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Lecture 1

1. Sigma algebras and Measures

The Riemann integral has been seen to be the limit of sums. The Riemann-
Stieltjes integral with respect to an increasing function g can be seen as the limit of
weighted sums, where the “weight” given to a subinterval (¢, d) is roughly g(b)—g(a)
(this is strictly true if ¢ and d are points of continuity of g). Once we allow ourselves
the notion of weighted sums and their limit, the most natural integral one can think
of is integral with respect to a measure. This leads to an abstract defintion of an
integral f « J du, where X is a fairly arbitrary space, and p is the “weight” function,
or a measure. However to lay a proper foundation, one has to introduce the idea of
a o-algebra. In this lecture, we define o-algebras and measures and give examples.
We also introduce a class of functions, the “measurable” functions, which are the
functions we will attempt to integrate in later lectures.

DEFINITION 1.1. Let X be a set. A subset F of 2% is called a o-algebra on X
if
(1) 0, X e F,
(2) F is closed under complementation, i.e. if E € F then X \ F € F, and

(3) F is closed under countable unions, i.e. if {£;}52, is a sequence of mem-
bers of F, then U2 E; € F.

A measurable space is a a pair (X, F) where X is a set and F is a o-algebra on X.
Members of F are called measurable sets.

Using D’Morgan’s Laws one checks that a o-algebra is closed under countable
intersection. Note that 2% is itself a o-algebra. Moreover, the arbitrary intersection
of og-algebras on X is again a o-algebra on X. From this it follows that given a class
H C 2%, there is a smallest o-algebra F on X containing H. F is the “smallest”
in the sense that if G D H, and G is a o-algebra, then G D F. We often say that F
is the o-algebra generated by H.

EXAMPLE 1.1. The following are some examples of o-algebras other than 2.

(i) Let B be the o-algebra generated by the class H of open sets in R. B is called
the Borel o-algebra on R. We will show, at some point, that B is not 2F.

(iii) Let R be the extended real line, i.e. R U {—oc0,+00}. On R define a metric
given by d(z, y) = |arctan(z) — arctan(y)|. Here we use the convention that
arctan(—oo) = —7/2 and arctan(+oo) = /2. Now as a set, R is a subset of R,
and hence inherits this metrics from R. Note that the open sets on R induced
by this metric agree with the open sets in R under the usual metric. Let B be
the sigma algebra generated by open subsets of R.

(iii) Let X be any set. Let F = {E| E is countable, or X \ F is countable}. If X is
not countable, then F # 2%,
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DEFINITION 1.2. Let (X, F) be a measurable space. A measure on (X, F) is
a function
w:F — [0, o0

such that

(i) u(@) =0, and

(ii) (Countable Additivity) If {E;} is a countable collection of disjoint subsets

of X, with each E; € F, then
w02 Ey) =Y u(Ey).
i=1

A measure space is a triple (X, F, p) where (X, F) is a measurable space and p is
a measure on (X, F).

REMARK 1.1. Note that if A € B, A,B € F then u(B\ A) = u(B) — u(A).
In particular pu(A) < p(B). The second property is often referred to as the mono-
tonicity of .

EXAMPLE 1.2. The following are some examples of measure spaces.

(i) (The Lebesgue Measure on R) On B we can define a unique measure m such
that for every interval I, m(I) = length of I. Exercises 3—15 of your Homework
assigment gives the method of obtaining m. In fact, from the Exercises, one sees
that m extends as a measure to a larger o-algebra M, and this extended measure
is also denoted m. The measure m is called the Lebesgue measure on R and M
the Lebesgue o-algebra. The measure space (R, M, m) is called the Lebesgue
measure space.

(ii) The above has a natural generalisation to d-dimensions. One can talk about the
Lebesgue o-algebra M, and the Lebesgue measure mg on R? (see Exercises 55—
60 of your Homework assignment).

(iii) Let X be a non-empty set. (X, {0, X}, p) is a measure space, where u(f) = 0
and p(X) = oo.

(iv) (The Dirac Measure) Let (X, F) be a measurable space, and let z, € X. The
Dirac measure at x, is the measure 0., given by :

5 _J1 iz cE
0 ifz, ¢ F

for E € F. Later, when we do integration with respect to a measure, you will

see that
[ ras., =it
X

(v) (The Counting Measure) Let (X, c¢f) be a measurable space. The counting
measure on (X, F) is the measure #x given by

00 if E is not a finite set
#x(E) = . I
cardinality of £ if F id finite
for £ € F.

Let X be a set and {E,} a sequence of subsets of X. We will use the notation
E, 1 E to mean that {E,} is increasing, i.e. E, C FE,41 for all n € N, and that
it increases to E, i.e. E = U,FE,. Similarly F,, | E means that £, D F,; and
that E = N, E,, and of course, in this instance we say that {E,} is decreasing and
decreases to F.

For the rest of this lecture, let us fix a measure space (X, F, ).
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THEOREM 1.1. Let E,, € F and E, T E. Then u(E,) T u(E).
ProOF. We have
E = UnZl (En \ Enfl)

where we define E, = (). The right side is a disjoint union, and hence

w(E) = ZM (Ej\ Ej1)

= lim > (B \ Ej1)
j=1

= lim U(En)

n—oo

(]

EXAMPLE 1.3. Consider the measure space (N, 2V, #) where # is the counting
measure on (N, 2V). Let E, = {n,n+1,...}. Then clearly E,, | §. However, #(E,) does
not decrease to zero. So the analogue of the above theorem is not true for a decreasing
sequence of sets. The difficulty is that #(F,) = oo for all n. The next theorem shows
that the analogue for decreasing sequences is true with further hypotheses.

THEOREM 1.2. Let E,, | E, E, € F and u(E1) < 0o. Then p(Ey) | p(E).
ProoOF. Let A; = E1\ E;. Then A; T E1\ E. Apply the previous theorem. [

2. Measurable Maps

DEFINITION 2.1. Let (X, F) and (Y, G) be measurable spaces. A map f :
X — Y is said to be measurable (or more precisely, measurable with respect to
(F,G)) if f7Y(E) € F for every E € G. We will often use the notation f :
(X, F) — (Y, G) to indicate that f is a measurable map.

PROPOSITION 2.1. Let (X, F) N (Y,G) - (Z,H) be a pair of measurable
maps. Then go f : X — Z is measurable.

PrRoOOF. Obvious. O

PROPOSITION 2.2. Let f : X — Y be a map of sets, and suppose G is a o-
algebra on Y. Then the class f~1(G) C 2% given by

F7HG) ={r"(B)B g}
is also a o-algebra.
PRroor. This follows from the fact that the map
fhi2Y —2X

is a map which preserves arbitrary unions, arbitrary intersections and complemen-
tation. (]

THEOREM 2.1. Let f: X —Y be a map of sets. Let Q C 2Y, and let G be the
o-algebra generated by Q. Let P = {f~1(B)| B € Q}. Then the o-algebra generated
by P is [1(G).
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PROOF. Let F = the o-algebra generated by P. Since f~*(G) D P and f~1(G)
is a o-algebra, therefore f~1(G) D F. On the other hand, let

G ={BegG|f'(B)eF}

It is easy to check that G’ is a o-algebra. Clearly @ C G’ C G. Hence G’ = G (for
G is the smallest o-algebra containing Q). It follows that f~1(B) € F for every
B € G. This means that f~}(G) C F. O

3. Measurable Functions

DEFINITION 3.1. For this course, a function on a set X is a map f: X — R.
If (X, F) is a measurable space, then an F measurable function on X is a function
which is (F, R)-measurable. A function on (X, F) is the same as a F-measurable
function on X. If the context is clear, we will drop the adjective F from the phrase
F-measurable.

Let F be the o-algebra on R generated by sets of the form («, 00). Let o, 8 € R.
Then,
) (—o0, 8] € F.
) Hence (a, 5] € F.
) (o, B) =Up(e, B+ 1/n] € F.
) The above is true for &« = —o0 also (same proof).
) {BY=n(B—1/n,Bl € F.
) Every open interval, and hence every open set is in F, since every open
set is a countable union of open intervals.

(g) Hence F = 5.

In the same way, one can show that B is the o-algebra generated by sets of the

form (a, 00] where @ € R. We thus have

THEOREM 3.1. Let (X, F) be a measurable space. Then a function f on X is
measurable if and only if

{zeX|f(z)>a}leF
for every a € R.
REMARK 3.1. Clearly there are other equivalent tests of measurabilty. For
example, f : X — R is measurable if and only if each set of the form {f > a} is

measurable in X. Indeed, sets of the form {x € R|x > a} generate B —as can be
easily verified from arguments given earlier.

PRrROOF. The Theorem follows from the observations above it and Theorem 2.1.
O

We will use the following conventions.
a- 00 =00 fora>0,acR
0-00=0
0o — oo = undefined

THEOREM 3.2. Suppose f, g are functions on (X, F). Then f+g, f—g, f-9¢
are all measurable, whenever they are defined.
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PROOF. Note that

{f+g>a}=Uecol{f >r}Nn{g>a—r}]
and hence f + g is measurable. It follows that f — g is measurable (why 7). Next

{f*>a}={f>Va}u{f <-Va}

and hence f2 is measurable if f is. Since
1 2 2
f~g—1{(f+g) -(f—9) }

we are done. Note that the proof (of measurability of fg works even if f + g or
f — g are not defined at every point (check this !). O

EXAMPLE 3.1. In the examples that follow, we will abuse notation and treat B and

M as o-algebras on any interval (or for that matter, any Lebesgue measurable set) in R.
We will assume familiarity with the notion of Lebesgue measurability (see Exercises 3—15
of your Homework assignment).

