
 

Feb10,2022 Lecture10 Alg I

Throughout this lecture A is a ring
Horn adjointness
Here is the most basicformoftheHom 0 adjourthers relation Thereare
fancierversions one of which has been given toyou as a problem in
Homework3

Theorem Let M N T E Moda Then we have an isomorphism
Homa MOAN T Homa M HomaN T

Proof

Suppose E Homa MOAN T Define
Y Yp M a Homa N T

by the rule
Hcm n 0Cmon

If di dzE Homa MOAN T and a E A then

Yo t a4oz m n YpGm n t dalam n

HmEM
9 mon t adz mon and men

Hitadz mon

ftp.tadzcm n

i e Yo t aYaz Td adz
Thus de s Y is an A linear map
We also have a map in the reverse divation

Homa M Hom N T Homa MOANT
described as follows



Given YE Homa M Homa N T we have a set
theoretic map

By Mx N T

given by By mon Ucm n

If my Mz EM no men and a GA we have
ByCm t me n Y mama ni

X mi Cni t Yana m

By myna t By myna
Similarly By m men By 1mi hit By mind
Tonally

By among NCamden

Kat mi ni

41mi Can
By me an

and the second equality in the above chaingoes
By Cam n fay mi ni a Bu mini

Thus By is bilinear over A This gives us amap
10 MOAN T

with
0 mon By mon 41m n

It is nothardto see that 71 0 is A linear The
equations and above show that the two processes
01 s 4 and V1 of are inverses of each other y
Test forexactness

A sequence of A maps
Cit Ci cities

is said to be event at i if im Coit sci ker Ci city
If

M d M U M
is a pairofAmaps then we say the sequence is exact if



in D her4
In general given a sequenceofAmaps we say it isexact if it is exent at every place where there is an

incoming and an outgoing arrow

Examples
C A sequence of A maps

Mi s M M 20
is exact if ca ins M SM her M o and
Cb in M SM her M SM Condition Ca is equaled
to saying that in M SM M ie tosaying that
M s M is surjective In view of this condition b
is equivalent to saying that M is essentially the colonel
of the map M s M More precisely we have a

commutative diagrams M
I 2 natural isomorphismMr

S M
her M M

Mnot'd Yim
M SMquotientmap

A sequenceofmaps
M M

2
O M

is exact if a in o MY her M M and
b in M s M her M sM Condition Ca is

equivalent to saying that M s M is injective and
in view of this b amounts to saying M is essentially
the bandof M M In greater detail the diagram
below commutes

her M MD E M
naturalisomorphism 52

MI s M



Some functors
Let M N T E Moda

1 HomaMs Suppose 0 N s T is an A map Define

Who
Homa M O Homa M N Homa MT

by the rule
pomp or o x m 1004

It is simpler to write of for HomaM OM doy Thus

I 3 di Y do4

If T s U is a second A map then is easy to
see that

Homa M O o Homa M O Homa M O00
i e

pyody 080

Thisrelationship is what M
makes Homa M a functor U

goy
0101004 0100 o

a term we will define later
in the course I g s t g

u

Checkthat of is an Amap Eary and left toyou

2 HomaC N Suppose M S T is an Amap We have an

obvious map
qt Homa T N Homa MN

given by y yo p YE Homa IN
The map of is more accurately Homa ON

Homa O N lot



observe that HomaC N reverses the directionof arrows It
however respects compositions in the following sense
If 0 T U is a second map then

to CO O od

The above relationship it Homad N HomaOln HomaOod N
is what makes Homa L N a functor reminder we still
have to define the notion of a fruiter More accurately
since Homa L N reverses the direction of arrows it is a
contravariant funtor
Finally it is easy to checkthat 0 is an A map The

details are left to you
3 AN and M A In much the same way DAN and MOA are

futons You can work out what is meant by
00AN for an A map 0 M T check that it
respots composites of A maps and that it is an
A map
Leftexactness oftheHomfunctors
The following properties of Homa Ms and Homa M are usually

referred to as the left exactness of Homa Ms and HomaJM
We will define the notion of left exactness and right exactness
and exactness more formally later in the course

Theorem Let MEModa
ca suppose

n d N Y N
is an exact sequence of A modules Thenthe induced

sequence
O Hom M N q HomeM

N Homa M N

is also exact



b Support
n N Y N 20

is an enact sequence of A modules Then the sequence
0 HomaNSM U s HomCNM HomeACN M

is also exact
Proof

Ca We have to show that di is injective and that
in x her Ux Suppose f E HOMAN M is s t 0 47 0

Since di f Oof this means

fam 0 t MGM
None d is injective and hence the aboveequation implies
that fam 0 A MEM ie f O Thus di is injected

None Yaode 4001 0 since 409 0 It
follows that in d E kuYe We now show that kink EunOx
Let fe kuk E Hom M N Then Hof Hof D ie

Y fans O U ME M
Hence fan e kn Y forevery me M Since
o N't n 4 N is exact d n 1 bull and
the map set a OG gives an isomorphism

of N 0 N1
Since f takes values in herY 01N if we define

g M N

by the formula
gen I feat NEM

then dog f ie O g f Thus f e im ok
This proves Ca
Remark The above argument can be re packaged invoking the
universal properties of kernels namely if K kuCY
and f M N is an A map s t 4of 0 then F

map g M K s t f iog where i K n is

the inclusion map K E N Since Y EN
N a

salt
commutes

we are done



b The argument is dual to the one given in Ca brice
4 N D N is singertive if fo4 0 for an A map f N M
then f 0 This means Qt is injective For theremaining
part use the universalproperty of cokernels namely if
C Coker lo I N s C Manco the natural
surjectivemap and g N M an A map smh that
god 0 then 7 map h C M such that g hot

The details are
N I N s c left to you The

diagram on the left
god o

e
h

may help

The right exactness of AN
Weneed the following lemma

Lemma Suppose we have a pair of A maps
M d N 4 T

Then the sequence is exact lie mid kuY if
HomaCTP Y't s Homa N P HomaMP

is an exact sequenceof A modulefor every PEModa
MM

Take P T Then 4 4 Ip E unGt knot ie 4 107 0
ie 400 0 This means and E bull

Went take P coke01 Let E Hom Cn P be the
natural map N t s coked P Now a Tod O

Thus HEkind in Yt This means F h T s coked P
such that ho U T Thus if ne ku YEN then
Cn CeoQ Cut LLYN O It follows that ne in 0
This hut E in d 11

We are none in a position to prove the right exatvers of
AN see next page



Theorem Let
N d N Y 2 N s O

be an exactsequenceof A modules Then foranyM EModa theinduced sequence
MOAN 0s MOAN MAN MOAN s 0

is exact
Proof Let P E Moda Then

O Hom CN P Yt Homa N P Ok HomCN P

is exact This induces an exact sequence

0 HomaM HomaNYPD way StompM Homa N P via g HomACMHomaNIP

By the Hom adjointvers this gives an exactsequence

0 HomaMOANYP yay
HomaMOAN P awayHomAMOAN

P

The theorem follows fromthe previous lemma y


