
 

eft 2022 Lecture Ma itsoo

Announcement

You do not have to submit the following problems fer AW3
2 2 5 2 3 14 2.3.15 2 3 3

Cauchy Riemann

f ut in fun fun exist at exoyo in domainoff
The CR equations at no yo one

Fu noyo F noyo
crewsand

gig no yo I no yo

f may or may not satisfy the above equations
We have shown
If f is diffble at Zo Xo try then f satisfies the CRNemi A

equations at toCR

Wewill now show sufficiency butwith extra hypotheses on f
Theorem Let G be open in Zo not iyo a point in G
and f G s a a futon with f ut in smhthat

81 Ooty I exist and are continuous in a

NOTE

II neighbourhoodof to and are continuous at Zo
no yo fry no yo

no Yo ft no yo

then f is diffble at Zo NOTE THE EDIT

I

0to C Needthepatrolsto exist
in a nbhdofZoandbecontinuous at to



Proof

Let DZ AntiDy Then notDu YotDy
ZotDZ

u not Du yot Dy u noyo

u notDn gotby u no gotby

u no yo tDy u no yo

By the MeanValve Theorem fromCalculus the 1st bracketed
expression

Dn ft at yo tDy where n lies between
no and notDre

Dr fun no yo E where E o as at no
ie as Dn o i e

as Dz o

The same reasoning shows that the
2nd bracketed expression

DyYy no yo Ez Ez o as DZ 0

É similarly
not Da yotDy v no gotby Da Goyo EYE O
no yo tDy no yo DyIg no yo t Ey as Dz 0

So r notDa yotDy v Xoyo DR noyo tDydy no yo t EstEy

flat Dz fro Dn fun no yo ti no yo t Ent ie

By Guy no yo ig no y t E ti Eu

Anti Dy ft Cm yo ti anti by off noyo
usingthe
Cauchy Riemann t E Dn t Ez by t i E Dnt EaDyequations



DZ ft noyo ti xoyo t Ei AntEady

if Dut EaDy
Here
thot D Az fun no yo tidy no yo

E Da t Dy t oEsDx Eady
DZ

Dj Dy Note IDnt e ID21 IDyle Dz1

So E
Dry Dy f e E IDnt la IDy E Et Ez

IDzl
Similarly e but Eady E EstEa

Dz

In other wall
lines
Dzso

Art E Dy
DZ

olds Es Ant Eady o
Dz

Now let Dz o in equation E Get

king fat BZ f Zo ft noyo ti noyoDz
Since the limit on the lift exists f is diffbleat Zo 4

Reminder Thedifference betweenanalyticityand differentiability
wesay f is analyte in an opennet if
it is diffble at every pt in that open
set Wesay f is analyte at a pointto
if f is diffble at everypoint in a neighbourhood

ofZo So being diffble at a point to does



not ensure being analyte at to
Example fromlast time f z 1212 is diffble at O
and nowhere else So f is diffble at o but at analytic
at O

Recall that last time we used the above throwers to
prove that f z et is analyte on Q Indeed
in this care u x y e cosy rex y e sing
Clearly a r have partialderivativeswhich are cts and it
is easy to check as one did last lecture that
they satisfy the CR equations at all points

We know f iz ft ti fu
ercosy ti easing
et

Examples

1 Suppose f G G is real valued G a domani mi e
and analytic Then we darin f is a constant
Have f ut in with v 0 Home In 0

By CR this means Ofa 0 and by 0

Fat from severalvariables calculus If g D R is
a fruition on a converted open set of R2 smh that
8T 84 0 then g is a constant

2 Suppose G is a domain and f G E is analytic and
is purely imaginary Then f is a constant Same
proof as above



3 Suppoe G is a domain and f G G is an analytic
function smh that Ifl is constant Then f is constant
Left as an exeneric for youHint Use the font that Wtf constant

on the
cirenfene

Harmonic Functions

Let G he an open set in Q and W G R a

real futon smh that g and Jj exist Then
u is said to be hormone on G if

2 toys 0

Exeraie Suppose f ut in is analyte on G
Show that u and u are harmonic


