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Polesandzeros ofrational functions

R z e Z 3 9 z 3m em
z z di z zadr

be a rational function with c a non zeroconstant and
31 5m Ze Zk distinct complex numbers

So 3m are called the zeros ofRez with

3j king amgeroof
order ej

are called the poles ofREZ with
Zi being a pole of order di

Taylor form centred at Zo
of
p t Ao t ait t tan Z

is a polynomial ofdegree n and to is a complex
number we save that we can re write plz as

pct bot b z Zo t be Z Zo t bn Z Zo
and that bo bn are given by the formula

by p
R zo
k

where plk z denotes the Kth derivative of p
The form H is called the Taylor formofp centredat to

It is also called the Taylor's expansion ofp around Zo

Example Find the Taylor formofpets 25centeredat 3Sohn
Method I p z 25 p z 524 p z 2023 p z 6022

p
4 z 120 Z pls Z 120

None by p
k s by and heure

bo 35 b 5 34 it 62 201337 2 63 60134 3
but 12013 4 be 41



Thus bo 243 b 405 62 270 by 90 by 15 65 1
In other words

2Eqi g fd.ec
MethodII use the binomial theorem
25 Z 3 335

É E 3 z 3k
You will get the same answer
Either method is fine
Ang ang Log log multiple valuedfunctions branches
Recall that any is a multiple valued fruition on G 0

so is log
logZ togletting z legittote

robed

a multiplevalued

singlevalue
multiplevalued

hit ee R Then angel't is bydefinition the uniquevalue ofargCz
lying in the interval 2 etat Thefunction ange is singlevalued

Formulas
i ang tizz angCz tang zz Interpretation If particularvaluesa
Cii argEz ang za ang za assignedtoany twoofthetermsthen
Ciii logzits logtentboy la one canfind a valueofthethirdter
Ev log Ez hey12 logza sothatthe equation is tune

Branchart forAng hog age Le Recallthat Arg is NOT continuous on
the negative real axis or at o Two points z and zz chore toeach
other with Z in the 2ndquadrant and za in the 3rd will have
Argvalues which are not done Arg z 2 IT but Ang za F T Thisis

why Ang is not continuous on the negative real axis
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not

Md

thetooth

my I
ageisdiscontinuous
alongthisray

The cut along C o o for Arg andLog is called a
branch cut

We point out that Arg arg it and age is discontinuous

along the ray OE we include 0 in the ray Call this ray Re
The Re is called the branch art for ange

There is then a version of logarithm foreach 2 namely
Le Z hoghalt iargelt

The Day Re is also a branch art for the above version
of a logarithm ie g Le Note L it Log Theredifferent versions

of the logarithms are called branchesof themultiplevalued function
Mr

Le z is analytic outside its branchcut and is
discontinuous on its branch cut Re Moreover on G Re we have

adzLele

The proof is the same as the one wegave for the floge L
In this care just take O age z

Definition Fez is said to be a branch ofa multiplevaluedfunction
fez in a domain D if Fca is singlevalued on D and hasthe
property that foreach ZED the value Fez is one ofthevaluesof ft

For example ange is a branchof arg and Le is
a branch of log
Examples

1 Is cost bonded
Ans No Here are the computations

costoy eiciy t e ing e tget w as y D
2



It follows that cosCz is not bonded

2 By the chain rule if f andg are analytic and the rangeof
g is contained in the domainof f then fog is analyte
As an example

f z cos 23 e 7 tizz
is entire

ComplexPowers

Let 2 and z be complexnumbers with Z 0 Define
zh as the multi valued expression

72 exlogz

Question With the above definition are all powers of 1
equal to

ContourIntegration
Here is an informal introduction A more formal introduction will happen
in the next lecture

A continuous curve couldlooklikethis
kinks

itt continuouscurvekink
The penhasn't left the paper or theelectronicpencilhasnot left thetablet
while drawing thecurve making it continuous However theremaywellbe
sharp corners ie kinks

A smooth curve will not havethese kinks

smoothcurve

A smooth curve is continuous



We wouldalso like our curvesto notcrossthemselves likethis

a
Oneachieves this by parametrization ie if a point on

the curve is a function of time a sect y y t a e te b with
the requirement that Rct yet Cacoyes if tts act s e b
The requirementofcontinuity ismetbyrequiringthat act andyLt are

continuous functionsof t
Thesmoothness requirement is metbyrequiringthat actsandyLt be

differentiable ie N t and y t exist on Cab attheendpoint tea wewant
the rightderivativeto existand at t b wewantthe left derivative toexist

we would also like our parametrization to besuchthat the velocity
vector at every point is non gu ie Colle ycts 10,0 for any
a e te b

going
particlewhichattime t is atColtyet

Tiggy
A curve C with these properties is called a smoothare we will define this
term more formally next time But to summarize C is asmooth an if

C can be parameterized Kult y ylt as tab
Nlt and y It are differentiable on Cab Cattheend points teaand t b
the derivatives are the appropriate onesidedderivatives
CnCt y t 10,0 for as te b
If t s a et s eb then t got eco yes

A smoothclosed crime C has all the properties above except we require
ca yla x b y b This is the oneexceptiontothe lastrule

We preferwriting
z b Nlt tight acte b

for the aboveparameterization

There is one more concept that of a contour Roughly a contour T is a



finite numberof smoothones or smoothloops P rn with the
initial pointof rite being theendpointof ri we also allowsingle points
to be contours in additiontothekind just described

Antti
Note that thereis a direction that a moving point on a contour is traversing

NOTE the By a smoothcurve we mean either a smooth are or a smooth
upgraded loop Thus a contour is a sequence ofsmoothones theendpointdefinition
whichislittle one curve being the initial point of thenext curvemore precise
than the
earlierone So suppose C is a smooth curve and say

Z t Nlt tight as te b
is an admissible parameterizationofC ie a parameterization
which follows all the requirements we put in

Write Z'Ct for a A tig Ct as te b
z t N A tig t

Let f be a continuous function on a setwhichcontains C
Define

Jefczdz fab face Z e dt

It is easy to see that Jeffdz doesnot depend on the way
it is parameterized

If M Ft rn is a contour with ri smooth
curves then define

I fie de If friff
Thishas beendefined above

We will do an example in the next page



Example Let C be the circle121 2 traversed once in the
counter clockwisedirection Compute

Jez dz
Solution

Parameterization

2 t 2 cos t ti sin t Zeit Oe teZe

Jez dz f zeit ie't dt

2nd i f eientdt dt
Case1 n 1 Then eilat t 1 and 2nd I

fezndz i f dt 2

Canez ne 1 Then

Sz dz 2 if coscentdt ti sin Cnet dt

2n if Tcascontest dt tiff sin Cutie dt
Now fo cos anti E dt Ie sin inert

It sin Cnn at sis o

O

Similarly fi sin Cutie at asE JIE O
Thus

Ziti if n I 26 n 1 Z has an
Jet dz anti derivative namely II We'll

0 otherwise see laterthat this is another
reason fzdz o for ne l