(1) Any continous function on an interval is B-measurable.

(2) Monotone functions on an interval are B-measurable.

(3) Bounded Variation functions on closed bounded intervals are B-measurable.

(4) Let f = xo: R — R. Then f is B-measurable. Indeed,

0 ifa>1
{(f>a}=40 ifo<a<i
R ifa<O

4. Signed Measures and Complex Measures

Sometimes it is useful to have a more general notion of measures. These are
particularly useful in understanding the various Riesz Representation Theorems,
which we will do in Lecture 8.

DEFINITION 4.1. By a signed measure on the measurable space (X, F) we mean
an extended real valued set function

w:F =R
satisfying the following conditions
(i) p assumes at most one of the values 400, —00.

(i) u(0) = 0.

(ii) w(U2 E;) = > o2, pw(E;) for any sequence {E;} of disjoint measurable
sets, the equality taken to mean that the series on the right converges
absolutely if p(U;E;) is finite and that it properly diverges to p(U;E;)
otherwise.

DEFINITION 4.2. By a complez measure on the measurable space (X, F) we
mean a complex valued function p : F — C such that

(i) u(®) = 0.

(ii) For each countable disjoint union U; E; of sets in F we have
o
(Ui E;) = Z,U'(Ei)
i=1

with absolute convergence on the right.






Lecture 2

In this Lecture we prove two crucial results viz., Egoroff’s Theorem and Lusin’s
Theorem. But first we continue our discussion of measurability.

5. Measurability Continued

We begin with the following observations.

(i) Let (X, F) be a measurable space. Then F € F if and only if xg is
measurable.
(ii) Consider the measurable space (X, {0, X}), where X is a non-empty set.
Then a function on X is measurable if and only if it is a constant.
(iii) Consider the measurable space (X, 2%). Clearly every function on X is
measurable.

EXAMPLE 5.1. We give an example of a continuous increasing function on I, = [0, 1]
which sends a set of measure zero to a set of measure one ! Note that such a function
must be a homemorphism between I, and its range. The example is meant to illustrate
the difficulty in resolving topology with measure. A “small” set can become a “big” set
under a homeomorphism. Consider the Cantor function on I, = [0, 1] defined as follows:
In the construction of the Cantor set, suppose Iij,..., 51 ; are the “middle thirds”
after (j — 1)-steps. In other words, I11 is the middle third of I,, and I12, I22 are the
middle thirds of I, \ I{;, etc, etc, ... . Let J, = UI};. In other words J, = I, \ C' where
C is the Cantor set. Define
0 ifz=0
2 —1

23
SUPy <o yeur,, fly) fxz>0andx ¢ J,
One checks that f is non-decreasing and continuous on I, and its image is I,. Now consider
¢ : I, — [0, 2] where

f(z) =

if x € [ij

o(z)=flz)+ = for z € I,.
Then ¢ is an homeomorphism from I, to [0,2]. One checks that m (¢(C)) = 1.

THEOREM 5.1. Let (X, F) be a measurable space and {f,} a sequence of mea-
surable functions on X. Then h = sup,, f, and g = inf,, f,, are also measurable.

PrROOF. We have
{h>a} =UiZ {fn > a}
and hence h is measurable. Similarly, g is measurable. O

COROLLARY 5.1. liminf f,, and limsup f,, are measurable.

PrOOF. liminf f, = sup,, inf{f,, fnt1,...}. A similar description is there for
limsup f,. O

COROLLARY 5.2. If f,, = f pointwise, then f is measurable.

9
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6. Simple Functions

DEFINITION 6.1. Let (X, F) be a measurable space. A function S : X — R is
simple if
(i) S is measurable, and
(ii) S(X) is a finite set.

Let S be a simple function on X, and say S(X) = {a1,... ,an}. Let A; =
{S =«;} € F. Then X is the disjoint union of the A;’s. Note that

n
S = ZanAj'
j=1

THEOREM 6.1. Let f > 0 be a function on the measurable space (X, F). Then
there exists a sequence of simple functions {S,} on (X, F) such that S, T f point-
wise.

PROOF. Let I,; = [L2, &), 7 =1,2,...,n2" Let

2n ) 2n
n2™ ] 1
Sn:Z on Xf—l(lnj)+TLXf—1[n,Oo], n € N.
j=1
One can check easily that S, 1 f pointwise. (I

7. The Theorems of Egoroff and Lusin

THEOREM 7.1. [Egoroff] Let (X, F,u) be a measure space with u(X) < oo.
Suppose {fn} is a sequence of measurable functions on X such that f, — f point-
wise on X. Then given € > 0, there exists E € F such that u(X \ E) < € and
fn — [ uniformly on E.

PrOOF. Let Ay ; = {|fn — f| <1/j,n > N}. Then, for fized j, {An ;}n is an
increasing sequence of measurable sets, increasing to X. Therefore, p(An ;) T 1(X)
as N 1 oo. Since p(X) < oo therefore there exists an N; € N such that

B (X\ Ang) < o
Let £ = N3, Ay, ;. Then,
p(X\EB) = (U (X \ Ax, ;)
<Y n(X\Ay,)

J
<e.

We claim that f,, — f uniformly on F. To see this, let 7 > 0 be given. Let j, € N
be such that 1/j, < 7. Since £ C Ay;_;,, one sees that

[fa(z) = f(@)<n  (z€E;n>N,,).
This gives uniform convergence of {f,} on F. 0

THEOREM 7.2. Consider the Lebesgue measure space (R, M,m). Let E € M
be a set of finite Lebesgue measure. Let f be a measurable real-function on E. Then
for every e > 0, there exists a continuous function

g :R—R
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such that
m ({z € Elge(z) # f(2)}) < e

PrOOF. We may assume f > 0 on E by breaking up f as the difference of
ft =max{f, 0} and f~ = max{—f, 0}. Then we have sequence of non-negative
simple functions on E, {S,,} increasing to f on E. Suppose

kj
Sj: E ajiXqu‘,'
i=1

Then, by Exercise 12 (d) of your homework assignment, we can approximate each
Aj; by closed Fj;, sop that

€
m (A5 \ Fji) < =5 -
J

Let F; = U;leZ-j. Then F} is a closed subset of F and
€

m(E\ Fj) < ek
Note that S;|r; is continuous on Fj. Let F' = N;F;. Then

€
mE\F) < Y om(E\F) < 5
and S;|r is continuous for all j.

By Egoroft’s Theorem (applied to S; and the set F'), and by Exercise 12 (d)
of the Homework assignment, there is a closed set F, C F' such that S; converges
uniformly to f on F, and m(E \ F,) < e. Since each S; is continuous on F,,
therefore f is continuous on F,. We can extend f|r, to a continuous g. on R, and
this g. clearly does the required job. O






Lecture 3

8. Integration of non-negative functions

Let (X, F, p) be a measure space. Then any function S = Y"1, B;xp, where
Bi € R, i =1,...,m and the B; are mutually disjoint, and B; € F for every 1, is
a simple function (this can be seen easily from the definition of a simple function).
There may be many ways in which S could be represented in this manner, however,
the canonical representation is

n
S=> aixa,
j=1

where vy, ..., a, are the distinct values of S and A; = S~ !(ay), j=1,... ,n.

LEMMA 8.1. Let S be a simple function, say, Z:’;l BixB,, where B; are mutu-
ally disjoint measurable sets. Then the number

m
ZBz‘M(Bi)
i=1
does not depend on the particular representation of S as a linear combination of

characteristic functions over mutually disjoint measurable sets.

PROOF. Let 2?21 a;xa, be the canonical representation of S. It follows that
for each ¢+ = 1,... ,m there is a o(i) € {1,... ,n} such that 3; = a,;) and A; =
Ug(i)=;j Bi. Clearly this is a disjoint union. Now

ZﬁiM(Bz') =3 > BiuBi)

o(i)=j

The result follows. O
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DEFINITION 8.1. Let S > 0 be a simple function, say > .-, 8;x5;. Then the
integral of S over X with repect to p is

[ Sdu=3"sup).
X i=1
Note that, by the previous Lemma, this is well-defined.

DEFINITION 8.2. Let E € F. The restriction of F to E, written F N E is the
o-algebra on E given by

FNE={AcF|ACE}.

The resriction of u to FNE is denoted p|g. Clearly u|g is a measure on (E, FNE).
If S > 0 is a simple function on X, then the symbol fE Sdu will be used as a
shorthand for [}, (S|g) d (u|e).

