
 

Jan 25,2022 Lecture 5 Alg II

Notation A ring Spect p p a primeideal
in A

The prime spectrum ofA
or simply the spectrum of A

Last time The milradical ofA desperate

T
ro

Definition Let A be a ring I E A an ideal
The radical of I denoted FL is

F at A an E I fer come n 03
Note I E F

Remarks

1 F is the unique ideal consponding to
the nilradical of ACI

E e A ro E AA
2 It follows

Fs A p
PesperPA
P2 2



3 If P E SpeeA then there is a maximal
M of A containing f To see this note that
we proved Alp has a maximal ideal Zorn's

Lemma

4 If I is an ideal of A then F PESpaA
s t 82 I Once again pick a perine ideal

in Ats and
argue

as in 3

Definition Let A be a ring The Jacobronradical of
A devoted either rad A or ICA is the

intersection of all maximal ideals of A

Note JCA 2 mtradical 4 A To

Remark Let A be a ring If a EA is a unit then

F beA s t ab 1 whence a A In particular
a does not lie any proper ideal of

A and home
in no maximal ideal of A On the other hand

of a is a non unit then ca E A and
hence a lies in some maximal ideal of A
Conclusion Let S UM then

meta the setof maximalideals
ofAA S set of units of A



Lemma hit A be a ring and a an element ofJCA
Then It a is a mint in A More generally if
u is a unit in A then at a is a unit in A

Proof
Suppose uta is not a unit Then by the

Remark above at a EM for some wax'd ideal

M of A Since a E JCA a must lie in M when
u EM a contradiction since M G A

Remark In particular if a is nilpotent then
Uta is a mint for every unit u in A A

simpler proofof this is

Recall the geometer series

In It at at t tant

If n is nilpotent this actually makes sense
since 0 2 ant for some n z 1 and
one checks early that

I n lent 22 t 24 1

Tom here to show ut r is a nut is

easy ut n ul it w n all Effy



Exercise Suppose p a taint at Ann E ACT
Slow that p is a mint if and only if
an az an are nilpotent in A and ao is a

unit in A

The determinant trick and Nakayama'sLemma

Let A be a ring ME Moda M f g as an A module

and I an ideal of A
Set

Md Mt M
dtimes

write elements of Md as columns Tia
Canbeidentified

Note that End Md End M

I did matrices
of

E Mt M s MO M
is an A map then I can be represented

g Hi fi dije End M
Idi ddd

with O Lin I Fdjmj
Eddjmj



None suppose M is finitely generated say
me 2mi me

Suppure further
ME IM

Then we have elements avg EI ki jee
Suk that

Mi jÉaijmj A

Regard each aij as an element of End M
via multiplication by aig Wehave a map

me I s me

II I s air Ie

Note C O Ii O Crom s

Multiply on the left by the cofactor matrix

and we see

fit
1 A

ditch K

O
ditch



O

In particular
det I ang ma 0 for k b se

if
D

Then D M O since Me me me

Now I an an are
D az l azz aze

Ae aez I aee

I ta where N E L

Proposition Let A I M be as above with M IM

Then F ne I sunk that Itn M O
Pf D M O and D Itn

Theorem Nakayama'shammer Let A be a ring I an

ideal contained in JCA M a fig A module
smh that IM M Then M O

Proof

We Mone F Ne I S t Itn M O From

earlier observations here is a mint since REJA



Herve M O

Corollary I Suppose NEM is smh that
M Nt IM Then N M
since this is a corollary to the Thin thehypothesisofthe
Thin stand in particular IC JCA

Proof Apply the theorem to MN and
note that I MIN IMI
Corollary2 Suppose we have sets xp EM such

that their images sis stp EMIM generate
MII M as an A module Then this xp generate
M as an A module
Proof

Let N Cri K E M Apply the

previous corollary to N for mote that
Ma IMT N 11

The Spectrumof a commutate ring
Let A be a ring For an ideal I in A

define
VCI Pe SpuCA P2 I

Note that VCI is non empty if and only
if I is a proper ideal of A



Eary to see that there is a bigation
VCI C S Spee Als

P i s 811

Fante
V IIa U V CI for finite

intersectionsofIL

V EI AVE arbitrary
Sums of L2

V A 0
V10 Speed

Therefore we can define a topology on

Spa A by decreeing that it cloud sets are

I I an ideal of A

Remark Suppree I is generated by 92 281
Then I 2z as Here if you believe the
above statements

V I A V can
Therefore open sits in SpeeCA are given by
unions of sets of the form

D a Spu A V Cas



Chok from comments made during the late

on localizations that
Dca Spee Aa

Turns out D Dca at A is a base for
the topology on SpeecA and

Dca A D b D ab a be A


