o f*é

is a bifunctorial isomorphism. In particular, the pair (f*F, Try(F)) represents the
functor Homy(f.C, F) of Cousin complezes C on (X, A").

PRrooOF. Lemma 8.1.5 proves that the map 6 — Try(F)o £, is injective. Propo-
sition 8.1.9 shows that it is surjective. O

Theorem 8.1.10 has an interesting corollary when f is a pseudo-finite map, i.e.
f is pseudo-proper and its fibers are finite, or equivalently, f is pseudo-proper and
affine. In this case, f corresponds locally (on Y) to a homomorphism ¢ : (R, I) —
(S, J) of adic rings (i.e. ¢(I) C J) and S/J is a finite R-module. Let U = Spf(R, )
and V = f~1(U) = Spf(S,J). Asin [AIJL2, §§2.1] set

HomRJ(S, F) = FJHOIHR(S, F)

where ' = T'(U, F) (F € Coza(Y) as in Theorem 8.1.10). We point out that
the complex Hompg ;(S, F) can also be interpreted as the complex of S—modules of
continuous R—maps from S to F' when S is J—adically topologized and F'is discrete.
Moreover

(8.1.10.1) Homp ;(S, F) :@HomR(S/J”, F)

by standard 3-lemma arguments. Since O« is coherent and F is a Cousin complex

the complexes Hom g (S, F)® can be patched as U = SpfR varies over an affine
open cover of Y to give a complex f°F (cf. [LNS, Lemma2.3.5(iii)] applied to the
torsion modules Hom g 5 (S, F(y)) for y € Y).

If J is a defining ideal for X and X, = (X, Ox/Jd") then by (8.1.10.1)

(8.1.10.2) fPF= liny iny fOF

where i,,: X;, = X is the natural closed immersion and f,,: X;, = Y the resulting
finite (= adic and pseudo-finite) map. It is not hard to see that f2F is Cousin on
(Xn, fulA), whence f*F is Cousin on (X, A'). Moreover, for z € X (with y = f(z))
one has

(8.1.10.3) (f"F)(z) = T Homp(S, F(y)) = Hom%(S, F(y))

where R (resp. §) is the completion of the local ring at y (resp. z) and the super-
script “c” over the Hom on the right refers to continuous ]flfmaps with S having the
mg-adic topology and F(y) having the discrete topology. The relation (8.1.10.3)
is obtained by using (8.1.10.2) to reduce to the case where f is finite where the
relation is not hard to establish. Using [Hul, §7] (see also (2.2.2)) we have an
isomorphism of S-modules

O(z) = O(x): (F1F)(x) = Hom%(S, F(y)) = (£ F) ()
characterized by the relation

e(z) 0 O(z) = Try(F)(z)
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where e(z): Hom%(g , F(y)) = F(y) is “evaluation at 17. That this is a character-
ization is readily seen by observing that ( f*F (), Trf(F)(z)) and (f*F(z), e(z))
represent the same functor, viz. the functor Hom (N, F(y)) of zero-dimensional
S-modules N.

From the ©(z) we get in an obvious way a map of graded Oyx—modules

O (F): fIF = f°F

which is functorial in F € Coza(Y). A consequence of Theorem 8.1.10 is the
following:

COROLLARY 8.1.11. Let f: (X, A") = (Y, A) be a pseudo-finite map in F. and
F o Cousin complex on (Y, A). Then the graded map ©¢(F) above is a map of
complexes.

PrOOF. By (8.1.10.2) it is enough to assume f is finite. We have a map
e: f.f°F — F given by “evaluation at 1” (note that f,f’F = Homy(f.Ox, F)).
Clearly (f°F, €) represents the same functor that ( f*F, Tr;(F)) does. This results
in an isomorphism
o: flF = fF
such that eo f,(©") = Tr (F). It follows that for a point z € X, ©'(z) = ©;(F)(x),
whence ©' = ©,(F). O

9. Variants

In this section we construct a variant of —' on the full subcategory of F con-
sisting of schemes which admit a bounded residual complex (cf. [ LNS, §§9.1], [Y,
5.9] and, for related matters, [AJL2, §§2.5]). For every such scheme, the asso-
ciated category X() is a full subcategory f): (X) of ]N);,(DC) The method we use
is Grothendieck’s original method via residual complexes developed in [ Hrt], but
with our canonical Cousin complex valued pseudofunctor —# of Cousin complexes
(more precisely, its “restriction” to residual complexes) in place of —4 of [Hrt].
Moreover, we are dealing with formal schemes rather than ordinary schemes and
hence there is a need to retell the story, albeit in an abbreviated form. The reader
is advised to look at the very careful account given by Conrad in [ C, Chapter 3]
(especially §3.3 and §3.4) to flesh out missing details in what follows.

