
 

Jan 18,2022 Lecture Aly I

Noetherian rings modules Hilbert basis thin

Nilpotent nilradical Jandson radical
Determinant trick Nakayama's lemma

Definition Let A be a ring M an A module and
ofM

ma en a collation of elements in M The submodule f
generated by ma is the smallest submodule of M

containing every my This is devoted 2ms KEN
If ma mi mp3 is a finite set then
we often write mis my fer make n

Note Cma aim t tarman ai EA i s ok
ie cus is the set of finite linear combinations

with scalars from A of elements in Malden
An A module M is said to be fintelygenerated

if there exist a finite number of elements
me Mp E M s t M mis Mr

Since an ideal of A is the same as an

A submodule of A it makes to talk about finitely
generated ideals in A

There are three possibilities for denting a
principal ideal a a aA



Theorem Let A be a ring The following are equivalent
Ca Every ideal of A is finitely generated
b The ascending chain conditionholds Every
ascending chain of ideal in A

I C Iz C Iz C C In C

becomes stationary
Cc The maximal condition for ideals holds If I

is a non empty set of ideals in A then I
contains a maximal element w r t inclusion

Proof

a b Let

IC Iz C Iz C C In C

be an ascending chain of ideals Then

I LIU
is an ideal By hypothesis I Lab an for
some ay ar E A Earl ai E Ij for some ji Pick
u s t ne ji jp Then ay are Intm for
all m 0 It follows that

I Car ah E Int m E I H m 0

Hence It In Int In em

ie the chain of ideals C Ij C Ijtic
becomes stationary



b Cc Suppose I is a non empty collection of
ideals in A Suppose I does not have a

maximal element Pick I E De Then there exists

Iz E Ie S t Iif Iz Suppose we have

picked I E Iz E E Ir with earl Ij Ed
Since I does not have a wax'd element there

exists Ike Ed s t IKE Ike We have

therefore found an ascending chain of ideals
which is not stationary contradicting b

e Ca let I be an ideal which is not finitely
generated Pick a EI None can GI and
hence F are I air Suppose we have picked

ab y ar E I s t

Can I can az I I can ar
Since I is not f g can an E I and
hence we can find art EI Can sap
Then Cas an F cars r ar art Inductively
we have constructed a collection of ideals

car an I k b3 which has no wax'd
element 11

Definition A ring A is said to be noetherian if it
satisfiesthe equivalent conditionsof the above theorem



Definition Let f A B be a ring homomorphism
Wesay B is of finite type over A car finitelygenerated
as an algebra over A if there exist a finite
number of elements by by EB smh that every
memberby B can be written as finite sum of the
form

b Egoflam mn bill bit am mnEA

Shot exact sequences
A sequence of A modules

Mo Mind Mitt
is called a complex or a cohomology complex

if dit o d o ti
Mo is said to be exact at i if

kn dit in di
M is said to be exact if it is exact

at every i

A shout exact sequence is a complexof the form
A O M d MY M o
which is exact ie

be4 0
o into kn Y

in 4 M

Let A be exact



A little thought shows that the following

diagram counters with downward anons being
isomorphism

o s M
d
s M M so

I 11 I
o k s M

y My 0

Ex natural
sugation In tent K

natural
inclison

Lemma hit A be a ring and
0 M M M o

a short exact sequence of A modules If M and
M are f g as A modules then M is f g as

an A module
Poof

We will identify M with her MoMa

and M with MIM see Remark above
Suppose M Lys ya yi EM and

M's car He Ni E M

Since M s M is myentire we can and
will pick pre images my MKE M of yo yn
with mi I Yi i b k



Let me M Let y Y m Then

F ay ar E A s t

y any t tapyk
Now counder

3 m arm t t Apmp
clearly 413 4cm Ey ai kami

Y

41m 4 m

0

So z E ka Y M Since M's Car ne

3 II ajnj Lj EA s

From A and ex beget a
m FI joy E ai mi

It follows that Mt La ne my mp3 1

Theorem Hilbert'sBasis Thoman Let A be a noetherian

ring and B an A algebra of finitetype Then B

is also noetherian
Proof

Since B is of finite type there is a superliner

ring homomorphism
A Xu Xn s B

where AExe Xu is the poly ring in n variables

over A



In greater detail supple bio but B are

algebra generators for B over A Cound the

MP
A ex Xu B

given by
p i s p by bn

Since every element of B is of the for
I am up bill bi this map is surjective
Clearly it is therefore enough to show that

AEx Xu is northernem

By reversion Cor midution it is enough to

prove AEx is noetherian


