
 

Feb8,2022 Lecture9 Alg II

The Construction of Tensor Products
Let A be aring and M N two Amodules Let F be the free
module on the symbols in n E MXN In otherwords

F agementemin

where each Fan A Forgood bookkeeping we will write earn
for the element f

to o iii Eatin
when

I if Cup mu

In other words econ Yann is the standard basis of F

Let G E F be the submodule generated by elements ofthe
following form

1 eatin n elm n ecml n mm EM ne N

e e cm new ecmon ecm n MEM n n EN
e cam n elm an a EA MEM NE N

4 e cam n a elm n at A MEM ne N

For men men let Emon be the coset
elm n G E FIG

Properties I 4 translate to
Ca Emem u Em n Em n at A M m EM
b Em men Em n t Em ni and n n'EN
e Cam n Cm an acm n

Note that every element of Flor is of the form
Test Emi ni Mie M Nien i b il

Let
B Mxn FIG

be the map mm i s Emn From Ca Cb and co above it
is apparent that B is Abilinear None suppose forTEMody we have
an A bilinear map

B MXN S T
Define A F G S T by the formula



d I Cmi ni 12 B mini

To shove this is well defined it is enough to
shoo that

Ie B mini 0

for every I Chini E G For this it is enough to
prove this for the generators of G Snice Bis bilinear
this is clear Thus

Mxn
Bt B

D

Fa p t

commutes Moreover if 4 FIB S T any Amap s E YoB B then
4 Emmy 4 B mins Benn and home 4and I agree on elements

of the form EmnJ ByAlinearity they agree on Flor Thus dis is the
only Amap making diagram D commute

Conclusion Terror products exist
FIG MOAN But Bx

Mth

k The exact construction of Maan is not important Theroleof the
above construction is to show that it exists

MultilinearMaps

Let Mi Ma Md be A modules A as usual a ring
Let
TEME MtTTMd T

is said to be A d linear or simply d linear if the following
conditions are satisfied fer mi mi Emi and AGA

mi mi mitamis md

mema md t a mi mi manmilmate nd
Note that
Came me Md Cotame me md

COma ma taQ me ma Md



COma md 0 via the usualtricks
Similarly imi mi Mon ami met s Md

Example Let MieAd it n d
Write elements of Ad as column vertus Define

A EdgingId s A

by the rule
DCG Cd dit ca ca Cd

where as usual Ca Ca Cd is the ded matrix whore ith colum
is Ci

The term product of the Mi's is an A d linear map
u Mix x Md s Mia AMd

which has the obvious universal property for A d linear maps
namely if TE Molly and Ot Mix XMa T is d linear then

7 A module map da Mix and T s t TF DC

Mix xMd

If i and a T

Suppose d 3 It is quiteeasy to see that Chaya AM as well
as Mix MD Ms satisfy the required universal property for
3 linear maps by using the mineral property of bilinear maps
repeatedly

Suppose r Esq is a permutation on Is sd It is clear
that every multilinear map Mix xMd ST guts rise to a
unique multilinear map Moe x Maid T and from
here it is not hard to see that

Mita Md Mre a AMold



Summary
1 CM AM2 AM3 M A Ma Ms M AML aMs

Z M a AMd Mre a AMred t TESd

Among other things you can put brakes pretty minkwhere

you wish in M AM20A aMd
Magma aMs aMa M Ma AM3 AMa

Mi a MzaM 974 ete ete
You can permute the Mi'stoo for fun

Homa M N hit M N eModa Let Homa M N bethe set of A linear
mapsfrom M toN In other words

Homa M N q M N is A linear
Pointwiseadditiongives an abelian groupstructure on HomaM N Ascalar
multiplication

AxHomaM N Homa M N
can be defined on HomaM N by the formula

Ca 9 I dona at A PEHoma MN
where as always Ma is the multiplication bya endomorphism onM ie

na M 2M is the map mts am MEM If we alsodenote the multiplicationby
a map on N by Ma then note that dona noop In any case this
gives us a scalar multiplication on HomaM N a fact that is readily
checked

Thus Horn M N is an A module

Nent suppose f A B is aring homomorphism Thenevery Bmodule
M can be regarded as an Amodule where thescalar multiplication is

a m fca m at A MEM

If as above MEModB and NEModa then regarding M as an Amodule
we have an A module Homa M N We claimthat HomaM N is actually
a B module The scalar multiplication

BxHoma M N 2 Homa M N



is the map
e g pop be B d eHoma MN

where u M M has its usualmeaning

Hom adjointness Suppose M N TE Moda Next lecture we will show
a natural isomorphism

Homa MOAN T 3 Hour M Homa NT
The map is

B I mi s ni s Blm n

where B Mxn T is a bilinear map and have regarded by
the animal property products as an element of Homa MOAN T