REMARK 8.1. Let S > 0 be simple. The integral clearly enjoys the following
properties.
o [yc-Sdu=c[,Sdu,c>0.
o [ Sdu=[yS xgdufor EeF
e If v: F — [0, 0] is the fuction given by

v(E) = /ESdu

then v is a measure on (X, F).
e Suppose T > 0 is another simple function on (X, F), then

/(S+T) du:/ Sd,qu/Tdu.
X X X
Note that if S =3 a;xa; and T =37, Bixp,, then

S+T =) (o + Bi)xa,nB,-
0,J
DEFINITION 8.3. Let f > 0 be a measurable function on X. The integral of f
over X with respect to u, denoted fx fdu s,

/fd,u: sup /Sd,u
X 0<s<fJx

where the supremum is taken over simple S. We say f is integrable if its integral is
finite.

Asusual, if E € F, then [}, f dp is shorthand for [}, (f|g) d(u|g). The following
properties are obvious:

o [yc fdu=c [y fduforc>0.

.fEde:ffoEdﬂaEGJ:'

e If0<g<f, then [, gdu < [y fdpu.

e If ECF,EF e F, then [, fdu < [, fdu. (Recall that f is assumed
to be non-negative).

If f =0 then [, fdu=0.

If E € F and pu(E) =0, then for f >0, [, fdu=0.
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9. The Monotone Convergence Theorem

In order to prove linearity of the integral it is useful to have the Monotone
Convergence Theorem—a theorem important in its own right.

THEOREM 9.1. (The Monotone Convergence Theorem). Let f, 1 f pointwise,
where {fn} is a sequence of non-negative measurable functions on X. Then

/andu=/xfdu~

Note that such a statement is not true for Riemann integrals.

PROOF. The sequence of extended real numbers { | « fndu} is a monotone se-
quence, and hence o = lim,, f « Jn dp exists as an extended real number. Clearly

@ S/ fdu.
X
Let 0 < S < fon X, S simple, and let 0 < ¢ < 1 be a constant. Then we claim
that
o> / c-Sdpu.
X

Let E, = {fn > ¢-S}. Then each E, € F and {E,} is an increasing sequence of
sets. Since 0 < ¢ < 1, therefore E,, T X. Let v be the measure on (X, F) given by

V(E):/ESdu.

Since v is a measure, therefore v(E,,) T v(X). Hence

/ c-Sd,uT/Sdu.
B, X

But ¢S < f, on E,,. This gives
/ ¢S dp < / fudn < intx fy dp.
Ey, E,

The last inequality follows from the fact that £,, C X. This shows that [, ¢Sdu <
lim,, fX fndp = a. Thus the claim is proved. Now let ¢ 1T 1. We get

/Sd,ugoz
X

for all simple S such that 0 < .S < f. By definition of [y fdu, we get [, fdu < a.
This gives the desired result. (Il

COROLLARY 9.1. Let f,g be non-negative measurable functions on X. Then

|G adu= [ saus [ gd

PRrROOF. Let S,, T f and S), 1 g as n T co. Here S,, and S/, are simple non-
negative functions. Apply the Monotone Convergence Theorem to {S,}, {5}, } and
{8, + S,}. Since we already have linearity of the integral for simple functions, we
are done. g
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10. Integration

Now let f be an arbitrary measurable function on X. Define f* = max{f, 0}
and f~ = max{—f,0}. One can check that f* and f~ are measurable. Clearly
they are non-negative functions. Note that f = f* — f~ and |f| = f™ + f~. Note
that f* < |f| and f~ < |f] and hence if [, |f|dp < oo then [y f*du < co and

Jx [ dp < .

DEFINITION 10.1. The 1-norm of a measurable function f on X is

11 =/X|f\du-

A measurable function f on X is said to be integrable with respect to p if || f|j1 < oo.
In this case, we define the integral of f with respect to p as

/deu:/xfwu—/xf—dﬂ.

Note that if u(E) = 0 then [, fdu = 0, where, as before the integral on the
right is a shorthand for [, f|g d(u|E).

DEFINITION 10.2. A property g for points in X is said to hold almost every-
where [u] (abbreviated to a.e.-[u]) if the set of points for which p fails is contained
in a set of measure zero.

On the space of measurable functions on X we have an equivalence relation ~
defined by f ~ g if f = ga.e-[u]. If f ~ g, then f is integrable if and only if g is,
and in this case [ fdu = [, gdu (why 7).

Note that if f is integrable, then f takes the values oo, and —oco on a set of
measure Zero.

DEFINITION 10.3. The space L' (1) is the set of equivalence classes (under ~)
of integrable functions.

REMARK 10.1. Note that the integral with respect to u is well defined on L'(u)
since two integrable functions which are ~—equivalent have the same integral. Moreover,
since an integrable function takes on the two infinite values on sets of measure zero,
therefore, L* (n) is a vector space over R. The crucial point to prove is that addition
can be defined. While two integrable functions may not be added for fear of introducing
undefined values like co — oo, their equivalence classes can be, for the lacunary set if of
measure zero, allowing for arbitrary changes in values there. For an integrable function,
it is conventional to write f € L' (), when what is meant is that the equivalence class of
fisin L'(p).

DEFINITION 10.4. The map L'(p) — R induced by the integral [y (-)du on
integrable functions (see Remark above) will also be called the integral over X
with respect to p and will be denoted [, (-) du. The 1-norm on L'(p), is the map

L'(u) — R induced by the 1-norm on integrable functions (see Remark above). We
continue to use the symbol ||-||; for this map on L!(u).

THEOREM 10.1. With above notations and conventions we have

(1) (LY (w), || - 1) is @ normed linear space.

2) | [x fdpl < [ [fldp=flh
(3) [x(-)du is a linear functional on L*(p).
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PROOF. The second assertion is easy. For the first, the only non-trivial state-
ment to be proved is that if || f||; = 0 then f =0 in L*(u) (i.e. f=0,a.e. — [u]).
Without loss of genrality, we may assume f > 0 (by replacing f by |f] if necessary).

Then
/fd,uzO
b'e
so that
/ fdu=0.
{f#0}
But
1 1
0l=U,q —— > —
{£#0) {n_l_f>n}
and hence

This implies that

(e 1))

Summing over n, we get p ({f #0}) =0. Thus f = 0a.e. — [u].
The last part is not as straightforward as it seems. It is not true in general that

(f+9)"=ft+g"
or that

(f+9) =f+g".
Let f +g=h. Then h € L'(u). Then

ht—h™ =h=f+g=f"—f +g"—g a.e. — [u].
Since f, g, h are finite a.e. — [u], we get
Y+ f 4+g =fT+gt+h™  ae —[y].

Take integrals of both sides, transpose appropriate terms and get
/ hdu:/ fdqu/ gdu.
X b'e X
|

REMARK 10.2. Suppose fn, — f in L*(p), in other words, ||fn — fll1 — 0 as n —
co. Since \fx(fn — [)du| < ||fa — fll1, therefore it follows that fx fndp — fX fdu as
n — oo.
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11. The Dominated Convergence Theorem

We have seen that under certain conditions, lim,, and |  commute. More pre-
cisely, if the conditions of the Monotone Convergence Theorem (MCT) are satisfied
then this is true. But the MCT is for increasing sequences. The (Lebesgue) Domi-
nated Convergence Theorem (abbreviated DCT) is applicable to other situations.

THEOREM 11.1. [The Dominated Convergence Theorem| Let { f,,} be a sequence
in LY (u) such that f,, — f pointwise a.e. — [u], Suppose there exists ¢ € L*(p) such
that

Then fn — f in L' (u).
Proor. Let
gn:2¢_|fn_f|'

Then g, > 0. Apply Fatou’s Lemma (Exercise 27 of your homework assignment).
Get

/ liminf ¢, dp < lim inf/ gn dp
X X

i.e.
/ 20 dp < / 2¢du+liminf{/ | fn f|du}

X X X

or
0= timsup [ |f, ~ fldu
X
This gives,
0= tiwsup [ [, = fldp > limint [ 1, - fldu =0,
X X

Thus

i [ 1= Sldu=0
n X

and hence the result.
O

EXAMPLE 11.1. The DCT is only a sufficient condition for the limit of integrals to be
the integral of the limit. We will give a sequence of integrable functions {f»} on (R, M, m)

such that {f,} is not dominated by an L' function, and nevertheless the conclusion of the
DCT holds. Define f, by

1
fn(z) = X1/ (n+1).1/n] (x) > 0.

Then

19
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i) fn—f —Opointwise
i) Jg |fn = fldm = f

+1
However, if there was a ¢ € L'(m
and hence ¢ ¢ L'(m).

n+1
= log — 0 asn — oo.
n

dx
x
) such that f,, < ¢ for all n, then ¢(z) > 1/x for z > 0

12. Applications of DCT
THEOREM 12.1. Let f : I — R be such that f' exists and is bounded on I.

Then
)= 1) = [ am

REMARK 12.1. Note that f’ must necessarily be measurable. Thinking of f as a
function on all of R, for each a € R, define the translate of f by a as the function T, f
given by T, f(x) = f(z+a). Clearly T, f is also measurable for every a € R. Now consider

gn:n[TI/nf_f]-

Clearly g, is also measurable. Let n 1 co and see what happens. How would you take
care of the right end point ?

PROOF. Since |f'| < M, therefore [;|f'|dm < M -m(I) < co. Thus f' €
L'(m). Let g, be as above. Then, for each x and each n we have &, € [z,z+1/n]
such that

|9n| < |fl(fzn)‘ < M.

