HwW 7

Due on Nov 5, 2019 (in class).

Covariant Yoneda.

(1) Let € be a category and Z; and Z be objects in €. Suppose we have a
natural transformation T': Homg(Z1, —) — Home(Z2, —) of Sets-valued
functors on ¥. Show that there is a unique map 7: Zo — Z7 in % such
that for any object C' in %, the map T(C): Hom¢(Z,C) — Homy (Z2, C)
is given by ¢ — ¢o7, ¢ € Homy (271, C).

Cech cohomology. Suppose (¢, %ov) is a Grothendieck topology on a category
€. Let Psh = Pshy denote the category of pre-sheaves on €.

For V € €, let Zy be the presheaf of abelian groups on € given by

Zy(W) =2z "V = B 7 (We%)
¢: VoW

with obvious “restriction” maps.

In the problems that follow, fix U € ¢ and U = {Us = Utaer € Gov(U). If is
Z a presheaf on € then (as usual) C* (U, &) will denote Cech complex associated
with & and 2. If (ig,...,ip) € IPT!, then set

U;
Finally for p € N we write

:Uio ><UUvi1 XU“-XUU*

ip-
Zp = @ ZUiO,.,ip'

ielr+1

0---ip

(2) Let V € €. Show that
Homgy (2y, —) = T(V, —).

(3) (a) Show that CP(i, &) is functorial in & € Psh.
(b) Fix p € N. Show that

CP(Y, &) = Homey(2,, 2).
for every & € Psh. Show that this is a functorial identification.
(4) (a) Show (using problem (1) and problem (3)) that we have a homology
complex
O0¢— Zp— 21— ... Zp_1 ¢ Zp— ...

such that Homgy(Ze, #2) = C*(U, L) for & € Psh.
(b) Give an explicit formula for the boundary map 2, — 2,_1.
(c¢) Show that H,(Z,) =0 for p > 1.



