
 

Jef3 2022 techno8 MATH 300

TheLaplaceequation
hit u be a real valued fruition on an openset GofA

smh that off and 0 2 exist on G The Laplace

equation for u on G is

FI t82 0

Definition Let G be a domain in G A fruition
n G G is said to be harmonic if all its sand
partial derivatives 8 Indy y Iya exist

are continuous and a satisfies the Laplace equation

Where doharmonifuntious ocean

Let f be analytic on an openset G say f utir
then one can show that all the 2nd partials of u exist
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Conclusion u is harmonic

Since g if is analytic and v Reeg therefore
v is also harmonic

Throne Let f ut is be analyte on a domain G then
u and u are harmonic

Definition Let u be harmonic on an open set G A
harmonic function v on G is said to be conjugate
harmonic to u if utir is analyte on G

Suppose Y Us are two harmonies futons conjugate
to u Then

f at it and f utile

are bolts analytic on G Assume G is a domain
Now f f ti v ra is analytic on G and
purely imaginary valued In the last lecture we
showed that any analytic function which is
purely imaginary valued is a constant So
F CER smh that
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Conclusion Two conjugates of a harmonic futon a

dither by a constant



Examples

I Let win y e cosy G Q

If en cosy 8g e cosy

Heme Is guy 0 on Q

So u is harmonic
Let us find a conjugate v for a
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Use this in the equ Ey e cosy
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2 Show that
Ulx y 23 3ny2

is harmonic and find a conpigate r of a
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So JI t Ey 0 te u is harmonie

guy 322 342 Ig Guy
This means

4g 3 2 322 ft

6mg
The first of these relations gives
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what is f weir
Write 2 Rely
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So fCz E tic CER

An out of turn theorem shouldhavedone it lastdas

Theorem hit f be analyte on a domain Gin Q
If f 2 I 0 on G then f z is a constant
PM

wife z nety f ut i r

We hone f z fu ny t i dfa x y
This means nice f ed that

But In Ey Home Fy 0

Similarly 8 to

Suiee G is converted this wears a and r
are contents and hence f is a constant 11

Polynomial and Rational futons again

Let p be a polynomial ofdegree n and Zoe E

plz Ao t a Z azz t t anZ
Can write plz in the following way

p z bot b Cz Zo be Z Zo t t bn z Zo



To see this write
plz p Z Zo Zo

and then use binomial them
Another way
plz at ait t t anZn

plz bot b Z Zo t t bn Z Zo

Let us work out the bi's
Have

pep to
NW

p z bit 2b z Zo t t wbu z Zo
So

piezo bi
p z 2bz
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So can unto

plz bot b Z Zo t t Bu Z Zo

Suppose Zo is a root of pid.ME pczo o
ie Do 0 since Do p Zo This means

plz b Z Zo t be z Zo t bn Z Zo

Z Zo q z q z bitbzlz zot tbu.czÉ



We have proved the following
Proposition Let plz be a polynomial of degree net
Then
Ca Zo is a root of plz if and only if
plz CZ Zo q z where q is a polynomial of
degree n l

b plz has at most n roots

Proof PartCa followsfrom our calculations in the
previous page Part b follows by applying Ca repeatedly
Theorem TheFundamentalTheoremofAlgebra Gauss hit plz
be a polynomial with complex coefficients ofdegree 21
Then pct has a root in Q
Pof Omitted Perhaps I later in the course

Corollary Let plz be a polynomial ofdeg 21 with
complex coefficients Then

plz C Z Zi CZ Zz Z Zn
where c is a non gu content and Zi Zn are the
roots of p
Proof By the fund't ther plz Z Zi q z where

q is of deg n 1 Repeat this process wit g'sdegree
drops to go 11
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