/gndm—>/f'dm.
I I
On the other hand,

/gndmzn{/fx+1/n ) dm(x /f ) dm(x }
I b+1

{a+1 f dm = /fdm}

{ b+1fdm / fdm}

— f(b (a) asn— o0 (since f is continuous)

By DCT, we get

O

Another application of the DCT is in proving that L () is complete under the
metric induced by its norm, i.e. L'(p) is a Banach space. In order to show this, we
need the following Proposition.

PROPOSITION 12.1. Let (X, F, p) be a measure space. Let {f,} be a sequence

in L'(u) such that
D lIfall < oo

n>1
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Then g =3, fn converges a.e.—[u] and g € L*(p). Moreover g, =Y 1_, fx = ¢
in L*(p) as n — oo and hence, in particular, we have

/X;fnduzgl/xfndﬂ.

REMARK 12.2. Note that it will also follow that Y |fn| < oo, a.e. — [u] since
I fnllle = [Ifnlls-

PROOF. Let ¢ =3" -, |fal . Then by MCT,

[ o= rls < .

n>1

In other words, ¢ < co a.e. — [u] and ¢ € L'(p). Thus the series Y., o, |fal
converges a.e. — [u] and hence it follows that }° -, f, converges a.e. — [u]. Let

g = anl fn and gy = 27]:[:1 fn- Then |gny| < ¢ € L'(i). By the DCT, we get
that [ gn dp — [y gdp. In other words,

N
S [ ddu—s [ 3 fudn
n=1"%X X p>1
This gives the required result. O
THEOREM 12.2. L'(u) is a Banach space with |-||1 as norm.

PROOF. Let {h,} be a Cauchy sequence in L'(u). Let ny < mng < ... < ny <
... be a sequence of positive integers such that

1
lho = hmlls < 55 (nym 2 i)
Let
flzhnlfk:hnk_hnk—l (k22)

Then

D Il < oo

k>1
By the Proposition above, h = >, fi is finite a.e. — [u], and h € L'(u). One
checks easily that ||k, — k|1 = 0 as n — oo. O

13. LP spaces
Fix a measure space (X, F, p).

DEFINITION 13.1. Let 1 < p < co. The p-norm of a measurable function f is

1£lp = {/X fl”du}p~

A measurable function f on X is said to be p-integrable with respect to p if
Jx |fIPdp < oo, ie. if |[fll, < co. Note that f is 1-integrable preciesely when
it is integrable.
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REMARK 13.1. Suppose f is p-integrable, and f = g a.e. — [u], for some other
measurable function g on X. Then clearly |f|? = |g|P a.e. — [u], whence we conclude that
g is also p-integrable. Moreover, in this case

/\fl”du=/ lg|” dp.
X X

Further, note that if f is p-integrable, then as in the case p =1, fx |fI? dp = 0 if and only
if f=0 ae. — [y

DEFINITION 13.2. Let 1 > p < p. Then LP(u) is the set of all equivalence
classes of p-integrable functions on X with respect to u, under the equivalence
relation of “equality a.e. — [u]”. For f a p-integrable function, let [f] € L?(u), be
its equivalence class. Define

=1 [ |f|Pdu}‘l’.

By the above remarks this is well defined. We call it the LP norm of [f] or the
p-norm of f.

REMARK 13.2. It is convention to write f € LP(u) when what is meant is that
[f] € LP(p). In the same vein, for a p-integrable function f, we write ||f|l, for ||[f]|lp- If
it is clearly kept in mind that equalities are only almost everywhere [, then no confusion
arises from these conventions. We will follow them. Finally, note that the p-norm makes
sense as an exteneded real number for any measurable function f, and it is p integrable
precisely when || f||, < co.

DEFINITION 13.3. Let f be a measurable function on X. We say f is essentially
bounded if the essential supremum of f,

[ flloo := inf{y > 0] u{| f| > 0} = 0}
is finite.

REMARK 13.3. As usual, one can see that the essential supremum of two measurable
functions which are equal a.e. — [u] agree.

DEFINITION 13.4. L* () is the set of equivalence classes of essentially bounded
measurable functions under the relationship of “equality a.e. — [u]”. For [f] €
L>(w), /Moo :== lIfllco- This is well-defined by the above remark. As is conven-
tional, we write f € L°(u) when we mean [f] € LP(u).

ExXAMPLE 13.1. (1) Consider (I, MNI, m|r). Then for a continuous function
on I, the essential supremum agrees with its maximum.
(2) Let {rn} be some enumeration of the rational numers Q. Set

n ifz=r,
f(m):{o ifzdQ

Then f is unbounded everywhere (in the ordinary sense), but || f|lcc = 0.
THEOREM 13.1. Let (X, F, ) be a measure space with 0 < pu(X) < oo. Then
[fllp — [[fllec asp— oo
Proor. We will show that

. B s .
lim sup 11l < [lfllec < lim in [|£]],
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Now,
/ 1P du < [ FIEp(X).
This gives

1
1 £llp < [1flloop(X) 7,
from which we conclude that

limsup || fll, < || flloo-
p—roo

To show the second equality, we may assume that || f|lcc < 00. Let 0 < A < || f]| oo,
and let E = {|f| > 0}. Then 0 < u(F) < oo and

1 1
= < — p < .
n(o) = [ w5 [ ipan< 55 [ il

Thus
Au(E) < |15,
i.e.
1
A w(E)e < [ flp-
Thus,

< limi .
A < liminf [| £l
Let A1 || flloo- We get that

If]e < tinminf | 7],

as required. 0
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14. Jensen’s Inequality

THEOREM 14.1. [Jensen’s Inequality] Let (X, F,u) be a measure space with
wX)=1. If f: X — R is an integrable function, taking values in the interval
(a, b) with a = —o0 and b = co allowed, and if ¢ : (a, b) — R is convez, then

s0</deu) S/X(wf)du-

PRrOOF. Let t = fX fdu. Then for a < s <t < u < b we have, by Exercise 1
of the Homework assignment
p(t) — e(s) _ plu) = @(t)
t—s = u—t

Let 8 be the supremum of the quotients on the left. Then for s < ¢

p(t) — o(s) _ 5
t—s
and
o) = ¢V) |
u—t
The two inequalities can be combined to give
p(t) — ¢(s)

— <p (a <s<b).

This means
w(s) > p(t) + Bt —s) (a < s<b).
Hence
o(f(x) —p(t) = B(f(x) —1) 20

for every x € X. Since ¢ is continuous (in fact it is absolutely continuous. See
Exercise 2 of your Homework assignment) therefore o f is measurable. Integrating
the above inequality, and using the fact that for any constant a € R, f cady =«
(for u(X) = 1), we get the required inequality (remember that ¢ and ¢(t) are
constants). O

EXAMPLE 14.1. Let by,...,b, > 0 and a; = logb; for j = 1,...n. Let X =
{1,2,...,n} and consder the measur space (X, F, ) where F = 2X and u = 1/n - #,
where # is the counting measure on (X, F). Then u(X) = 1. Jensen’s inequality applies
to the convex function ¢(z) = exp(x) and the function f on X given by f(j) = a;. We

immediately get
1o 1o
exp — a; < — expa;.
Pnéljfngl P a;
j= j=

25
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In other words,

1 1
exp —loghy...bn < =(b1+ ...+ bn).
n n
This gives the well-known inequality
b ...+ by
(b1...bn)% < %

15. The Riesz-Fischer Theorem
Fix a measure space (X, F, u).

THEOREM 15.1. Let 1 < p < oo, and let g be such that 1/p+1/q = 1, where we
use the convention that g =00 of p=1and g =1 if p=o00. Let f,g be measurable
functions on X. Then

(1)
[ Vtoldn <151l (Holder's inequality)
X
(2)
If+glle < 1Fllo+llglly (Minkowski’s inequality)
(3) LP(p) is a normed linear space.
ProOF. This is Exercise 42 of your Homework assignment. ]

THEOREM 15.2. [The Riesz-Fischer Theorem] L?(u) is a Banach space.

PrROOF. We will leave the case p = oo as an (easy!) exercise. So assume
1 < p < oo. Let f, be meaurable functions such that > 7 ||fall, < co. Let
¢ = Yo i |ful- Then [|¢], < X0, Ifull, < oo. Hence ¢ < oo a.e. — [u]. Let
gn =2y fjand g = 3277, fu. Then |lgll, < [|¢[l, < oo and hence g € LP(n).
Moreover,

o0 oo
lgn —gll, <1 3" Filo < > Ifill, — 0 asn— oo
j=n+1 j=n+1

Thus g, — ¢ in LP(u). Now imitate the proof of the completness of L' (1) to get
the result. ]

16. Radon-Nikodym Theorem

DEFINITION 16.1. Suppose p and v are measures on (X, F) such that the
follwing relationship holds,

V(E):/Efdu (E e F),

for some measurable function f > 0. Then we say that f is the Radon-Nikodym
derivative of v with resoect to p and we write f = dv/dp.

Note that the Radon-Nikodym derivative, if it exists, is unique up to equality
a.e. — [p], for, if a measurable function h is such that [, hdp = 0 for every E € F,
then h = 0,a.e. — [p]. Indeed, in this case, [, htdy = f{h>0} hdp and hence

h* =0 a.e. — [u]. Similarly h= = 0,a.e. — [u].

