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Recall Suppose f is a complex valued fruition defined
in a neighbourhood of Zoe G Wesay f is continuous
at Zo if

fuzz f z f zo

Limits and infinity
I We say tiny f z n if heinz If z D

According to real variable Calculus this means the

following Given a positive real number M O

there exists 8 0 smh that

Itcz I M

whenever 0 c Z Zola 8

f z

q
M

2 We also spoke about fig fez
Recall we defined it as

L alms fCtw



This means given E 0 F 8 0 such that
whenever o I w c f we have

If Cto LICE

Let R f Note that the above is equivalent
to saying that whenever 121 R we have

If z L C E

This gives us an alternative definition of his f z

Definition alternatedefn Let G be an unbounded set
and f a futon on G We say

Ens fCz L

if for every E 0 there exists an R 0 such

that

If z LI E

whenever 121 R

Analyticity Recall that if f is defined in a

nbhd of a cplx number Zo we say f is diffbleneighbourhood
at Zo if the limit

flzotDe f Zo

gig f Got DZ f Zo z
DZ is calledthe

difference quotient

enists In this case we call the above limit the
derivative of fat to and denote the hint by the



symbols f to or dat Zo

Example Let f d be the futon fCZ E

Recall if Z atib then E a ib

Then the difference quotient for Dz 0

flat Dz f z Z Dz E
DZ DZ

Et DE E
DZ

DE
Write Dz Anti Dy with Dx Dy real
Let Dz 0 along the real axis Then by 0

and Dz An Now In DX Suire Dn is real

and DE DE This means the computation in

yields
fat Dz f z L t

Dz

Let Dz O along the imaginary axis Then

Dz i Dy Now iDy CO tidy O iby
i Dy

So DI DI in this case This means

the computations in E yields



flat Dz f z L H
Dz

Comparing It and tt we see that

big fat Dz Az does not exist
Dz

for any z

Conclusion The function fez Z is not differentiable
at any Z E Q

Example Let f z 1212

Clarin This is di table at 2 0 and is not

differentiable at any other Z
Differentiability at 2 0

CotDag flo LotDER LOR
DZ

Bff
Cz CAT
DZ

AZ so as DZ 70

Reason Dt Anti Dy AZ An i Dy
Conclusion Z 1212 is diff ble at 0

Non differentiability at z 0

f z Z E



We know that P and q are diffble at Zo then

Plq is diff ble at Zo the theorem was stated in

the last class provided q to 0

Suppose Z 0 Then
I f

The function Z is diffble everywhere If f was

diffble at Z z 0 then I would be diff ble
at z However we know cand have proved that
E is not diff ble anywhere So f cannot be

diff ble at Z 0

Conclusion 1212 is differentiable at 7 0 and
NOWHERE ELSE

what are the functions we know that are diffble
Polynomials f Z Aot a Z t tanz

Rational futons pg Ao taitt tan Z
Contheirdomains ofdefinition botbiz t Dm2m

with at least one bi non zero

Cumin Is ra
O if m n

Definitions i hit f G d be a fruition with G open Then

f is said to be analytic on G if it is differentiable at

every point of G



2 Let to be an interior point of a set S and
f s d a futon We say f is analyte

at to

if there is a neighbourhood of Zo on which f
is analytic

x The futon fCz 1212 is diffble at ZEO
but it is not analyte at Zo O

The Cauchy Riemann equations
Let Zo E Q and suppose f is frinton defined in

a abled of Zo and suppose f is differentiable at Zo
Write Zo not iyo no yo ER

Z ne Ey N y E R

f ca ay ing J up ayy ex

ul x y ti ray ve ray ER
krone f Zo exists since f is diffble at Zo This

means

him
Dz o

fGotDZ f zo
Dz

exists

Write Dt Dnt iDy
First let Dz 0 along the real axis Then
I Die and the difference quotient
f Zot Dz fizo L GotDr y ti veux Da no

Dz
Ueno yo Iv No yo



Suire the limit ofthe LHS exists as AZ Dx 0

the limit of the RHS also exists This means

Gig U Not DR yo Uxoyo
Drand

him V not DnTo Xo yo
Dr

enist ie fun xo yo exists 81 xoypexits

Moreover

I f Zo fun no yo ti no go

Next let Dz O through the imaginary ants Have

Dz i Dy
Now

U no yotby U no yofaut des ta if i reno notby rewindDZ

U XonotDy U Yo Yo i v no gotDy V Royo
i by i Dy

Let Dz iDy O Get

f zo t g no yo ti I no yo

f to g no yo i g no yo

From the two boxed equations we conclude

that



2
no yo no go TheCarly

Riemann equi

gg em y q em yo
I
when y agg
at to

Example Let us revisit f Z E

Write f ut in entry etc

f x y n i y
u x y N V Ny y
fun L dy t

facey Ey exy for any Z atty
In other words f is nowhere diff ble on Q

Thrown Let G be an openset f ut in a complex
valued function on G such that gu Gy dfw dfg
exist on G and are continuous on G Suppose

In Ey and 8g En
on G Then f is analyte on G

Example Define exp Q Q by
exp z erect cos Iu z t i sin Inez

Then exp z is analyte on Q



Pt Conte et for expat and Z ntiy
fat et e Cary tising

u exy ex cosy vex y ensuily
In en cosy Fy e'cosCy

Q
Ey easing off enemy

Clearly the Carly Riemann equations hold
So if you believe the theorem et is

analytic


