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A ring A is a con empty set with two operations
addition and multiplication

Notation

Addition t

Mutuplication c s proximity g
JAXA

A

Monona

A is an abelian group with addition
Multiplication is associate ny 2 nCyz
Multiplication is distribute over addition

Nyt a nyt nz
Rey Z nz y z

Distributivity

In this course we will only consider rings set
a Multiplication is commutative
b A multiplicative identity exists denoted

1 or La
Notation The additive identity denoted 0538mn
The multiplicative identity is denoted 1

We ALLOW 1 0

Check that if A is as above 1 0 then A 0

Junk a ring is devoted 0
The additive inverse of n is denoted n



Ring homomorphisms hit A and B be rings
A ring homomorphism from A to B is a map

f A B

sink that
CD fluty fins fly By EA
Cii flay flu fly
air f i 1

An ideal Fin a ring A is an additive subgroup

of A sink that if NEA yet then my EI

Examples
1 Let A 2 the ring of integers

hit I 3 3m ne a

Then I is an ideal cheek
2 In fart if A is any ring and NEA

is an element then

in nal at A

is an ideal
Suh ideals are called principal ideals

3 Let A TEXT the ring of polynomials in
a variable X with coefficients in 2

TEXT anX tan X t tax tao are 2
I 23 7 3pA x q x pix que Le



Clavin I is an ideal of A
Let 3p t Xq Bp t X q be elements in I

Then

3p Xq Bpa Xa
Xp Pa t XCq q EI

So I is an additive subgroup of A
Let y I and a E A

Sune Y E I it must be of the four
y 3pt Xq

Then ya Spay Xqa E I
Chuk that I is not a principal ideal

4 Let f A B be a ring homomorphism
Let I aEA fca 0 Ken f
Then I is an ideal Indeed being the

kernel of an additive group homomorphism I

is an additive subgroup of A Moreover if
ne I and a E A then

f ra fan fca 0 fca 0

Hmu na e ku f L 11

Example 4 is typical Every ideal arises as the

kernel of a ring homomorphism The broad steps are

as follows



Let I E A be an ideal
Since I is a subgroup of an abelian group viz Aquotient
therefore I is normal and thengroup A I
makes Shure

Easy to see ALI is abelian
A I istering Let at I and ye I be two

elements of Alf Define
Rt 2 Ly TI my TL

This is Suppose NTI N't I

th doh t
Hence ex n y EI Complete this

Chirk that my I N'y I ie
chuk that my N'y EI

n by
So my I Nyt I
By symmetry if yet y't I then nytI my't I

Finally combine this to give my TI N'y't I

Chuk with the above multiplication ALI is
a ring
Next check that the map

A A I
a at I

is a ring homomorphism



Finally chub that I ku CT

An isomorphism f A B between rings A B

is a ring homomorphism which is one to one and
onto

Dictionary
injative one to one

surjective c s onto

bijective one to one and onto

Recall A ring homomorphism f A
B is

irrigate if and only if half5 0

Prime ideals Let A be a ring An ideal P of A
is called prime or a prime ideal if

f A

If my EA are sub that myEf then

either se or y is in f

Lemma I is a prime ideal of a ring A if and
only if Alf is an integral domain
Prod Clear chink

Definition Let A be a ring An ideal M in A is

said to be a maximal ideal of A if



M A

If I is an ideal containing M then

either I A or I M

Lemma An ideal I of a ring A is maximal if
and only if Alf is a field
Prod Recall that k is a field if k 10 and

every nonzero element is a unit hit I be

be maximal and k A II Then sine I A

A I 0 and since O is the onlyproper
ideal of Ale I being maximal and have

if a O wi Als then n must be a mint
cottawire the ideal generated by x is of the

form III III violatingmaximally

Comely if ALI is a field then the only
proper ident of Alf is O which means the

only proper ideal of ALI is Elz Thus if II
is an ideal in A then J A or II

Anthony Maximal ideals are perime


