
 

Jan 27 2022 Lecture6 Alg I

Recallfrom last time A ring then SpeeCA is the set

of prime ideals of A If A 0 then SpieA p
If Ol is an ideal of A then

or Pe SpeeCASI p2 or
Turns out will be proven later

VC Ios A VIOL Candefine aand
topology onVII ai von SpecA by

declaring the VCod's
V Lo Spee A to be the closedsets
V A of

in our topology

Aho for f EA if Dcf pespeeAl te p then

Dcf is an open set in SpecA D Dcf HEA is
a basis for the topology on Spee A and finally
Def can be identified as a top spare with

Spec Af
Hilbert's Nullstellensatz

Artin Tate

Theorem Artin Tate Lama hit A B C be ring
homomorphisms with B C an inclusion Suppose A is

Noetherian and C is a finite type algebra over A If C



is finitelygenerated as a module over B then B is also

of finite type over A

Proof

Let a en be a set of generators for C as an

A algebra Let ti run be generatorsofC as a B module

Pick ri 8m so that ri run cis gem
We have big E B m

le ien tej em
Ci IEbijg it in e

We also have Bijk E B i j k 1 in smh that

ring É Pijk rn i j b om
A

Let Bo be the A algebra generated by the bij and the
Bijk Then Bo is of finite type over A

C Since A is Noetherian by Hilbert's Basis
Theorem Bo is also Noetherian

J

n by Be
We damn that C is finitely generatedBo Noetto

as a Bo module
At Noetherian Indeed given an element CEC it
ring can be written a polynomial expression

peas Ca in a en with coefficients in A and whence

as a polynomial in Vy tin with coefficients in the

A algebra generated by the bij defined above useCx
Now
any monomial in the Rj's can be re written



as a linear combination in the Tj with coefficients
coming Bo use This proves the claim for
we have just shown that ri Tm are Bo module

generators ofC
Now as observed earlier Bo is Noetherian byHBD

and since C is f g as a Bo module it is a

Noetherian Bo module by the HBT for modules
It follows that B is a f g Bo module

Let see nd be Bo module generators of B
So any element be B can be written as

b Di ni DEE Bo
Now Di is a polynomial expression over A in

the big Bijk and heme b can be written

as a polynomial expression over A in bij Bijk nie
In other words B is of finite type over A K

Two lemmas

Lemma 1 Suppose k is a field and t is element in
a field extension of k which is transcendental over k

Then Ket is not of finite type over Ket

Explanationof notations Let A B be a ringmap and
by bn elements in B By Alby bn we mean

the subring of B generated over A by bio bn ie



the image of the ring map
ATX Xu B

given by p l s p by bu

where A Exes Xu is the poly only in n variables

over A

By Ket we mean the field of fractious
of bet ie rational funtious of the four
Plt qco q t 0 p q polynomials in t
with caffs in k

g
Proofof Lemma Suice t is transcendental
over k k Et is the polynomial ring in

k one variable over k Suppose k t is of
finite type over the polynomial ring A bet Let

by but Ket be A algebra generators of kit

say bit high where a t and gilt are in A bit

with gilt non zero Sui ee Ket has an infinite number

of irreducible polynomials we can find an irreducible

polynomial pct E ket smh that pct is not a fenter
of any of the gilt i s n Since by bu generate
Rct as an A algebra therefore f is a polynomial

expression in bi grief i s u with coefs in A

This is not possible since pets does not divide any
of the qu t Thus kits is not of finitetypeover A



tp I 4 j t ay offs
Lemmaz Czariskittesoung the Nullstellensaty ht ke

be an extension of fields sub that L is of finitetype
over k Then L is a finite drill vector spare over K


