











































































































Aug20,2019 Lecture3

Let k be complete and non Archimedean

A k algebra B is called a normed algebra if the underlying
k mentor spare has a worm H H B Cord satisfying
Hath HallHbk ta b C B A normed algebra is a Banal

algebra if the underlying normed spare is a Banach space

The Tate algebra Let Tu be the k subalgebra of kE3i Sul
consistingofelements

f Iggy3 uIµwCa on3 37 C KEG 3uD

satisfying the condition
him
lol s Icut O

Here IvK V t tow

It is easy to verify that Tw is a k algebra in

front a K subalgebra of KES 3uD From your Hw
there is another description of Tu namely the collection

of formal power series f µncr3 smh that f
converges on every point of

BME Cm nm C In Inilel i b su

For this reason elements of Tu are oftencalled strictly
convergent formal power series or restricted power series

Tu is called the nth Tatealgebra and is

often denoted KC 3 s 37














































































































Tu has a norm on it the so called Gauss norm

which makes it into a Banal algebra The Gauss norm
is defined as follows

For f fµu Co30 Fearcu vn37 3 C Tu

IHH max 1cal
VENN

Since bin Kol 0 the maximum on the rightWl N

side makes sense

It is not hard to see that H k Tn Sk

is a worm To chak Tu is a Banal algebra with this
worm we have to cheek that

kfgH lift Kyu fer f g C Tu
To that end first suppore IHH Hg11 1 Note that

Afg11 E 1 Suppose f Ecu30 and g Edu30

Suppose r e C IN are sunk that Ifl I de1 1

Consider thecoefficient 0 of 5,0 35 te 35th in

fog Then O E cu du Now Icodulel andvter ree
1 Cr de1 1 and code is one of the summards in

the sum u n eCmdr It follows that 101 lesdel L
Hence Afg11 1 None suppose f and g ane general
We may assume bolts are non zero Hence f COT g d4
where c d C K E Y E Tn 14 1411 Ldl Hgh 11811 1 11411 1

Since 118411 1 from the argument we gave above we














































































































home kfgk cell 118411 cell let tell Hft Hgh
We will prove Tn is a Banal algebra next time

Somehomological algebra
All the actionketone is takingplace in an abeliancategory A
MappingCones This is one of thefundamentaltools in homologicalalg
Recall that a map If complexes Cie a chainmap of
A modules

Cf M s N

is a quasi isomorphism i e HICee is an isomorphism

for all j E 2 if and only if the mapping cone

Cp is ex art where cheek

of m m c KEIand
Ont O d offo to 08

e L o L
This follows from the ex art sequence of complexes

0 No Cf S M El O

and the font that in the resulting long exact
sequence of homologies the concreting maps are Hulce

Double complexes These are brigaded objets D 8

with horizontal and vertical differentials
pg ng
du DP B DPt's8 do I DPA DP't p gC I














































































































satisfying the following two conditions
CD 8 oh and CDP Or are complexes for
each p g E I
The diagram gpqtr h PtigetD D

n n

Or
p g roti gD z D

he
commits for any p.ge 7L

Assuming the existence of countable divert sums
or alternately that for fixed me IN all but a finite
number of DPA with peg u are zero we can form
a complex fleetCD O called the total complexofD

grin by
TothCD D 8

ptq w

with
on If.uq c is of.no

It is not hard to see that otCD O is a complex

Remark The atone is called the total complex associated to
a commuting double complex If the ratangles in anti counter

for every pg then D gu
did 8 would give us a

complex on Tot CD where again Tot D p
9 The














































































































two theories are completely equivalent In font if we

have a commuting doublecomplex then one way of getting
an anti commuting double complex the way we have

implicitly followed is to change the differentials on every
odd vertical column to its negative And we can do
the same thing to move from an anti counting
double complex to a commuting double complex The total
complexes after there transforms will be identical

The nth translate for a complex C and an integer in

Cocu is the complex
Eu P cutp

zPCCig CDn
http
c

An sub complex of TotoCD

If Dion is the double complex whoreCpg th term
is DPA if pen and equal to zero otherwise and

if TO TotoCD Tfn Toto Dan then it is

easy to see that Tom is a subcomplexof T

Similarly D In is the doublecomplex whore Cpg th linin is
DP8

if pen and zerootherwise and T.eu TotoDen For
earh u we have an errant sequence of complexes

O To To 2 T 0In fu 1

Note that TIN is in general not a subcomplex of To














































































































but is always a quotient complex of T
We write D resp D T for the double

complex whore pg th term is DP fer g en resp of n
and is zero otherwise and set To Tot Den
T Tot Da The notation is deridedly awkward and I
have to think of a better one

D is bounded on the left if F m smh that
Doo Djm in which case we say it is bonded on the

left by m I will leave it to you to define bonded on
the night bonded below bonded above etc along the same

lives

hemmer Let D be bonded belowby m Then An C IN

we have o

HuCT Hn Toes f s n ut 1
Proof

WLOG can assume m 0

In the picture the shaded

area represents D Is From
the picture the assertion
is obvious

o o
no cutD Cso sent














































































































Proposition Let D bebounded below and to the left If every
column of D is exart then T Tot D is exent
Proof

hit us first prove the statement for D bonded to the right
in addition to the other boundednesshypotheses it satisfies
Whoa we may D is bounded on the left by 0 and
below by 0 Let me be smh that D we Doo We

proceed by indention on me Let cop DP the pth column

of D Then TIM ComEm and we have an

errant sequence of complexes
0 s come in s T s T me 0

By hypothesis CinE m is errant and by indention hypothesis
Ten is exart the bare cane of m O is obvious The

