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Formal definitions
A pointset t is saidto bea smoothare if it is the rangeofsome

continuous complexvalued fruition 2 2It astab that satisfies the
following conditions with Z't att iy It being thedecomposition into real
and imaginary parts

i z t has a continuous derivative on Cab with Z'ca being
the left derivativeand Z b being the rightderivative

Cii z Ct n E try t never vanishes on Iasb
Cini zit is one to one on ta b i e if as t.se b th then
7Ct ZCs

A point set is called a smoothclosed eve if it is therange
of some continuous frontman Z Elt a stab satisfying conditions is and
Cii and the following

Ciii z It is one to one on thehalfopenintervalCab but
Z b Z a and Z b z a c Thisconditionis oftenomittedbut

we will keep it

A smoothcurve is either a smooth are or a smooth closed

curve
c sharpcover

phone
Z'Ctdoes
notexistthere

T ysmooth curves
NOT a smooth

curve

Admissible parameterization A smooth curve mayhave more than
one parameterization A parameterization which satisfies it Cii Ciii or
i Cii Ciii above is called an admissibleparameterization

Example Consider the curve t which is the graphof y 23
in the interval Is us 1 Then

z It A it lets 1
is a parameterization but it is not an admissible
parameterization since Z o 0 However
Z t t ti t let I



is an admissible parameterization of TQuestion Is 2 It sin t t i since I steitz an admissible

parameterization of the above 2 What about 2Ct 3 4 ti 3 4
513 Et E 1

ETI't bethe linesegment from o to 1 on the real axis
Then tilt t OE te l and Z t t t Oe te l are two admissible

parameterization of t Howeverthetwo parameterization changethe
order in which the points occur In the first parameterization the
point 2 34 occurs after the point Z Yz whereas in thesecond
parameterization 234 occurs before Cat t 44 2 112 which occurs
at 8 42

Similarly Z It cost tisint osteitis and tilt sint ti cost
Os te th parameterize the are of the unit circle centered at o which
lies in the first quadrantandforthe positive axis However the order
in which the points occur is reversed in the two parameterigations

zits zig i T Yet
There are only two natural orderings ofany smoothare and this can be specified by specifying the initial point

Definition A divertedsmooth are is a smooth are with a specific
orderingof its points

A diverted smooth closed curve is a little more complicated
to define since the initial point is the terminal pointtoo
However we can specify an ordering of the remaining points This
amounts to specifying the directionoftransit from initialpoint
Wesay the points of a smooth closed curve have beenordered if i we
select an initial point and cii select a directionoftransit Asmooth
closed curvewhosepointshavebeen ordered is called a directedsmoothclosed



curve

A divertedsmoothcame is either a divertedsmooth are or a diverted

smooth closed came

Parameterizationrepeattheenduring and hence thedirectionofthe smooth

Contours A contour P is either a singlepointZo or a finite
sequence ofdirected smooth curves ri ra ru suchthat the terminal
pointof tr coincides with the initial pointofran k b on 1 Wewrite

Ta r t rn

One can piece together the admissible parameterizationofthe ri to
get a parameterizecontours
If M rit rn one can find an internalCab and points

tosay an in Cab s t
a a c e c c en en b

and a parameterization Z t as tab of T smh that on the
subinterval Cert Er 2 It is an admissible parameterizationofrn

Example n

i
t te

re zits Itt i D Osten
rs zits i ti Oe tel

Putting it together
zit

L
t OEts I
I It 1 it let ez
i It 2 i Let 3

So have 2 It O et 3
The book scales the above downto 50,1137 543,2137 2213,17

but I see no advantagein that



Definition Let 8 be a smoothdirected curve and f a continuous
complex valued fruition whose domain contains r
Then the contour integral fr flesdz of f over t
is

f fez de I f facts Z'Ct dt
where Z t as tab is an admissible parameterization

In practical terms if f weir and ZCE NCE tight
then

Sofiedz f Rct yet ti rct yet Nlt tights dt

fab unitsyet n t v nlt yet gilts dt

if race yet n t ucnctl.y.lt yctsdt

frfudx rdy tiffdretudy
Tline integrals

Since we have written this as a line integral it is
independent of parameterization

Definition If D Rt rat rn is a contour then
the contour integral of a complex naked function f
defined in a neighbourhood of P is

Ipf z dz II frifiz dz



Example Find f Edz where T is the contourgivenby unit square
oriented in the counterclockwise direction Here the unit square means
the square with vertices O I hi andi

I vtruths try

futon re zit t ostel
re zits Kit octal

rs zit n t ti octal
re zits ce i ostel

Ect net iyet
d Jr Edz fo t i o dt fotdt L

Cii fr dz foer it cidt I it

ai f Edz fo laes i at It it
in fr Edz fo Citsi Cidt fo'llt dt z

Thus f Edz It Et it c It it z Zi

ChainRule
Suppose r is a smooth diverted curve f a futon in a

domain D containing r and F an analytic futon on D s t
F z f z

Let the initial pointof r be to and the terminal pointZ Supper

we have an admissible parameterization of r
r Z t a stab

Then it is easy to see that
dat F ZIG FACEDZ'Ct

This gives



I fezdz f facts Z E dt fabday Facts dt

FCZb F Zia
F Zi F Zo

So in this cave frfr It depends only on the
end points of r In particular if r is smooth
diverted closed cure then

Jrtczde O

If T rit ru is a contour then in the oboe
care if to is the initial point of P and hemeof r
and tis Zn the terminal points of ri oh respatielythen
g fez dz F F Zo

F X F X

FLEA Flam
t F Zn FLEX
F Zn F Zo

Ame again if T is closed this means

I celdt D

Theorem Suppose T is a counter in a domain D with
initial point he and terminal wet f a function on D
which has an anti derivative say F ie F KK Hz
on D then

fate de F ut F a

Example Wehave alreadyseen that if nel fade 0
where C is the circle 121 2 oriented in the counter
clockwise direction This can be also proved by



noting that if not 1 Zn
ne

is an anti derivative

on th in a domain D containg C If ne 2 one can

pick D to be a So and if n 0 D A works

Reversing the direction Suppose 8 is a smooth diverted
come Let t be the diverted curve whoreordering of points
is the reverse of the ordering for t If

8 Z t a stab
is an admissible parameterization of r then

r Zet b et e a

is an admissible parameterization of r
It follows that

I f z dz f f zees C Z'c t dt

Jj fleiss C 2 s Gds
f faced2 cods

fab f za Z s ds

f f z dz
One can similarly talk about T fer a contour P Cry rn
P C rn rn i ra Y and it is clear that

f fiz dz f f z dzp