Not that if dv/dv exists, then v(E) = 0 for every E € F such that u(E) = 0.
This motivates the following definition:
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DEFINITION 16.2. Let u,v be measures on (X, F). We say v is absolutely
continuous with respect to p (written v < p) if for every E € F with pu(F) =0, we
have v(E) = 0.

Clearly, if dv/dp exists, then v < p. We would like to give a converse to this.
However, we will prove a converse under special conditions, namely, when p and v
are o-finite, a notion which we now define.

DEFINITION 16.3. A measure p on (X, F) is said to be o-finite if X = {J,—, E,
with each F, measurable and of finite y-measure.

THEOREM 16.1. [The Radon-Nikodym Theorem| Let u and v be o-finite mea-
sures on (X, F) and suppose u < v. Then the Radon-Nikodym derivative dv/du
exists.

Proor. Write X = (J,, E,, where the E,, have finite 1 and v measure. We may
assume, without loss of generality, that the E,, are disjoint. Clearly it is enough to
prove the existence of the derivative on each E,. In other words, it is enough to
assume that p(X) < oo and v(X) < oco.

We will first prove a special case, viz., the case where v < p. Let ||-[|,, and
II|l,p be the norms of LP(u) and LP(v) (p > 1). Then one checks easily that
LP(u) C LP(v). It is clearly enough to show that

/ fdv < / fdu (f > 0 measurable).
X X

But this inequality is clearly true for simple f > 0 and hence by MCT for all
measurable f > 0. Moreover, by Exercise42, LP(v) C L'(v) for p > 1. Thus we
have a linear functional A : L?(u) — R given by

Af:/ fdv.
X
Since |Af] < || fllu2vV/i(X) < |1 fllv,2/p(X) (the first inequality follows from

Holder’s inequality with g = 1), therefore A is a continous linear functional. But
L?(u) is a Hilbert space (the Riesz-Fischer theorem gives completeness), there-
fore by the Riesz Representation Theorem for Hilbert spaces, there exists a unique
g € L?(u) such that Af = Jx fgdu for every f € L?(u). Taking f = xg, E € F

we get
V(E):/gdu.
E

By definition of the Radon-Nikodym derivative dv/du = g a.e. — [p].

If v € p, then consider A = i+ v. By the above arguments, du/dX\ and dv/dA
exist. Let E = {du/d\ = 0}. Then u(E) = [, du/d\d\ = 0. This means that
v(E) = 0 and hence A(F) = 0. In other words du/d\ > 0 a.e. — [A]. By the
homework exercises on Radon-Nikodym theorem, it follows that dv/du exists and
is given by

dv  dv/d\

dp  dp/dA

e.— [u].
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17. Change of Variables

Let U,V be open sets in R" and T : U — V a one-to-one onto map such
that T and T~ ! are C?, i.e., T and T~ are differentiable and their derivatives are
continuous. We wish to see how the form of an integral fv f dm changes under the
substitution x — Tz. The precise form of our theorem is

THEOREM 17.1. [Change of Variables Formula]. Let U, V, T be as above. Let
be the measure on (U, B) given by

w(B) =m(TB), BcCUBEeB.
Let Jr : U — R be the “Jacobian” of T, i.e., Jp = det (T"(z)). Then
(1) p<m, and dp/dm = |Jr|. In other words,
m(TB) = / |Jr| dm (B € B).
B

(2) For f:V — R,

/Vfdmz/[]uoT)uT\dm,

where the equality above has to be interpreted in the sense that if either of
the integrals in this formula exists, then both exist and are equal, and if
either diverges properly then both do and to the same infinite value.

PROOF. The second part follows from the first part and the “abstract of change
of variables formula” (Exercise29 of your Homework assignment). Indeed if ¢ =
T-! then,

/U<foT>uT|dm=/U<foT> dy
:/U(foT)dgo*m
/7 (foT o) dm

)
fdm

©
1%
as required.
To prove the first part, let B, = {(k —1)/n < |Jr| < k/n} N B, for n,k
positve integers. Then B is the disjoint union of B, ; over k. By Exercise 60 of
your Homework assignment, we have

o

m (T (Bpk)) < —m(Bni)-

3

We also have | J,(y)| < n/(k—1)forally € T(B, ). Hence, again using Exercise 59,
and the first inequality, we get

e n(Bus) < m (T(Bui)) < Sm(Bus).

S|

for every k € N. On the other hand, clearly
k—1
n

m(Bn,k) < / ‘JT| dm < &m(Bmk)
Bn,k n
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for k € N. Thus,

m(T(Bn,k))—/ Tz dm)| < %m(Bmk).

Bn,k

Since B = |J,, By, and the union is disjoint, we get

\m<T<B>> ~ [ Varlam

< %m(B).

Since n is arbitrary,
m (T(B)) = / |Jr|dm.
B

Thus we are done when m(B) < co. The general case is proved by writing B as
the increasing limit of Borel sets of finite measure and invoking MCT. (]
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18. Complex Measures

Much the way that a function of bounded variation on a closed bounded interval
is dominated by its total variation function, it is possible to find a measure \ which
dominates a given complex measure p on a measurable space (X, F) in the sense
that |u(E)| < A(F) for every E € F. Moreover we would like to find a minimal
such A. The obvious candidiate is A = |u|, where |u| : F — [0, oo] is given by

lu|(E) = sup ¥ |u(E;)]
{Ei}izzl

the supremum being taken over all partitions {E;} of E. Here we are using the
term “partition” in a special sense, viz., a collection of sets {F;} is said to be a
partition of E € F if (a) the collection is countable, (b) is pairwise disjoint and (c)
each E; € F. Tt is not clear a-priori that |u| is a measure (we will prove this later).

DEFINITION 18.1. The set function || is called the total variation measure® of
i, and |p|(X) is called the total variation of p. We write

el = [ (X)-

One checks (easily) that the total variation is anorm on the C-vector space of
complex measures on (X, F).

THEOREM 18.1. The total variation measure |p| of a complex measure p on F
s a measure on F.

PROOF. The only point that needs checking is countable additivity. To that
end first note that if F € F is such that |u|(E) = 0, then (as a simple consequence
of the definitions), |u(E)| = 0, and further, if A C E is a measurable subset then
|| (A) = 0. Its follows that we have countable additivity for any |u|-null set E € F.

Now suppose |u|(E) > 0. Let {E;} be a partition of E. Let B; be the sets in
{4;} (in some enumeration) which satisfy |u|(4;) = 0. Let C; be the remaining
members of {4;} (again enumerated in some manner). Pick real numbers ¢; so that
0 < t; < |p[(C;). By definition of |u|(C;), there exists a partition {D;;} of {C;}
such that 3272, [u(Dij)| > t;. It follows that

DB+ DD D)l > Dt
i=1 i i=1

'Even though we have not yet proved that |u| is actually a measure on (X, F).

31
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But {B;} and {D;;};; together form a partition of E. Thus, |u|(E) > Y 2, t;. Let
t; T |ul(C;). We see that

(B = 3 Il (4) )

In particular if {A;;} is a partition of {A;} then

PITIVOED D) B} ()

i=1 j=1
Let {E;} be a partition of E, and A;; = A; N E;. Then,

Z lu(E;)| < ZZW(AU”
< ZZWKAij)
<2 lul(4s) (by (1)

In particular |u|(E) < Y. |u|(A:). This together with (x) proves that |u| is a
measure. 0

THEOREM 18.2. Let u be a complex measure on (X, F). Then |u|(X) < oo,
i.e. |p| s a finite measure.

PrOOF. We claim that if £ € F is such that |u|(E) = oo, then there exist
A,B € F such that E = AUB, ANB =0, |u(X)| > 1 and |u|(B) = oo. To
see this, let t = 6 (1 + [u(E)|). Then there exists a partition {E;} of E such that
> |w(E;)| > t. In particular, for some n,

> In(Ey)| >t

Now, given any set of complex numbers {z1,... ,2,}, there exists a subset S of the
indices {1,... ,n} such that [ 3,5 z;| is at least 3 23‘1:1 |z;].2 If we put z; = u(E;),
and use the just mentioned fact, we see that

Yz > 1+ |u(B).

JjE€S
Let €= cs Ej and D = X \ C. Then C C E and
1(C) > 1+ [p(E)|-

Hence,
[w(D)| > |(C)] — [u(E)] > 1.

2This can be seen as follows. If s = Z?:1 |z;| then of the four quadrants bounded by the
diagonal lines y = *x, at least one, call it Q, is such that the sum of |z;| of the z; which lie in
Q is at least a quarter of s. By multiplying all the z; by a a complex number ¢ with |c| = 1, if
necessary, we may assume that @Q is the quadrant given by |y| < z. Let S = {j|z; € Q}. The
claim follows by using the fact that Rez; > |z;|/v/2 for j € S and the fact that 4v/2 < 6.
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Thus both |u(C)| and |u(D)| have absolute value greater than 1. Since {C, D} is a
partition of E, at least one of C or D (if not both) have infinite |p| measure. Pick
such a set from {C, D} and call it A and call the remaining one as B. Clearly this
proves the claim.