9.1. Preliminaries. Let Y be a noetherian formal scheme. Suppose Y ad-
mits a bounded residual complex R [LNS, §§9.1]® such that R € D?(Y). By
[LNS, 9.2.2(ii) and (iii)] R is a t—dualizing complex in the sense of [ AJL2, Def-
inition 2.5.1]. By [Y, Theorem5.6], if R’ is another residual complex on Y then
R' ~ R ® L[n] for an invertible Oy—module £ and an integer valued locally con-
stant function n. The residual complex R induces a codimension function A on Y;
for a point y in Y, Ar(y) is the unique integer p such that HP(R) is non-zero.

For any £ € D(Y) set

Dr(€):=RHom*(E, R).

Now, R is a complex of Aqc(Y)-injectives (cf. [LNS, 9.1.3] and [LNS, 2.3.6 (ii)]),
and therefore, if £ € D, (Y) we may, and will, make the identification

qct
Dr(€) =Hom*(E, R)

8This forces Y to have finite Krull dimension.
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(cf. [AJL2, Proposition 5.3.1]). We refer the reader to [ AJL2, §§ 2.5]—especially
(a) and (c) of Proposition 2.5.8—for further details on Dx.

9.2. Twisted inverse image via residual complexes. Let F" be the full
subcategory of F consisting of schemes which admit bounded residual complexes.
For Y € F" let D¥(Y) and D, (Y) be as in Subsection 1.1 and set

*

yO.=D_(Y).

For the rest of this subsection we fix maps
vAhwhaxdy

in F7.
Suppose R is a residual complex on Y. Define

fg) Syl x®
by setting
(9.2.1) FY):=Dpg o Lf* o Dg o RI.

This functor takes values in X(") for the following reasons; (a) £ € Y = RIJE €
D (Y) N D*(Y) by definition of Y; (b) £ € DX(Y) NDT(Y) = Dr(£) € D, (Y)
by [AJL2, Proposition2.5.8 (a)], (¢) G € D; (¥Y) = Lf*G € D. (X) and (d) F €
D7 (X) = Dyp:p(F) € DZ(X) N DT (X) by [AJL2, Proposition 2.5.8 (b)].

Defining a pseudofunctor —® on F" is now a formal process given in detail in
[C, §3.3]. We point out the main steps.

1) If R’ is another residual complex on Y, then as in [C, p.135,(3.3.12)] we
have a comparison map (an isomorphism)

PRR = PrRR: 7(11)/ - f7(2!)

stemming from R’ ~ R ® L[n] for some invertible sheaf £ which is compatible with
a similar relation between f*R' and f*R via f*L[n] (cf. Subsection 2.5 for the
relationship between f*(R[n]) and (f*R)[n]). This map does not depend on the
isomorphism R' ~ R ® L[n]. We sketch the idea behind the independence. The
only non-trivial case is when £ = Oy and n = 0. The issue comes down to this:
suppose w: R == R is an automorphism, then we have to show that the induced
automorphism ¢: f%) - f7(2!) is the identity map. For this assume without loss
of generality that Y = Spf(A,I). Then ¢ is given by multiplication by a unit
a € A. The map @ can be obtained by taking any path from the top left vertex to
the bottom right vertex in the commutative diagram (note that all the arrows are
invertible):

Hom®(Lf*Dr(F), fie)

Dpg(Lf*Dr(F)) Dpg(Lf*Dr(F))
DfuR(Lf*Hom'(fmo))Tz ITDfuR(Lf*Hom'(FM))

Dpg(Lf*Dr(F)) Dy (Lf*Dr(F))

Hom® (Lf*Dr(F), fle)

But all arrows are multiplication by the unit a of A giving that ¢ is the identity
arrow.
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The map ¢r r' satisfies the cocycle condition for three residual complexes
R,R',R" given in [C, p.135,(3.3.13)]. Standard techniques give a well defined
functor

(9.2.2) FOL YO
together with isomorphisms
Or =0 [ = fU
satisfying
prr =0y obr.
2) As in [C, p.136,(3.3.15)] the isomorphism Cg’f: FFR = (fg)'R gives

an isomorphism

Corm: 9 tx = ()R

in such a way that “associativity” holds—the last because —* is a pseudofunctor.
One checks that the isomorphism

(9.2.3) C(!?f; g(!)f(!) SN (fg)(!)

