
 

Jan 20,2022 Lettre 4 MATH 300

Last time Defined a circular neighbourhood or an

open disk centered at Zo of radius e
Be Zo ZEE 12 201 e

If S is a subset of Q and Zoe S then Zo is

an interior point of S if e o s t Beczo Cs
Thereexists T suchthat

a
s not an boundary
point or an interrupt

Let S C G A point Zoe not necessarily in S

is said to be a boundary point or a frontier point if
every circular neighbourhood of to contains a point in S
as well as a point outside S

An subset S of G is called an openset if
every point of S is an interior point of S

A subset of S is called closed if it contains all
its boundary points
Notation OS boundary of S



Examples

1 Open disk BeCio By the triangle inequality
Beczo is open To see this pick Ze Be Zo

Let s Z Zo C E

Let OC re E s

e Consider Balz wee lw z er

If WE BrCz then

I W Zo E W 2 It 12 Zo
c n t s

e E s s

L
So W Zo CE te WE Be Zo
So Br Z C BeZo

This proves that opendisks are open

2 Cloud disk S ZEE Iz 201 E r This is

not open became points on the circumference
ie points Ze 6 set Iz Zo r are in S

but are not interior points However Cchulethis

S is closed Chek that IS tea 12 71 9

4 Punctured disks

S tea O Iz tol e

or S tea I o iz Zol E e



In either care dunk this
OS to U Zee Iz toke

In the first care we have an open set Cchule

I an interval in R CA

Is it open Aus No

a thud yes if the
end points are in Z

OI
I

I U end points of

Definition A polygonal path converting Z EG with

Zz E Q is a finite sequence of line segments
hi La Ln with Li and lit having a

common end pt

Polygonal pathjoring Z toZz
Li

O
Le Le É

A
47 Lf

Definition Anopenset is said to be connected if

any too points in S can be converted by a polygonal
path lying entirely in S



Commuted

0
Definition A converted open set is called a

domain

A region is a domain together with some or all

or none of its boundary points

Defn A set SCA is said to bounded if there
exists R O suh that LI CR Z ES

This is the same as saying
T forall

S C BRCO

Example A is not bounded R is not bounded

The upper half plane tea Ince 07 s not
bold

However Bp o is bonded



Futons
We are interested in complexvalued futons
f a on sets in e SEQ
domain

off
Range f ZEE Zf s forsome se s

Examples

1 f Z Z Z E Q

Domain of f a

Rayeoff a

2 fCZ Ee
Domain of f a Ii

3 fez 22 Domain off 0

Suppose Entry N YEA
and f z UCZ t z viz UCE Z ER

way ti ray

4 fees 22 u r

Z ntiy 22 22 y iczny
So wise y N y

ren y Zay



2 f Ry Kt i ny
ucx y R Ny ny
f Z to watch

Z plane

1
Thedomain off The aye off

Examples
I fez z defined Z 121

3114,5

Fi

96Domainoff

Raye off

2 f 2 2k on re.io oerq4 OEO IY

II fast
Domainoff

dangers



rangeoff

3 f z 2 Zit on the unit square

Clint square Z OERect El Of Juelz'sI

ft
Range f
translate everything

by the vets 3 2
T
Domani f

limits and Continuity
Definition Let Zn É be a sequenceof complex
numbers We say Zn converges to Zo EQ if te O

F NE N S t

Z Zo E

for all n N

In this can we write

Zn Zo as n o

On

Ling Zn Zo

73
oz t

te



Note Using the fat that
IRecz E 121 and In z E 121

we can chute that

Tin En to if and onlyif
kissRecent Recto

lining In Zu Into

I ReCtuZo e 12 21 In Zn to E IzuZol

Proof will be supplied at the end of therenotes

Definition We say Zn o as n o if
Hnl SD as n D

Examples
Ca Zu In ti
b E O as n o

C zu eitan 417 et't eatin p
d z 13g
d is interesting

lent 25 1 1

EN Es
O

to Itn 01 0 as no

ie given E O F N S t

ten O CE t n N

hims Zn 0



Definition Supper f is a futon defined in some
neighbourhood ofZo Then we say

EnszFZ Wo

if for every
E 0 F 870 S E Az with

Oc Iz Zola 8
we have

If z fCzoJICE
We also ay

Liz Fez n

af
Giz IfCal D

Extra notes oftopics not covered in the LectureWill cover them in class on Tuesday Jan25 but doreadwhat is in here

Definition hit to be a point in S CA Wesay f is
continuous if it is continuous at every point ofS

Examples

Esi t
If there is anyjustice in the world the answer should beYi

Why is it Yi Wouldbe great if fizz FI EstofieEs gaz
we will come back to this question later



2 Calculate LingEE
Solution zizzy

Z i
n Cz itcz i Iti T Ii L

Ifthere isprovided Zt in i anyjusticein the
world

So how much justice is there in the world
Here is the required theorem

Theorem Suppose

thin fCZ A

and

Tsz g z B

Then

a zhizo fie I g z AI B

b Gigo fez g z A B

C If B O Ensz t Az

Corollary If f and g are continuous at Zo then

ft g fg fly are continuous at Zo for thestatement

about fly we require that g Zo 0

Examples Recall that a polynomial is a function p



given by a formula of the following kid

plz Aot a 2 tazz t t ant

where do ai an are constant complex numbers

A rational function is a fruition of the following
form

f z plz at ait t tant
912 but biz t bmzm

9 bjEd
where p and q are polynomial funtious and

q is not identically go
So here are examples of continuousfrictions
l flt I C C a constant Zed Then f is

continons on Q Notethat EszofCz his c c fro
2 fCZ Z Z E Q Then f is continuous on Q

Gien E 0 pick F E Then 12201 e whenever O Iz tol d ie

Linz Z Zo which in turn means his fCz fro

From the theorem it follows that polynomials
are continuous on Q since a polynomial is

a combination of sums and products of examplesd
and z pct aotaitt tant

4 Once again from the theorem and the definition

of a rational futon a rational fruition

f z plz
q z

a act t anzu
bot biz t t bmzm

is continuous on the set G zeroesofgas



Moreexamples

1 Else I to
2 lying É This is not defined at z i

Now 12 121
122 11 7 72

D as Ed

3 Ing z i
22

This is not defined at Z Ii

Define a new fruition

I Q Ei e

by the rule
Z i iIce Ei
Z I i

Then I is continuous on G i In other words

f has a removable singularity ati we will

define removable singularity move formally later

in the course

Definition fig fez big f tw

Yw4 Ca fin z Whio Youth

limo w
It v2

O



b fig it 2
Ez i

ik
Check Set w Yz

it 2
4z i

he 2
4 i YET I as woo

Exercise Show that
any if n m

Gig Gotaiz t tan Z
both za pam o ng nem

w if n m

solution set w 112

an taitt tant aorta we t an it tan

and

bot bitt t bmzm bowmtb.net't bmwtbm

It follows that
Gotaiz t tan Z
both z t puzm

w aw t tan iwtan
bow t tbm.net bm

as w 0

we
um n anhim

bm

afm if n m

O if nom

o if n m f


