
 

Ing hating
Let CK l l be a normed field If k is non archimedean
this is the same as a field with a valuation

Two metrics I I and I Iz are said to be equivalent

if they induce the same topology on K
Recall that a metric is said to be tennial if

1k f fl This is clearly non archimedean

Remade The only metric equivalent to the trivial metric
is the trivial metric To see this if l l is trivial then
the topology on k is discrete If on the other hand
1 1 is non trivial we can find at k with O tale1
In this case an O as in since Iam lat o

as in D Thusthetopology on k is not discrete

Example
l K IR or with usual absolute value There are

complete and archimedean he bent these are the only
complete archimedean normed fields

2 K Q Let p be a prime Tr ke Q we have
a unique ne 2 smh that

n p at Cab 1 Cp at L
Then the formula

help p
n



defines an absolute value on This is non anhimedean
We also have the usual absolute value 1 I

Theoremcostronest of p g are distinct primes then
1 Ip and 1 Iq are not equivalent Luther every non trivial
absolute value on is equivalent to l l p for some peas
Iof will not be doing it Look up Basri Ady I Jacobson

or any other source Might develop it as a series ofHW
exercises if I have the time

Imposition 1.1 and l Iz are equivalent if and only if
F s O smh that I I l Ias
Pdf
If I I l l fer tome s 0 clearly I I and l Iz

are equivalent
To prove the other way it is enough to assume

neither l l nor l Iz are trivial since we have

already adressed the trivial care in one of the
remarks made above

So suppose I I l la are non trivial andequivalent
Let seek be s t Int CI Thenbeliehelp 0 as n D Since 1 Is
and I Iz are equivalent this means re O as in 20 i e

Intel By symmetry and the fat that for at 0 Italy taj g 2

we see that



Int I Ink I
bet I

t.IS
Ink I

1kt L lutz _1

Fin are C k wilt laol 1

Set s logia
doglaolz

We dare that
Irl Int t n Ek

It is enoughto prove I for Inl I and we will assume

that x satisfies this Let
b bg and b toy
loglaol loglaolz

Then laott Inl and laol Ink s

we darin t t Suppose not Say b et Let r be

a national number s t ter t Let r men where
m n C 7L Tom I andthefont that laolj I Inf I we have

bet laolf a talk and Ink lad ladmh
This means

Ent el and 17mL
This contradicts So tat Bysymmetry test whence t t
This guies the following



hogbell log Ink
doglad loglaolzwhence

log lah S day Ink
ie Int Int
as required www.Ytjftoknbi.TL

In what follows k is non archimedean with
a non trivial absolute values the latter is probably not
needed but I didn't want to deal with annoying
exceptions which might creep up I completion of K
1 If 4k is a finite extension dtre number of
extensions of l l K to L is equal to the number of
prime ideals in L E o

Z If k is complete and 21k is algebraic then the

entension of l l to L is unique this is clear from
considering finite extensions and using 1 since K E

If further 4k is finite then L is complete w r t

Iabsolute value induced by l Ik3 let Ts be an algebraic closure of k where K is
complete Then E is also algebraically closed Lonely
theorem we won't be proving it
4 Suppose l l 1 In are the extensions of I 1kto L
Let Li be the completion ofL w r t l Ii Then there is

a naturalmap 40k If Li which is swigature and



smh that the kernel is the Jarolson radical of 40k In
equaltothenilvadicalsincefont that is how I is proved L E is a finiteTaalgebra whence

a productofairlinelocalrings

Importantemple
Let p be the completion of Q w r t l Ip Ep its

algebraic closure and let us continue to denote the

unique extension of lip b p by l Ip
Q p pp n
s Il Ipextends 1Ipextends uniquely

uniquely since since Qp is complete TQp Qp is algebraic
Qp is the
completionof Qw v t QTp

Let Ep be completion of p w r t I Ip of course Then from
our remarks above Qp is algebraically closed In fat
it is Gou canonically isomorphic to do It is often
considered the ideal analogue of Q in the p adicworld

However it has an important drawbark It is not
sphericallycomplete a nation we now define Spherical

completeness also goes by the name ofmaximallycomplete

Definition Ck i l is sphericallycomplete or maxeallycomplete

if earh nested sequence of balls 133133 a Bn has a

non emptyintersection
The Hahn Banak theorem need not be true in



non anhimedean funtonal analysis in tent it fails
for Banarh spares over Qp However if k is spherically
complete note that K has to be then complete then
the usual proof of Hahn Bauerle works

To make sense of all this we introduce an important

topic Before we do let us make the following

Convention From none onwards k is complete I I
non trivial non archimedean curlers otherwisestated 1

Normed sparesandBanach spaces over K

Def i A nod spare ones K is a nator space E over
K equipped with a map the mourn H H E K
such that
Don'treally hell30 and Hull O iff ne 0need kto be
completeor a
non trivial an lat KW for a E K and NEE
Butaekeffing

untyl e max well Hy
Ii A normed space E over K is a Banaclepace if

it is complete with respect to its norm

If kHe and KIIF are the moms on the horned spares E
and F then on ExF my t 11M Hyle gnis a

noun 11Hae on ExF which gries the modulitopology on Ext



If E and F are Banarh then so is x F HHexe
Classical theorem on Bernal spares hold over k

except Hahn Banach

Theonami Let E F be k Banach spares and

f E F

a linear map
a If f is continuous and onto their f is an open

Fitmapping map In particular if f is bijaline and continuous
Thm then its inverse is also continuous i e f E I F

b The map f is continuous if and only if the graphAmt tf Cn f n I see E is cloned in ExtTun

e Let 8 be a collation of continuous linear
operators T E F s t for each net

Then
FEE Tn i

Sup KTH
Te le

where for any cts operator T KTH SupIlTallHallet

1 Uniformboundedness Principle

Canton Tian alsosaysthat if f is one to one and continuous then
fCE is cloud in F and E fCE as a Banal spare This
is clearly not true in the classical care and I very mink doubt
it is true in the non archimedean care either In any care the



classicalproof could not possiblyapply as Tian claims since there
is no classicalproof Heoffers no proof

hey urology It turns out that I I is
non archimedean if and only if t a Ek la Kl
In al e l t n C IN Using latbl max flatKl one way is
clear namely if l l is non archimedean then this

property holds Conversely suppore
Inal E l t ne N and t a s t late 1

If a b E k with late Ibl then tu EIN we have
Iatbt II j at bn

IE Ibn il ICI lat I

IIo Ibnd I Ibit
him 4H5t4a
by H

anti Iblw
Thus

Iatbl E Cnt1 K lbl t me IN

Letting n we get latbl E Ibl It follows that
I 1 is non anhimedean
Recall that for 112 the property Insel Inl for some ne N is

called the archimedean property