9,

defined by C; &, 0.7, 8, sir and 07, = is independent of R.
This gives the required (pre)—pseudofunctor on F”.

9.3. Comparison of the two twisted inverse images. We will use the
discussion in Subsection 3.3 to show that —' and —¢*) agree whenever both are
defined (cf. Theorem 9.3.10). With that in mind we examine the two theories for
open immersions and for pseudo-proper maps.

1) Suppose f: X — Y is an open immersion in F". Let R be a residual complex
on Y. Then fIR = f*R. Moreover f' = L =Ixf It Fe Y® we have the
following sequence of isomorphisms

fRF = Hom%(fHomy(IyF, R), f*R)

= HomX(HomX(f"IyF, f*'R), f*R)
(9.3.1) = DprDprfIyF

=~ fIyF

= f'F
Let ¢ r: f%)]: — f'F be the above composite. It is easy to verify that
(9.3.2) D=0y 00t fO 2 flyo
is independent of R.

2) Suppose f: X — Y is a map in F" which is pseudo-proper. Let R be a
residual complex on Y and let F be an object in Y). One then has the following
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sequence of maps—the first arrow arising from the adjoint pair ( Lf*, R f.):
Rf. fOF —— RERHomS(Lf*Dr L} F, f*R)

—— RHomy(DrI}F, Rf.f'R)
(9.3.3) T RHomY (Dr Y, R) = DrDr Iy F

— IjF

L F
The above composite gives a trace map

R(F) = 14 r(F): RESIF — F.

If g: W — X is a second pseudo-proper map, one checks using (2.2.6) (i.e. the
transitivity property of traces on Cousin complexes) that the following relation
holds

(934) TR,fg = Tf, R O TfiR © Rf.Rg. (C!gi)fj?,)_l
Define
(9.3.5) 5= Trr o Rf(0%").

Since Tr;(R) is compatible with Zariski localizations of Y, functorial with respect to
maps of residual complexes with the same codimension function (whence compatible
with tensoring R by an invertible sheaf) and compatible with translations of residual
complexes (cf. Subsection 2.5), therefore one checks that

T; : Rf*f(') — 113(!)

is independent of the residual complex R. Since a residual complex on Y is a
complex of Aqet(Y)-injectives therefore Theorem 6.3.3 applies and we make the
identifications

(9.3.6) f'R=f'R 71 (R) = Try(R)
By [AJL2, 2.5.12 and 6.1.5(b)] and (9.3.6) we get an isomorphism
(9.3.7) @p: fO = flye

—the map @ being the unique map arising from the universal property of the pair
(f', 7¢) for which the relation

(9.3.8) T} =T oRf. Py

holds.
If g: W —» X is a second pseudo-proper map then the transitivity relation
(9.3.4) above gives us a commutative diagram

(9.3.9) RfRg.g" O == R(f9)g" ) —> R(fg).(fg)"
Rf*f(') o ]“d(!)

We are now in a position to state the following Theorem, which can be reformu-
lated as stating that appropriate restrictions of the pseudofunctors —*' and —O are
isomorphic.
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THEOREM 9.3.10. There is a unique family of isomorphisms
Dy f(!) N f!|y(!),
one for each map f: X =Y in F" NF* such that

(a) If f is pseudo-proper and F € YO then By is the map (9.3.7), i.e., it is
the unique map satisfying

TH(F) = 1p(F) 0 ¢ (F).

(b) If f is an open immersion then ®; is the isomorphism (9.3.2).
(¢) If g: W — X is a second map in F" NF* then the diagram

(93101) g(')f(') T> (fg)(')
<I>g,<1>fl/l 2l(bfg
(9 )lyor — = (o) lyo
‘g9, f
commutes.

