
 

Fet3,2022 Lecture Alg I

Throughout A is a ring Unlessotherwisestated X Spect

Proportion Ca hit G Pn be primeideals in A and or
an ideal contained in UE Pi Then One Pi forsome i
b hit Oh ou be ideals in A PEspeCA be such that
p 21 Ori Then 82 or for some i If p Iori ther
p Go for some i

Proof Ca We'll prove the contrapositive In other words
we'll show that

or pi for any ie b on
or E Pi

The above statement is clearly tune for n 1
Assume it is true fer ne k I fer some k 1 We'll
shove it is time for n K

By induction hypothesis for each is to ok we have

or 4 8 U U Po U Pit v U8k
This means there exists foreach ve b k an element

ai e or s t ai 4 Pj for j i If aid Pi for any
i we are done fer then aid YtPj If a ie Pi for
carl i in l k then consider the element

N gÉ a.az Aj age ape

Clearly NE or Equally clearly notPj for any jSo ne jug Here we are done

Cb Suppose p Ori for any v Then for each d Friedli
s t Ne E p Then se an E IIOli and a an P
ie P Iori This moves the first partof Cb None

suppose p Aioli Then P E og for every j On theother hand we know 8206 for some i It follows that



D Oli for this i f

Topological propertiesofSpeeCA
In this sention

X SpuCA

Recall if OLEA is an ideal then

Vlad Pex 820

I V Iori vcoli

It If Pe V Iori then 82,1Mi whence
P2 Mi fer some v e b guy ie PE VCori for
some Kien So L S E R S

Conneely suppose PE IQ VCU Then fellow
for some is it 82Gofer some i ie P2 Oli
Thus PE L S Thus R S E L S K

2 Suppose Oh LEE is a family ofideals Then
V Eos DECOY

Pt
Suppose PE I VCola Then f Ok for every 201
and have p contains the smallest ideal containing
all the ok ie 822 oh ie PEVCEOk

Conversely suppose PE VCIOy Then

82 Foy
This means f Old for every 2 Hime P EV Ok
for every 2 11



The above properties show that X Spect is a topological
with its closedsetsbeing V or or an ideal A The

only things to be verified are that d and X are
in this collation VCA or idealofA Now

U LM X V 07
So

Recall if u is an open sit in X then3
U X V or where or is an ideal None

or I Lf
for

Hume V or fav f
ie

U U X U Kf
for

For TEA denote X V Cf by Dcf
Dcf X U Cf

Therefore U Yea Dlf
Note alno that

DG ADCg Dfg cheek

This means

D Def f EA

is a bare for the topology on X This is called
the standard basis for the topology on X



4 Let 4 A B be a ring map Recall that d CP
is a prime ideal in A whenever P is a prime ideal ofB
This gives a map

ad SpuB s SpeeA

P i s d I

It is easy to see that fer f EA

ad Def D COCf

This proves that ad specB Speed is a

continuous map
Check the following

If A d BIC is a pair ofring
maps then the following diagram commutes

Spac
Stef

a

a y sspaB

In otherwords Spie is a functorfrom the
category ofrings to the category of topological spaces
This is NOT a faithful funtor
Take A KET yay T a variable k afield

Let E Tt 427 Then A REET 8 0
A atbet a be k Since be is nilpotent
of a O then a t be is a unit This means
either an element is nilpotent or is a unit
Let Me Ce Suiee ke Alm M is a wax'd
ideal And from our argument it is the



only proper ideal of A This shows that
SpeCA M

None consider the map
A Alm k

ad Spee k sSpeeCA
is a homomorphism suice both topologicalspares
are singleton sets Howena d is not an isomophmi
of rings

5 Let fEA and in observation 4 let B Af
ie Best A where s f n o Recall we have a
localization map

A Af
The resulting map

SpaAg s SpeeCA
is injetic its usage is Dcf and finally the continuous map

SpieAg Def
is a homeomorphism


