
 
Tefl 2022 Lecture Alg II

Lemmaz Zariski'stensioning the Nullstellensaty ht ke

be an extension of fields sub that L is of finitetype
over k Then L is a finite drill vector spare over K
Proof

First note that F RIO On is a field extension
of k with each Oi algebraic over k then

KEO On is finite dim l as a R rater spare
Care n 1 F KEO Let pe KIX thepoly ring

in one var k be the irreducible poly of O over k

Then F REX e g A REI
p

with O mapping to Xt p Let

d deg p
Then I O O O

d
forms a basis of F over

k chuk

If n 1 then apply the above to F over

k toy On it

In view of this it is enough for us to prove
that every element in L is algebraic over k

Let 31 3m be k algebra generators of L
Suppose I has transcendental elements Then one Zi's
is transcendental We can re order the Si's



so that 3 is transcendental one K

32 is diranscendented over KC's

3d is transcendental one k Si 3d i

and Eden 3m are algebraic over

K k 31 3d
31 3d Bdt 3m

The situation is as follows

J K 3dis 3m
algelvair

K k Si 3d

I
tramsendental

From our earlier obsenitions L is a finite dim'd
K valor space By Artin Tate K is of finite type
over k since L is of finite type over k and k
is Noetherian In particular K is of finite type
over k 31 3d e N other words

K KCI 3d KCB 3d c Bd
is of finite type over Kcsi 3d D This is

not possible from what we proved in the last

lecture since Ed is transcendental ones KC's 3dDo



Corollary Suppose k is an algebraically cloned field
and I a field ext of k which is of finite type
over k Then the ext k 2 is an isomorphism
Proof

We've shown that L is algelvaio over k and
we know that k is alg cloud x

Hilbert's Nullstellensatz
The thin says the zero set of a proper

ideal of a polynomial ring over an algebraically
closed field is non empty

Suppose k is algebraically closed
Let see cars rn e k Let A RIX Xu

be the poly ring k in n variables

hit My X hi X2 Nz Xu kn

hit

f E A REXis Xu

We can write f as a polynomial in
Xi aki Xu xu

f f Xi Xu f X at me Xu anta

Co I can multi n Xu m

Clearly f x Mn Co

In other words



f flab m t X a get Xu angn
Gio GE kex Xu

Note CX a get Xu a g E Ma
Counder the mgate ring map

A kex Xu s k

given by f ten n

Msuestitutin

map

Lom what we've seen above the

kernel is Ma
So Alm k

where M is a maximal ideal

Suppose M is a maximal ideal of A
Then we have a pair of ring maps

k y
A kex Xu s Ayy I L

Matusim natural surjection
f to ft m

Clearly L is of finite type over k being
generated by the images of Xi Xu

By Zariski's henna since k is alg closed
k s h is an isomorphism Let

4 k s t be the above isomorphism
and 4 L K its inverse hit E Y Xi EL

i l su and let me d si i is a gu



kexis.iq gt None Xi ni map to 3 3 0

for it b su under the natural
ni U

Xi ni z
map A Ktx is Xu Ahn
Herne Xi Ni E M t i

In particular with D Cris Rn

Ma E M

Now Mas is a wax'd ideal we just proved
this moments ago So

My M

Theorem Hilbert'sNullstellensatz Let k be an algebraically
closed field A k Ex Xu a polynomial ring
in n variables over k with n 1 and I a proper

ideal of A Then

Ca There exists at least one point at coli m Ek
such that flat 0 for all FEI

b If M is a maximal ideal of A then

there exists a unique point secrets me k

smh that M Xi ri Xu an

Proof

We have already proved b To prove ca

pick a wax l ideal M containing I You
b M Lx my Xu su for a unique
G nm Ek It follows that I E x us Xin



whence f x m 0 for all f E I 4

Remarks 1 Recall if R is the ring of continuous
futons on I ta b ER then the maximal

ideals of R are in bijection correspondence with

points of I If ne I set My equal to the
set of cts functions vanishing at se Then Mn is
max's and K Ma is the bigentire corespondent
2 The statement of the above theorem is often
called the weak nullstellensatz though it is

equivalent to all other forms of the nullstellensatz

Theorem Hilbert's Nullstellensatz II hit k be an alg
closed field and I a proper ideal of A KEXis Xu

where not Let

TCI Eek gene o t get

If SEA is sunk that fire 0 A REV LI

then there exists a positive integer m such that

fine I In other words ft A vanishes at all

points of VCI if and only f E VI
Proof

Suppose f EA smh that f I for any
positive integer m By what we've proved in



earlier lectures there exists a prime ideal

P of A containing I smh that f f This

is because

I A P FEELgenuinely
BEpu A

Let

B Alp f

Then B is of finite type over R

Deane B 8 EY
Lf y 17

Let Me be a man'd ideal of B and for 5 1 on

let no be the mirage of Xi under the composite
A Alp B Blay By Zariski's henna

ni may be regarded as an element of k It
is clear C that flan pm 0 y