(d) The map ® is compatible with Zariski localizations of Y.
PrOOF. We wish to use Theorem 3.3.4. To that end, for X € F" NF* let
Sx: X =D, (X) - X' = DL(X)

be the natural inclusion. Here is the dictionary to help us pass from Subsection 3.3
to the situation we are now in. The subcategory G in Subsection 3.3 is, for us,
F" N F*, the pseudofunctor —9 is —*) and the maps v¢ for f € PUF are the maps
®; of (9.3.2) and (9.3.7). Checking diagram (3.3.1) commutes amounts to checking
that (9.3.10.1) commutes when f and g are either both open or both pseudo-proper.

In view of (9.3.9), the diagram (9.3.10.1) commutes whenever f and g are both
pseudo-proper. If f and g are both open immersions then from the definition in
(9.3.1) it is clear that (9.3.10.1) commutes.

Next suppose f: X — Y is a pseudo-proper map in F"NF* and suppose u: U —
Y is an open immersion. Consider the resulting fiber square diagram (3.3.2). Pick
a residual complex R on Y. Then Tr;(R) is compatible with open immersions into
Y and hence so is 7}. It follows that (3.3.3) commutes. O

REMARK 9.3.11. As we mentioned earlier, the theorem is a way of saying that
the pseudofunctors —*) and —' are isomorphic when each is appropriately re-
stricted to the “domain” where both are meaningful. The reformulation is a little
awkward in view of the fact that there are numerous ways of “restricting” pseud-
ofunctors since we are dealing with families of categories indexed by yet another

-
category. We state what is needed briefly. Suppose =t is the pseudofunctor ob-
o1
tained by restricting —® to F"NF* and = the pseudofunctor obtained on F" NF*
via restricting —' and by setting X' = X (there are two types of restrictions

inherent here). Then Theorem 9.3.10 asserts that z® is isomorphic to =
THEOREM 9.3.12. Let f: (X, A") = (Y, A) be a map in F', and A a codimen-

sions function on Y. Then f(!)|CM*(y,A) takes values in CM* (X, A") if and only if
f is flat.
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PRroor. The question is local and locally f can be factored as a composite of
pseudo-proper maps and open immersions (cf. [LNS, Lemma2.4.3]). Therefore,
without loss of generality, we assume that f is also in F}. If f is flat then Theo-
rem 9.3.10 and Theorem 7.2.2 imply that f*) F isin CM*(X, A') if F € CM*(Y, A).
For the converse we need to argue with a little care, for Theorem 7.2.2 requires one
to test f'F for every F € CM(Y, A), whereas we are restricting our F’s to lie
in CM*(Y, A). So suppose f")F € CM*(X, A') whenever F € CM*(Y, A). Let
z€X,S5=0x:,y=f(x) and A = Oy,. By restricting to an open neighborhood
of = if necessary, we may assume that f = gh where X 5 P is a closed immersion
and P % Y is a smooth map in F*. Let R = Op h(z) and z = h(x). As in Proposi-
tion 7.1.1, let k = k4, K an R—-injective hull of kg and ¢: A — R the natural map
induced by g. In what follows we will be applying Theorem 9.3.10 to the maps f,
g and h without comment since all three of them are morphisms in F” NF*. Let
J C Oy be the open prime ideal sheaf corresponding to the point y. Let R be a
residual complex in Coza(Y). Set

F:=Homy(Oy/J, R).
Then QyF € CM*(Y, A). Hence by our hypothesis f'F € CM*(X, A’). Therefore
W07 ) =0
for i #0. By (6.2.3) and the fact that f'F ~ h'g*F this amounts to saying
Exti (S, (¢°F)(2) = 0

for i > 0. By Proposition 7.1.1(b) this means that Tor (S, k) = 0 for i > 0. Hence
we are done by [M, p. 174, Thm. 22.3, (i) and (iii)]. O

The following result follows from Theorem 6.3.3 and Theorem 9.3.10, and the
fact that we may, in each case, Zariski localize the source and the target.

THEOREM 9.3.13. Let (Y, A) € FT and let F € Coza(Y). Then the following
are equivalent
(a) F is a complex of Ager—injectives;
(b) fOF € CM*(X, A") for every morphism (X, A") ER (Y, A) in F};
(c) fOF € CM*(X, A') for every closed immersion (X, A J, (Y, A) such
that X is an integral ordinary scheme.
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