associated long exail sequence in cohomology shows that
T is exart

This proves the result when D is assumed to be
bonded on the night The general care follows from
the lemma above since Hh To H Tena and D
is bonded on the right where Hh Tenn O

g e d

Remarks Using the font that cohomologycommutes with
divert limits it follows that the Proposition is true even

when D is not bonded on the left However the statement about
dinnt limits in an arbitrary abelian category is not standard














































































































though it is proven in courses for categoriesofmodules over
a ring

Clearly we have an analogous result for complexes
whore rows are exart In other words if D is bold

below and to the left and every row is exent then
T Tot D is exact

Let D be bonded below byCsay me and bonded
on the left and for earh n let can be the nth column

of D ie Con Dna Or Suppore

Ht Coen o t j m

Set

Kntm Hm Con
nm

The map Dw Dn'm D m indues a map
by restriction

gmm Kntm Kntmt

making k 0k into a complex
Consider the graded map

Q K To

grin at level p by the composite
KP DP mm TP

It is clear that of is a map of complexes since

Dk is the restriction of 8h to ko and Dr Ko 0














































































































Proportion In the above situation the map cf K T

is a quasi isomorphism
Proof

Let 15 be the double complex
Rao D if q m i

knw if q m 1

with vertical differential and horizontal differential
the same as that of D for game and for g m 1

the vertical differential is the natural inclusion KPMG DP
The bonigonal diff'd on BBM is OPI

In other wards I is bundt from D by
angumenting it with an extra rout at level q m l

namely the complex Ko

S
Doo

g m

Angumentation
q m l

K

Let F Toto B From the previousproposition F is exert

since the columns of B are exact One chubs that F is

isomorphic to themapping cone Op ofQ K To Thus

4 is a quasiisomorphism as required g ed














































































































Remark Clearly the analogousstatement for vows is
also true

Cab to derived funtor cohomology
hit X be a topological spare and U Us an open
corner Then for every p and every sheaf of abelian
groups F on X there is a natural map

HPCU 7 HPCX F
where the left side is the pth Eek cohomology w r t U
and the eight side is pth derived fruiter cohomology
Recall horo EX is defined in forexample Hartshorne's

AlgebraicGeometry First if e CUF is the sheaf
C ah complex where T IV LMU t CP Unu Flu

for every V open in X then we have a revolution

Vy F ee CU F
None let

4 F s To
be an injerturerevolutions of F Then as Jo is an

injerture resolution of F we have a homotopy unique
map

ti ee cu t s J

which lifts the identity map on F Taking
global sultans we get a map of complexes of alechein
groups

TIX f C CUF TLXJ














































































































Taking cohomology we get as
It is well thrown and easy to see that if Ee is an

injature sheaf ie an injertine objet in the categoryShx
of sheaves of abelian groups on X then GPCU.EE

is inyerhire for earh p where

Yg Ee s ee cuEe

is an ingentire resolution ofE
Returning to our irrigate resolution

F sgo
we have a double complex Dna of sheavesgivenby

PA lePCU Sb
The qui novo is an injuhie resolution of Jet
and the pth column is an injatne resolution of
GP cuts

wa Y

p
n n

got GYUga s GMUJoo o

T n n

o l
o g D a

a

n s

Jo s GYUJO a e s GPCU90 o o

I via Io
F c G UY a o o s bPCUF s

we therefore have a diagram of quasi isomorphrins














































































































Jo s Jo
T T
T s e CUt

where To Tot D

Since

Y s fo
Il I
F s T

Countess and I and Jo are injerhie resolutionsof tf we
have a homotopy unique homotopy inane T

O So which is

a quasi isomorphism More generally if Jo s Gi is
a quasi isomorphism between bdd below injertne complexes
in an abelian category with enough injuries then it has

a homotopy unique homotopy inurne whirls is a quari
isomorphism It follows that the composite

80CU F To O go

is up to homotopy equivalence the same as

f eeCU F Jo

Theorem In the above situation set Ua xp Udon hug
Suppne F is sunk that H't Ua sp F o t j I and
all Cao dp Then the map

HP U F s HPA 4
is an isomorphism t p O

Proof

Let Doo T X D Recall D is














































































































wa Y

p
n n

got GYUga s GMUJoo
T n n

o l
o g D a

a

n s

Jo s GYUJO a e s GPCU90 o

via
F a 694,7 a o o s EEPCUF s

The global suttons of theabovegrins Doo The qtr none
of D is

COCUga C VJa CMU

Since 99 GYU Ft is an injetue revolution
and since It is T angelic being injaline we have

0 HP XJar HP T X ECU IG HPLCYU.SE t p 1

Since ECU ft is an injatne realmofTot
and HoCCCUJAD T X Sao

Let To Toto D
From what we have proved

TH J To

is a quasi isomorphism This was the rose wise

analysis None let us examine the columns of Dr
The pth column is
IT P Uxo ap Io III ppUdo xpJD altogl

lUao dp I
Co 2p




















where the differentials are indund on each fenhir by
98 Since I Iwao is an injerbie

resolution of Fly xp
we then have that the

qtr cohomology of the ptt column g D is

IT Hot Uxo up F
0 if g 1 byhypothesismt

Puff if q 0
It then follows that

CCUhf To

is also a quasi isomorphism
Since Ta T X Te the map THO To 7THJJ

is a homotopy immune of TCX.ge 3T

TLX s To
c I rTHO commutate upto

homotopyTCX.fi c CU t
Since CCU7 T and TEX0 are queueisomophrins

so is Ttx f This proves the theorem g e d