Now put By = X. Suppose we have chosen By D By D ... D B,, with
|| (Br) = oco. Decompose B, into By, = Apy1 U By, with |pu(An41)] > 1 and
|p|(Bpt1) = 0o. Then we get Ay, Aa, ..., A,,... which are mutually disjoint and
|(A;)| > 1. This implies that ), (A;) does not converge absolutely, contradicting
the defintion of complex measure. Hence |u|(X) < . O

19. Signed Measures, Positive and Negative Variations

If i is a signed measure on a measurable space (X, F), then, by following the
steps we sused for a complex measure, we can define the total variation measure |p|
on (X, F). However, we cannot conclude that |u| is a finite measure, for the proof
of Theorem 18.2 needs the fact that p is a complex measure in a crucial way. A
signed measure need not be a complex measure—it is so, if and only if it does not
take (positive or negative) infinite values, i.e. if and only if it takes real values. For
a signed measure p, we continue to write ||u|| for |u|(X), with the understanding
that possibly ||| = co. Define

1
ph =5 (ul+m),
1
po= 5 (ul=p).
pT and p~ are measures on F, and
p=pt—p”
lul = p* +p”

The measure u™ is called the positive variation of p and p~ is called the negative
variation of .

A signed measure which is real valued (i.e. is a complex measure) is called a
bounded signed measure, for it its range must lie in the bounded interval [—||u||, || ]l]-
If 1 is a bounded signed measure, then pu+ and = are finite measures (and clearly
the converse is also true). The above decomposition is often called the Jordan de-
composition or the Hahn-Jordan decomposition. A signed measure p is said to be
o-finite if |u| is o-finite. This is equivalent to saying that X can be written as a
union of countable number of measurable sets { E,, }, on each of which p is bounded.
We may, as usual, assume the F,, are disjoint, or at the other extreme, assume that
they are an increasing sequence.

20. Measurability and Integration Revisited

Let (X, F, ) be a measure space. For this and the rest of the lectures we use a
slightly freer concept of measurability (which needs p). A function which is unde-
fined on a set E with u(E) = 0, and which is measurable on X \ F will be said to
be measurable on X (or strictly speaking on the measure space (X, F, u)). A mea-
surable complex valued function on X (or simply a complex function on (X, F, u))
is a measurable function f : (X \ E, F) — (C, Bc) where E € F and u(E) = 0.
Here B¢ is the Borel g-algebra on C.
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Let p > 1 be a real number. A complex function f on (X, F, ) is said to be
p-integrable if | f| is p-integrable. We say f is integrable, if it is 1-integrable. If f is
integrable, and Re f = v and Im f = v (so that f = u +4v), then note that both u
and v are integrable (in the real sense) since |u| and |v| are both less that |f|. In
this case we define the integral of f to be

/fdu::/udqui/ v d.
b'e b'e by

As in the real case we can define LP-spaces as follows: Lf(p) is the space of equiv-
alence classes of p-integrable complex functions under the equivalence relation of
“equality a.e. — [u]”. Note that LP(pu) C L{(u). LE(p) is a C-vector space. The
Holder, Minkowski inequalities hold for this space, as does the Riesz-Fischer The-
orem (so that L% (p) is a complex Banach space). Moreover LZ(u) is a Hilbert
space with inner product (f, g) = [ + Jgdu. The proofs of all these statements are
exactly the same as in the real case. To make sense of the Holder inequality for the
case p = 1, we have to define ||-||o, for complex measurable functions, and this is
done exactly as in the real case. We leave the exact defintion of the space L (u)
to the reader.

Now suppose p is a complex measure. According to Exercise 72 of your Home-
work assigment, du = hd|p|. We say that a complex function f integrable with
respect to p if fh is integrable with respect to |p| and in this case we define

/deuzfxfhdm\-

21. LY (p) and its Dual

Let p € [1, oo]. Then the conjugate exponent of p is defined to be the unique
number ¢ € [1, oo] which satisfies 1/p + 1/¢ = 1, with the understanding that
g=ocif p=1,and ¢ =1if p = oc0.

Our goal in this section is to identify the (complex) dual of Lg.(u) for p € [1, 00)
(note that we do not allow p to be o). It turns out to be L(x), where ¢ is the
exponent conjugate to p, in a sense made precise below. As a corollary, one easily
gets that the real dual of the real Banach space LP(u) is L9(p). This theorem are
also often called Riesz Representation Theorem, along with certain other theorems
which identify the dual of a well-known Banach space. Strictly speaking the name
is reserved for the theorem which identifies the dual of continuous functions (com-
plex or real valued) on a locally compact Hausdorfl space, the theme of our next
lecture (but we concentrate there on compact metric spaces). However, the Riesz
Representation Theorems can be viewed as a philosophy, and so one can bring
many theorems under its umbrella. Recall that a bounded linear transformation
is the same as a continuous linear transformation. You are expected to remember
the definition of the norm of a bounded linear operator, in particular of a bounded
linear functional.

THEOREM 21.1. Suppose and p is a o-finite measure on (X, F), and p is an
exponent with 1 < p < co and q its conjugate exponent. Then the (Banach space)
dual of LE(p) is LE(u) in the following sense: If A is a bounded linear functional
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on LL.(p) then there is a unique gn € LE(p) such that

A= [ foxdn (€ L), W
Moreover,
Al = llgallg- (2)

PROOF. The uniqueness of g, is an easy exercise best left to the reader. Note
that, if (1) holds then by Holder’s inequality, we must have that

1ALl < [lgallq- *)

First assume that p is a finite measure so that xg € LP(u) for E € F. Define
v(E) = A(xg). One checks easily that if E,, T E (E,, € F), then ||xg, — x&||pto0.
This shows that v is a complex measure. Clearly v < p. Hence by the Radon-
Nikodym Theorem (see Exercise 69 of your Homework assigment), there exists a
g € LL(u) such that

A - )
(xE) /X XEY dp
It follows that
Af = /X fodu  (f € L@ (u)

for every f € L& (u) is the uniform limit of simple functions®. Note that we cannot
use our usual MCT arguments because g is not non-negative (in fact g is complex).
Ifp=1,

[Egdu‘ <A Ixell = AL w(E) (B € F).

By Exercise 71 of your Homework assignment, |g(x)| < ||A||, and hence g € L (u)
and ||g]lco < ||A|| < co. This aalong with (*) shows that ||g]|ec = [|A]]-

Now suppose 1 < p < oo. We can always find a measurable function «, |a| = 1,
such that ag = |g|. Indeed, on the set where g is zero, we take a to be 1, and
outside this set we take o = |g|/g. Let E, = {|g| < n} and let f = xg, |9/ ‘a.

Then, on E,, we have |f|P = |g|?. Moreover, since f € L (u), therefore,

/ Igl"du:/ fgdu
E., X

Af
< [IAf- 111l

SLOIA |gq};°.

Since 1 — 1/p = 1/q, we see from the above inequalities that

{ / Iglqdu} < JIAlL
E,

3The point needs elaboration. We may assume that f is bounded, say |f(z)] < M < oo
for all z € X. Let Ayp; = {f € [-M + (j — 1)M/n, —M + jM/n)}. Then, setting S, =
Z2n (=M +(j —1)M/n)xa,, +Mxgs=n) we see that Sp converges to f uniformly. Moreover,

j=1 nj
1
I1Sn — fllp < supgex |Sn(z) — f(z)|u(X)P, and hence Sp — f in LP(u) as n — oo.
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i.e.

/ Xz |17 dp < A]J.
X

Apply MCT, and get that g € L&(u) and moreover, |gll; < ||A]. Now if &, is
defined on LE(u) by f — fX fgdu, we see that @, is a bounded linear functional,
which agrees with A on L (u). Now L (u) is dense in L% (p) (why ?) and hence
®, = A. Set g» = g. We have just seen that ||ga|lq < [|A]|. Using this and (*), we
see that we are through when y is a finite measure.

Suppose now that p(X) = co. Since p is o-finite, we may write X = J,, En,
where the F,, € F are mutually disjoint, and such that u(E,) < oco. Define a
function h : X — (0,00) by h = n=2u(E,) 'xg,. Then h is measurable, in
fact h € L*(u). Let v be the measure given by the “indefinite integral” of h (i.e.
v(E) = [, hdu, E € F). One checks that F hY/PF is a linear isometry of L (v)
onto L{.(p). Let L be the bounded linear functional on Lg.(v) corresponding to A
under the above isometry. By the first part of the proof, there is a G, € L&(v)
which “represents” L (i.e. LF = [, FGpdv, for F € L{(v)). One checks, readily
that gy may be taken to h'/9G, (with the understanding that 1/¢ = 0ifp =1). O

COROLLARY 21.1. The dual of the real Banach space LP(u) is L(p) in the
sense that if A is a bounded linear functional on LP(u), then there exists a unique
gn € LI(p) such that A is given by f— [ fgadp and ||A] = ||gallq-

PROOF. Clearly A can be extended in an obvious way to L{:(x) as a bounded
(complex) functional, and moreover the norm of A is preserved under this extension.
By the Theorem, we have a g representing this extended A. A little thought shows
that gy must necessarily be real-valued. The rest is easy. O
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This and the next lecture will concentrate on proving that the dual of the
Banach space of continuous complex-valued functions on a compact metric space X
is the space of complex measures on (X, Bx) (with the total variation as norm). The
o-algebra Bx is the “Borel o-algebra” on X, i.e. the smallest o-algebra containing
the open sets of X. The real analogue is easily deducible, viz., the dual of the real
Banach space of continuous real valued functions on X is the space of bounded
signed measures on (X, Bx).

