
 

Fet15,2022 Lecture4 Alg II

Fix a ring A and let x Spect
For a subset Z ofX let

I z FE A f e P A PEZ

Remark I Z is clearly an ideal 2 in 1

Lemma I VCI z where I denotes the closure
Proof

It is clear bydefinition of I 2 that 2 E VCI 23 and of
hence I C U I Cz Suppose now that

Z C VCT

for some ideal f of I If f E J then ft P HPe Z
whence fE I 2 Thus J E I 2 which in turn implies
that VCI 21 E V J Thus I V IR x
Further remarks

Recall that for an ideal I F f EA f GI forsome n 0 and
F dumb

It is clear that if I J are ideals ofA then VCI V I if and
only if F F An ideal I is called a radical ideal if I F
Lom there remarks it is clear that there is a bijective
correspondence between radical ideals and closed subsetsofX
and the correspondence is S E I CJ E UCI I V6

DCf andSpu At
For FEA Mtt A Af
devote the localization map if Ia in our earlier notation but
now we wish to emphasizethe role of f
Let

Xf SpieAf
and let



Of Xf X
be the map induced by it In otherwords off ait

According to Problem6 ofHW1
Ca Dcf Of Xt
b The map Xy s Def inducedby dy is

bijective
It is easy toverify that for get

A CD 911 Def ADlg DCfg

None for any n 0 D Gifu D 912 whence

ofCDCGlyn DCfg
Wehave therefore shown that of is an openmap Since
it is continuous and injective and its image is Def it

follows that
Xf 2 Defof

is a homomorphism The following commutative diagram
summarizes the situation

Xp C X
homeomorphism

s D f

From now on we identify Def with Xf

Quasi compactnessof X SpreA
A topological space in this course and in courses in algebraic

geometry is called quasi compact if every open cover of it has a

finite subrover We reserve the term compart for topologicalspaces
n which are Hausdorff in addition to being quasicompact

TeBourbaki
dangerousbend Lemma Let AreA rep be a collectionofelements in A Thensymbol

tr Ir e r A if and only if YenDCfr X
Proof

Let I fr I ret Then



reyDar Ye X V Ktp X F V fr X VCI

Thus YepDit X E VCI d ES I A 1

Proportion hit fr re t be a collectionof elements in A and I the
ideal generated by these elements The following are equivalent

a I A
b A positive integers no ret smh that stir ret A
c Forevery choice of a familyof positive integers no rep

fir ret A

BThis
follows from the simple observation that if y 0 then

D tir D fr 11

Proportion X is quasi compact
Proof
It is clearly enoughto work with standard opensets Sosuppose
U D fr I REP is an open cover of X Let I Ctrl ret
We know fromthe above results that I A whence IET
In particular there exist ri ra th e t and ai az aneA
sink that

a fr t t an try L

It follows that Cfr fr A whence X É DCfa
closedpoints and maximal ideals

of This should have been doneright after proving Z V IC Let pbe
a prime ideal of A Clearly specializing to 2 18

I Ep p
Thus

pJ VCICEP VIP
It follows that p is closed if andonly if VIP p i e if

ÉÉ
as we were mines ax are precisely are manimalidnesora

and only if p is a maximal ideal



Irreduciblesubsets and irreducible componentsofa topologicalspace
j d Mostof the conceptshere aremainlyused in non Hausdorffsituations

É
space every point is a closedpoint and from what we have

ti and only if A is a field since 107is a primeideal in an

integral domain

Z is called irreducible if it is irreducible in the induced topology ie
in its subspace topology

lemma het X be atopologicalspace The following are equivalent
Ca X is irreducible
b If U U2 are two non empty opensubsets ofx then UNU 0
c Every non emptyopensubsetofX is dense in X
Proof

a E b Follows by taking complements of U andU2
b es co Follows from the fortthatsubsetofX is dense ifandonly
if it intersects every non emptyopen set 11

Corollary hit 2 be a subset ofX TFAE
ca 2 is irreducible
b If Ui 5 1,2 are openin X with Ui1240 i 1,2 then 2nd 1440
e The closure Z of 2 is irreducible
Proof

For cc the only thing to note is that for a open in X 41240 if and
only if URI 40 1



Definition An irreducible component of a topological space X is a

maximal irreduciblesubset ofX

Proposition Ca Irreducible components are closed
b Every irreducible subset of a topological space is contained in an

irreducible component
C Every topological space is the union of its irreducible components
Proof

Ca Thisfollows from c ofthe previous Corollary
b Let 2 be an irreduciblesubsetofX and Ie the collection of
irreducible subsets of X containing 2 Let Za den CI be a

totally ordered subsetof E and set
Imax In2d

Suppose U U are open in X with UiRZmax 0 2 1,2 Then for some
den Zandi for it 2 Since 2 is irreducible ZanU.RU 0 whence
ZmaxRU RU I 0 Thus Imax is irreducible By Zorn'sLemma I has
a maximal element This hasto be an irreducible component
Cc Follows from b since everypoint is irreducible y


