
 

Jeff 2022 Lecture9 Math300

Recall that a polynomial plz with complex coefficients
and with digp 0 can be written uniquely as

plz C Z W e
z oyez z wayem

where c is a non zero constant er em are positive

integers and was ou are the distinct roots of
plz
Recall that a rational fruition fCz is one which is

the ratio of two polynomials f I Plq where p and q are

polynomials and q is not the polynomialwhich is identically
zero Sink a futon can be written as

fCz c z wie Cz Wm en Ce to constant
z z d z Zhen

Wemay assume after cancelling all common fonts that
the ng are distinct Cie if i j then wi Wj the Zi are
distinct and no wj equals any Zi
If f Pla is s t degof a degp then by the

Euclidean algorithm for dividing polynomials we know
that plz act qcz t hat with dig he digq where
act is the quotient when p is dividedbyq and he is the
remainder In this case

fees act t biff
and the national function Hq is sit digq degh
Since we understand polynomials like ace to studyrational functions we needto understand national funtions in
which the polynomial in the denominator has a greaterdegree
than the polynomial in the numerator
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In view of the discussion in the previous page let

f z c CZ a e Cz wz ez z comem

z z d Cz zada z z a die

with
die da eat t em

Wj's distinct Zi's distinct no ay equalto any Zi
a c a non zeroconstant

Theorem In the abovesituation there exist unique complex
numbers Ag such that

f z Aro
Cz aid

t
c zyd

t And
z z

Azo
z zagda

t Az
Cz zad

t t Azdzz

Aro
Cz zajdel

t a Arede
CZ zada

t Ak
z zh

Remark We will not be proving the above theorem It is an

algebraic statement and not a complex analytic statement
However it is a very useful theorems and so we give an

exampleof such a break up The above decomposition of
the rational function f is called the partial fraction
decomposition off
Example Find the partialfrentiondecomposition of

f z 822 Mz 7
z 1 2Cz 2

SolutionThe formofthepartialfraction decomposition of f is



Cf z I t
2

Wehave to find a b and e The usual technique
is to clear denominators and write 822 172 7 as
a Cz 2 t bCz 1 Cz 2 t c Cz 1 2 compare coefficients and
solve for a b and e from the resulting equations Here is
a different technique

Multiply both sides of by Ct 15 Get
Cz 1 2 fee at ble D t c E

Hence Ing CZ DafCz a

to a his Z Pf z his 822 172 7
z z

2 c i 2
Thus a

Next multiply both sides of by Z 2 Get
Cz 2 fee agg

bEY te

Hence figs Z 2 f z C Thus

C Gig Z 2 2 thing 822 172 7
2 E DZ
8147 11123 7 5

Thus C

Finally note that

I CzD fiz I at biz Dt ca D2
z z

b t 7 2 2CCzD C Z DZ
2 2 2

b as Z 1



Thus be fig f CzD f z

fig g
822 172 7
z z

him Z 2 162 17 822 172 7
Z 2 2

C 1 CD C 2
C 1 2

3

Thus

a 2 b 3 0 5 In other wordsIn summary
822 172 t 7

Cz 1 2 I t 5
z it 2 2

2
z z

is the required partialfraction decomposition

Exponentials and logarithms
Recall that for Z ntiy we defined

et e Casey isin y

In the real variable care eh is an increasing funtion
see graph below and hence y ee defines a one to one
funtion n graphof y en

Éi.gg a then gigs

Since expn e is a one to one fruition it can be inverted
and we have the inverse function tiny logly

In the complex case is f z et one to one We
answer that question in the next page



Suppose Zi Kitty and 72 2 toy are two complex

ÉIÉÉ was such that
eh etc

Polardecomposition

since the r part of a polardecomposition is unique this

if
means

ex em
Since e is oneto one on R this means

n Nz
Note e 12 I and e Izzl

É iThe abovepolar decompositionalsogives

cosCy cos ye and sinCy sin ya
This happens if and only if

y Yet 2in for some integer nIn particular if a Kitty and Zz Miti y t Zit
then z Zz but et etz

Thus f z et is NI one to one

This creates problems for the definitionof logarithms
Let us look at the problem in a slightly different

way Consider the equation for z 0
et Z

where we are asked to solve for me with z beinggiven



write we a tib Then
2 ea jib

It follows that b is an argument of Z Wewrite
b arg zwith the understanding that angcz is multivalued

we had earlier regardedangCz as a set but we will are
the symbol also for a member of the setMoreover 121 leal leib ed

whence
a log171

This gives the formula

log z logy tag
z

a

multivalued
becauseargcz

stabbed multivalued
is multivalued

Since arg z is multi valued so is log z ie log is NE
an honest function For any Z 0 logez is really
a set of values logCz loglet iArg z twin net
where Ang z is the principalargument

Recall that Ang z is the unique argumentofZ
in the interval C it it

We also save that Arg z is not continuous
on C o o ie on the negative real axis

Thenegative
maxis I

met

IF't
Angza I it

We define the principal logarithm to be the function
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Log on the domain D G C D o
Log D A

given by the formula
thehighnthmsLogez hey wage

mindedargument

Suice Arg is singlevalued so is Log

Thus we have got ourselves an honest logarithm
At a small price We had to remove the negative
real axis from our considerations Log is only
defined on

D G C D O

The real reason this works is the following observation
Though f z et is not one to one it is one to one
when restricted to the strip

S Z E Q I T c Im Cz E I

n

it

s

o

n J et one to one onS

s



The image of the open strip z T Im z I under the
exponential map is D Which is why f z et has an

inverse Cre a logarithm on D

We will show later next lecture
Log D s e

is analyte on D and
da log Iz

To prove analyticity we need the polarformofthe
Cauchy Riemann equations

Let f weir on an openset G The polar formof
the Cauchy Rieman equations are

Polarform ofthe CRequations of I Ife I

Here u and u are regarded a futons of r and
O via u Cr 6 ReCf reid v r O Im fire'd

AnalyticityofLogCz using the polarformofCR
we have

Log z Log revo log rt if
where r 121 and O Arg z It follows that if
Log weir then

air 6 log r and v erO 0
Thus

Gr tr fr o

0 8 1

It is clear that Log satisfies the polarformof the
Cauchy Riemann equs hence is analytic



Next lecture

Will prove polarformof C RWill show
LogCz Iz

Will define cos z since
Will define hyperbolicfunctions cosh z sinh z
Perhaps start on CONTOUR INTEGRATION


