
 

Jan20 2022 Lecture4 Aly II

We were proving Hilbert's BasisTheorem

If A is Noetherian and B is a finitetype
algebra oven A then B is Noetherian

we'd reduced to the care B AIX

Suppose ACXT is not Noetherian Then we can

find an ascending
I f Iz f 4 In G

of ideals of Atx which doesn't become stationary
Let I Y In Let f e I be an element
set of and digCfi min deg f Ife I
We know that fi f I

Now pick f EI 417 such that fat 0
and degfa min degCf f e I 2ft
Contrive this way If we've picked fi fr
then pick fat s t fry 0 and

fry E I Kfi fr
Let no deg fi Then
M E Nz E E Np E

Let an leading coefficient of fp KEN
So ar E A

Since A is Noetherian the chain of
ideals



cap c ca az C C can gap c

in A must become stationary Therefore for
some k we have

Lan Ap Can yap Arti
Therefore there exist cis CREA S E

art É Cyaj
ut

g fay IE g X t
f E Atx

Now get fi fr for if it did then

fry E Cfb fr Therefore by our choice

of fat and the defer of rate
deg g 3 Nati

On the other hand clearly deg g na
dunk This is a contradiction y

Remark We've used the fat that if A is

Noetherian A B a surjective ring homomorphinn
then B is also Noetherian Indeed if I is

an ideal of B then I Then for a

unique ideal I of A contraing bend By hyp
I Can apt and hence J dead dear



Definition Let A be a ring An A module M is said
to be a Noetherian A module if every submodule

of M is finitely generated
Remark TF AE

l M is Noetherian
2 Every chain of submodule of M

M C Mz C C Mu C

stabilizes lie biomes stationary
3 Every non empty collection of rubrnodules
of M has a maximal element w r E

indurion
Proof old hat 4

Theorem Hilbert'sBasis Theorem formodules Let A be

a Noetherian ring
and M a f g A module Then

M is a Noetherian module
Proof

Note that the homomorphic einage of a Noetherian
module is Noetherian proof exactly as in an earlier
remark

Since M is f g there is a surjective A map
An D M

TIt
s Ci i s mi

standard
basisofAn

RMio i Ma
generators ofM



Therefore without loss of generality we may
assume M A We will to assume

Since A is Noetherian we are done if not
Assume An is Noetherian for n 1

We can identify An with the submodule

CO az as an az an E A

of A
Let

It A s A
be the projection to the first coordinate ie

I Can an ai

Now it is sugetic
Let U E A be an A submodule Let

I IT U E A Then I is an ideal in A and
A being Noetherian I is f g

Note Ken U 2 An Ant where

we are identifying An with a submodule of A

as above So we have a short exact sequins
o un Ant U

am
O

T T
bg swie A is

fg byinduction hypothesis Noetherian as
aring

It follows that U is fg y



Remark hit A f B be a ringmap and of a

prime ideal in B Then f f p is a prime ideal
in A Indeed if x y EA and mye f then

flay for fly E f whence either flu or fly
is in f say flu for definiteness Then
see f Youmay use this if you wish in

Problem6

of Hw D

Localization at an element hit A be a ring and f EA
an element Let s El f f f Note that

S is a multiplicative system We write My firstM

for ME Moda
From problems in HWI the prime ideals

of Af obtained as follows Let

A
t
2 Af

n to 241

be the localization map Then QE Ag is a prime
ideal of Af if and only if L g is

a prime ideal of A s t ft f

The Nilradical and theJacobsonradical

Let A be a ring An element a EA is said to be

nilpotent if an 0 for some n 0



Proposition The set of nilpotent elements of a ring
A is an ideal of A
Proof

Let N be the set of nilpotent of A

If at A and n EN then clearly an E N

Support n y E N We have a non negative integer
n smh that

sin yn 0

then

gyp 73 2 n ya i 0

Definition The set of nilpotent elements of a ring A
is called the milradical of A It is often devoted To
Also often as nad A

Theorem To A p
PIETA

Proof

Note the left side is contained in the

right for if re is nilpotent and f a prime ideal
then n 0 E f for some n 0 where KES

It remains to show that if an element lies

in every prime ideal it must be nilpotent



We'll prove the contrapositive namely if AEA

is not nilpotent then there is a prime ideal p
ofA which does not contain a

Consider the localization Aa Wehaveshown

earlier that everything has a prime ideal

Clans Aa 0

Pf If Aa 0 then 9 0 ie for some
an 0 ie a is nilpotent
Therefore Aa has a prime ideal say Q

hit f be the inane image of Q under the

localization map A Aa We've seen that

f is a prime ideal of A which is disjoint
from S an u o It follows that aef x

Hare used Problem6 fromHWI