The approach is a disguised form of the Daniell approach, however I balked
at having to reproduce the entire formalism of the Daniell integral, for something
which is essentially down to earth (at least on metric spaces, or any space with a
good Urysohn type Theorem). I have painted with broad strokes for lack of time
prevented me from giving all the details, but there is nothing that cannot be filled
in by a motivated and intelligent reader.

Usually, the Riesz Representation Theorem is proved for locally compact spaces,
and the compact version becomes a corollary.

22. MCT Revisited
We will need the following strengthened form of the MCT

THEOREM 22.1. [MCT] Let (X, F, u) be a measure space, and let {f,} be a
sequence in L'(p) such that f, T f pointwise as n — oco. Then f € LY (u) if and
only if limy, [y fndp < oo and in this case [y fdp =limy, [y fndp.

Proor. Let g, = frn — f1, 9= f — f1- Then 0 < g, T g. Apply MCT. ]

23. The Borel o-algebra By

Let X be a metric space, and Bx its Borel o-algebra. Now on a metric space,
every closed set is G5. Indeed, if F is closed then F = (" {z|d(z, F) < 1/n}.
As a consequence, every open set on X is F,. Now let G be an open set in X. We
claim that there is a continuous function f on X, with 0 < f < 1, and such that
G = {f > 0}. To see this, write G = J,, F», with each F), closed. By Urysohn’s
lemma there are continuous functions f,, 0 < f, <1 such that F,, = {f, = 1} and
G = {fn > 0}. A little thought shows that the function f = > >~ 27" f, is the
required one.

Let A be the smallest o-algebra such that every member of C'(X) is measurable
(C(X) is the Banach space of real-valued continuous functions on X). In other
words A is the smallest o-algebra containing sets of the form f~1(B), f € C(X),
B € Bg. Clearly A C Bx. On the other hand the argument in the previous
paragraph shows that every open set G is in A. Therefore, we have proved:

37
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THEOREM 23.1. Bx is the smallest o-algebra on X such that every continous
function f: X — R is measurable.

REMARK 23.1. The above need not work for an arbitrary Hausdorff topological
space. What is needed is a Urysohn Lemma and the fact that every open set is F,,. While
the Riesz Representation Theorem makes sense for locally arbitrary compact Hausdorff
spaces, the statement is a complicated one, which takes into account the failure of the
above Theorem for these more general spaces.

24. Positive Functionals

Let X be a compact metric space. As usual, let By denote its Borel o-algebra.
C(X) will denote continuous real-valued functions on X.

DEFINITION 24.1. A linear functional
A:C(X)—R
is said to be positive if Af > 0 for every non-negative continuous function f on X.

REMARK 24.1. If A is a positive linear functional on C(X), then clearly Af > Ag if
f > g. This also shows that A is bounded, and in fact ||A]| = A(1).

For the rest of this section, fix a postive linear functional A on C(X). We will
construct a measure pup on Bx such that Af = fX fdun for f € C(X). Later we
will show that Borel measure with this property is unique. Actually, the process of
constructing pp is such that we actually construct it on a o-algebra which is larger
than By, and pup turns out to be complete with respect to this o-algebra.

We use the symbol fV g to denote max{f,g} and f A g for min{f, g} for any
two functions on X. Note that if f,g € C(X), then fV g and f A g are both in
C(X). Let St be the set of increasing sequences {¢n} of continuous functions. If
f: X — R is an extended real valued function then S; will denote the subset of
Sy whose limit is f. Let

Ly, ={f: X = R[Sy #0}.
Note that if f,g € L, then fV g and f A g are in L!,. The following observations
are immediate for L, :

o If {¢,,} € Sty, then lim,, A, exists as an extended real number.
o If {¢n}, {¢n} € S;s then for each m € N, {¢,, V ¢} € Syp and ¢, <
ém V ¥y, for every n € N. Thus

lim A¢, < li_>m AP V p).

n— oo

e For each m € N, (¢, Vb, — ) L 0 as n — co. Since we are dealing with
continuous functions, the convergence is actually uniform®. Hence

lim A¢y, Vo, = lim Av,.
n—oo n—oo

e It follows then that lim, oo Ady < limy, o0 Ath,. Since {¢,} and {¢,}
were arbitrary members of Sy therefore

lim A¢, = lim A,.
n—oo n—oo

41f {gn} is a sequence of continuous functions on the compact metric space X and gn | 0
pointwise, then one checks easily that ||gn||eo 4 O.
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In view of the above, we can define
AL, —TR

in a well-defined way by the formula Af = lim,, A¢,, where {¢,} € S;+.
Now define

L,={f€L,|Af < oo}
Note that L, is closed under sums (whenever the sum is defined), and under multi-
plication by positive real numbers. Note also that if f,g € L, then fVgand fAg
are also in L,. Clearly, A is real-valued on L,,.

We are trying to get to the largest possible linear space to which A can be
extended as a positive linear functional. Consider functions f :— R such that

inf{Aglg > f,g € L,} = —inf{Ah|h > —f, h € L,}.

Denote the collection of such functions L;. Clearly A extends to f € L; as the
above common value. A little thought shows that Af < oo for f € L; and that
L, C L. Moreover, one checks that L, is a vector space and if f,g € Ly, then so
do fVgand fAg. Note that this means that |f| € Ly if f € Ly (for f+ = fVO0
and f~ = (—f) A0). Ais a positive linear functional on L1, i.e. Af > 0 whenever
f>0and f € L.

One also has the following analogoues of the MCT (in the newer form given in
this lecture) and DCT. We leave the proofs to the reader.

ProprosSITION 24.1. With notations as above, we have

(1) Let {fn} be a sequence of functions in Ly, ans suppose fn T f asn 1 co.
Then f € Ly if and only if lim, Af,, < oo and in this case Af = lim, Af,.

(2) Let {fn} be a sequence of fucntions in Ly such that f, — f pointwise.
Suppose there exists g € Ly such that |f,| < g for alln € N. Then f € Ly
and Af =lim, Af,.

Note that since C(X) consists of measurable functions, therefore so does L,
(being the limit of such functions. How about Ly ? We will show that any function
in Ly is “close” to some measurable function. To that end, for a function (taking
values in R) g on X, let Sy consist of sequences {¢,,} of functions in L, such that
¢n | g and lim,, ¢,, > —oo. Note that if Sy is non-empty, then any sequence {¢y }
in L, decreasing to g must necessarily be in Sq;. Moreover, if {¢,}, {¥n} € Sy
then lim,, A¢,, = lim,, Ay, and both are real-numbers. Let

LUIZ{Q:X—)R‘Sgi#@}.

Then L,; C Ly (by Proposition24.1) and clearly members of L,; are measurable
(being limits of such functions). The subscripts v and ul added to L are meant to
evoke “upper” and “upper-lower” limits. The next theorem shows that L, and L,;
are nearly the same (or at least that A cannot distinguish them).

THEOREM 24.1. Given f € Ly there exists g € Ly such that g > f and
Af = Ag.

PROOF. By definition of L, for each n € N there exists h,, > f such that
hn € L, and Ah, < Af +1/n. Let g, = hy A... A hy. Then h,, > g, > f, and
gn is a decreasing sequence of functions in L,,. Let g = lim,, g,. One checks that g
satisfies the conclusion of the theorem. (]
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Let
F={Ac2¥|xaNfeLVfeL}.

One can show that F is a o-algebra on X, and that every f € L is F-
measurable. In particular every continuous function is F-measurable. By Theo-
rem 23.1, it follows that F D Bx. Since x4 = xaAland 1 € Ly, therefore, x4 € L
for every A € F. Define

pa(A) = Alxa).
This gives a measure on F. Moreover, by MCT (in its strengthened form), DCT
and Proposition 24.1, we see that

AfZ/de,lM (f € Ly).

Since F D Bx we may consider ua to be a Borel measure.

EXAMPLE 24.1. On C([0,1]) consider the positive fucntional A given by “Riemann
integration” i.e. the functional f — fol f(t)dt. If we follow the above procedure, then
F = M, the Lebesgue o-algebra, and ua is the Lebesgue measure m. This gives an
alternate way of getting the Lebesgue o-algebra and the Lebesgue measure.

25. The Riesz Representation Theorem for Positive Functionals

THEOREM 25.1. Let A : C(X) — R be a positive linear functional. Then there
exists a unique finite Borel measure pn on X such that

Af = /X fdu  (f € C(X). *)

Moreover, if A and p are so related then ||A]] = ||p]|.

PROOF. We have already shown the existence of a u satisfying (x). The state-
ment about norms follows by taking f = 1 in (x). It remains to show uniqueness.
So suppose p is a Borel measure satisfying (x). We have to show that u = pa on
Bx, where ua is the measure we constructed earlier. As before, extend A to L,
L, and L;. By MCT (in the form we have given in this lecture) and the definition
of A on L, and L,; we see that

Af:/deu (f € Lu).

Let B € Bx. Since xp € L; (indeed, B € F and hence by definition of the
o-algebra F, xg A1 € L1. But xp A1 = xg), therefore by Theorem 24.1 we have
g > XB, g € Ly with Ag = A(xp). Since g € L,,; therefore this can be rephrased
as

AlxB) = /X gdp. (t)

Let ¢ = g — xp. Then ¢ is Bx-measurable (since g is, being a member of L,;),
@ > 0 and ¢ € Ly (being the difference of two members in L;). Now Ay = 0.
Applying Theorem 24.1 again, there exists a ¢ € L,; with ¥ > ¢ and Ay = Ap.
Thus

0< [ pdus [ wdu=r0=rp=0 (1)
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Putting together (1) and (1) we see that

N/\(B):A(XB):/ gdu=/ gdu—/ wdu=/ x5 du = pu(B).
X X X X
Thus pp = p on Bx. (]
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In this lecture we prove the rest of the Riesz Representation Theorem, viz.,
bounded linear functionals on C¢(X) are represented uniquely (and in a norm
preserving way) by complex Borel measures on X, where X is a compact metric
space. Here Cc(X) is the complex Banach space (norm being the supremum norm)
of continuous complex valued functions on X.

26. Some Lemmas

By a complex valued simple function on a measurable space (X, F) we mean
complex valued measurable functions s such that s(X) is a finite set in C.

LEMMA 26.1. Let (X, F,u) be a measure space. Then the class S of all complex
valued simple functions on X which are non-zero on a set of finite measure is dense
in LE.(p) for every p € [1, 00).

PROOF. Clearly S C LP(u). Suppose f > 0 is p-integrable. Let s be a simple
function such that 0 < s < f. Then s € L”(p) and so s € S. Moreover, in this case
|f — s|P < fP. We can find a sequnce of simple functions {s,}, 0 < s, < sp41 < f
such that s, 1 f. Since |f — s,|P < fP therefore by the DCT, ||f — su|p, — 0 as
n — oco. If f € LE(p), then breaking f into its real and imaginary parts, and
then breaking each into its positive and negative parts, we can find a sequence in
S approaching f in L (). O

LEMMA 26.2. Let X be a compact metric space’. Let i be a measure on

(X, Bx). Then Cc(X) is dense in L{(j).

PROOF. Let S be as above. Lusin’s theorem can clearly be extended to show
that given s € S and ¢ > 0, one can find a ¢ € Cc(X) which agrees with s
everywhere except possible a set of p-measure less than €, and such that ||g||c <
|Is|loc- Hence

1
lg = sllp < 2€7 |5l

Thus the closure of Cc(X) in L (p1) contains S. But by Lemma 26.1, S is dense in
LP(w). Hence we are done. O

Recall that A is a complex measure, then there is a h € LE(|)]), with |h| =1
such that A\(E) = [, hd|)| (see Exercise 72 of your Homework assignment). Recall
that integration with repsect to A is defined as by [ fdX := [ fhd|\|.

5the requirement of being compact or being a metric space are not strictly necessary
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LEMMA 26.3. Let X be a compact metric space, and A a complexr measure on
(X, Bx) such that

/de>\=0 (f € Cc(X)).
Then X\ = 0.

PRrOOF. By Exercise 72 of your Homework assignment, d\ = h d|\|, where h is
Borel measurable with |h| = 1. We claim that

M) <R =fln (f € Ce(X)) )

where the norm on the right is that of L¢(|A]). Suppose () is true. By Lemma 26.2,
we can make the quantity ||h — f||1 as small as we wish. This implies that |A|(X) =
0. Hence A = 0. The relation (x) is shown as follows. Let f € C¢(X). Then

/thd|)\|:/xfd>\:0

by our hypothesis on A. Therefore

NGO = [ BN = [ Bh = ryan < [ = fldx] = I - £l
X X X
Hence we are done. O

27. The Riesz Representation Theorem

THEOREM 27.1. The dual of the complex Banach space Cc(X) is the space of
complex measures on (X, Bx). More precisely, given a bounded linear functional

Alcc(X) — C

there exists a unique complex measure A on (X, Bx) such that |A|| = ||| and
Af= [ rax (fecex). (a)
X
PROOF. Uniqueness of a A satisfying (x), follows from Lemma 26.3. Thus we
only have to show existence of a A satisfying (*)x and such that ||A| = ||[\||. We
may assume that A # 0. In this case, by multipying by ||A]|~! if necessary, we may
assume, without loss of generality that ||A] = 1.

Let C*(X) be the set of nonnegative continuous functions on X. Let L :

C*T(X) — R be given by

Lf = sup{[Ah|[h € Cc(X),[h] < f}.
Then
Lf>0.
0<LAii<Lfif0<fi <fo
If ¢ > 0 is a constant, then Lef = cLf for f € CT(X).
|Afl < LI f1)-

We will now show that for f,g € CT(X), L(f+g) = Lf + Lg. Given € > 0, by
definition of L, there exist f’ and ¢’ such that |f'| < f, |[¢'| < gand Lf < |Af'| +e,
Lg < |Ag'| + €. Let a,b be complex numbers of modulus 1 such that aAf’ = |A¢/|
and bAf" = |Af’|. Then

Lf+Lg <|Af'|+|Ag'|+2e = Alaf +bg’)+2¢ < L] f'|+|g'|) +2¢ < L(f +g) + 2e.
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In other words

L(f+9) <Lf+Lg. (t)

On the other hand, suppose h € C¢(X) is such that |h| < f+g. Let K =
{f =0} n{g = 0}, and let V be the complement of K in X. On V define
hi = fh/(f +g), ha = gh/(f + g) and on K define hy = ha = 0. One checks that
hi and hy are continuous on X, hy + ho = h, |h1| < f and |he| < g. It follows that
|AR| = |Ahy + Aho| < |Ahy| + Ahg| < Lf + Lg. By definition of L, we then get

L(f+g9) < Lf + Lg. (1)
Thus, from (1) and (1) we see that L(f + g) = Lf + Lg, for f,g € C*T(X). Now if
f € C(X), then f*, f~ € CT(X), and so one defines Lf = Lf+ — Lf~. This way,
we extend L to all of C(X). Clearly, L is a positive linear functional. Moreover,
LIl = L(1) = sup{Af[[f| < 1} = [[A| = 1.

Let p be the measure representing L ensured by the Riesz Representation for pos-
itive functionals. Then

w(X) = llpll = IL]} = 1.
For 1 < p < o0, let ||-||, denote the norm in LZ(x). We then have

IAfL< LA =l (f € Ce(X)).

In other words, A, when thought of as a functional on the normed linear space
(Cc(X), |Ill1) (this is different from the usual norm on C¢(X)) is a bounded linear
functional with norm less than or equal to 1.5. Now (Cc(X), ||]|1) is dense in
L{(p) (see Lemma 26.2), and therefore there is a norm preserving extension of A to
L{(p). By Riesz Representation for L{(u), the extended functional is represented
by g € L (1), with |g| < 1 (we are using the fact that the norm of A as a functional
on L{(u) is at most 1). In other words,

A= [ fedn (e Lk
We thus get a complex measure A given by,
NB) = [ gdn  (BeBy),
B

and clearly A satisfies (x). It only remains to show that ||[A|| = 1.
Let f € Cc(X) with || f]lec < 1. Then,

d du| = |AF].
/X\gluzl/xfg il = |AS]

[ o=l =1
X

But |g| <1, and ||u|| = 1. The only way the above three facts can be reconciled is
to have |g| =1 a.e. — [p]. Tt follows by Exercise 73 of your Homework assignment,
that |A\| = p and hence ||A]] = ||p]| = 1. O

This gives,

The following corollary is obvious.

6C¢;(X) is complete with respect to its usual norm, viz., ||:||cc, but need not be complete
with respect to ||-||1 as we can see from Lemma 26.2
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COROLLARY 27.1. The dual of the real Banach space C(X) is the space of
bounded signed measures on (X, Bx) in the sense that given a bounded linear func-

tional A on C(X), there exits a unique bounded Borel signed measure pi such that
el = IA] and

Afz/deu (f € C(X)).

EXAMPLE 27.1. Let I = [a, b] be a closed bounded interval in R. Then a bounded
signed measure on (I, Br) gives rise to a function of bounded variation on I in the following
way. Let o be a bounded signed measure on our measurable space. Define

9o(x) =0 ([a, x))  (zel).
One checks that g,(a) = 0, g is left continuous and is a function of bounded variation.
Moreover, for any continuous function f on I one checks easily that

/fdo—/ fdgo.

If we have a function g € BV (I) such that g is left continuous, then we can construct a
bounded signed measure by first defining it for the algebra of intervals given by [«, 8) and
[a, b] for a, B € I. On such intervals, we define it by

agla, B) = g(B) — g(e).
and

ogla, b] = g(b) — g().
A canonical procedure now allows us to extend o4 to all of Bx. Moreover, two left
continuous functions of bounded variation will give rise to the same signed measure if
and only if they differ by a constant. So if we concentrate on left continuous functions
g € BV(I) such that g(a) = 0, then we get a one-to-one correspondence with bounded
signed measures. The two processes mentioned are inverses of each other. And under this
correspondence the total variation of o is the same as the variation of g,. Thus the dual
of C(I) can be identified with left continuous fucntions of bounded variation on I, which
are zero at a.



