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PolarCauchy Riemann equations
If f utir is a function on an open set G in Q with O G
then writing for O ucr O rien o for f reid ucreio
reid we can regard f u and r as futons of

Cre O The polarCandy Riemannequations for f or for
u and u are

E
TheusualcountryRiemannequations ie Fa Ey Ey dog are oftencalled the
rectangular Cauchy Riemannequations when we wish to distinguish it from
the polar formofthe equations Thetwoforms are equivalent as thefollowing
as the followingresultshows

Theorem The function f satisfies thepolarCambyRiemann equations on G ifand
only if it satisfies the ratangularCauchy Riemann equations on G
Proof

Considerthematrix
Ao IIa sign

representsrotationbyanangleofo

Rogives us rotationbyanangleofO Let
T I c representsrotationby I

Then T represents rotationby ite
It follows that

TAo AoT
since bothsides giverotationby TITO

Aoappears in the following calculation in multivariablecalculus when we
compare cartesian rectangular coordinateswithpolarcoordinates Leth bea futon
on G CG o smhthat hehas both partialderivatives

Now narcose y rsino
The chain rule in multivariable calculusgives

Oha Fafatfifty and If 8En Iffy



Thus of cosoff sinoff and off runoff two qtyThis can be rewritten as

CD H 0

Multiply both sidesby Tand methe formula TAo Aot toget
T 18 0 Aot Igy Since s 9 o ab 1a this gives

Apply to her and to her to get

and

I 151

I
From and we see that

most I a F of
SinceAce is invertible

note ditAo corosino l
Inotherwords
PolarCRholdfor futir ifandonlyif rectangular c Rholdfor futir y
Remark There is asimplergeometric reason why Ho is
invertible Sinceit gives rotationby O radians it has an nine
namely rotation by to radians ie Ao A o i.e

Ao
as 0

my
foranc o as o sinto nice

sino
hi

It follows from our calculations earlier that
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None suppose f Log theprincipal logarithm and
G D G Co o Then as we saw in the lastclass if
f ativ then

we logon and o o
giving

fi
ta 81 0

0 8 1
Thus log satisfies the polar C R equs whence the

usual C R equs It follows that hog is analytic

Iggy
no no
nice asa

M
c I X

whence

of toCoro y to sine

Now at Logies In tiff
In i guy by C R equs

Icoso I sino

I e io

ate
I



We have therefore proven

Theorem Log is analytic on D E C o o and

ogee I

Example Find all solutions ofet C
Solution

Let z atty The equ et I translatesto
ekeit 1

Thus en ere't 111 1 Since NER theequ eh I has
only one solution namely K O Thus

z iy
We have to solve

eiy where YER
So eiY ein

eicyit 1

If OER and e 0 1 then cosotisin0 1 whichmeans
cos0 1 and sin0 0

The only solutions of this are
D 2in net

Since e'CY L it followsthat

y it 2in net
Thus y ntDit ne 1

Now z Rtty O try iy
Have the solutions of the qu et 1 are

2 2nd it net
oddmultiplesof it

OtherEntire functions

If se is real it is easy to see that
core eio te io

2
and since eio e io

Zi

We enteredthis definition to d in the obviousway
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We can also extendthedefinitionofhyperbolic cosine andsine from AtoG
in the obvious manner namely

cosh z et te z
z

sink z et e z
n n z

Thehyperboliccosine Thehyperbolicsine

Since et is an entire function it is clear that cosce since cosh z and
sink z are entire

Theorem Thefunctions cos z since coshe suite z are entire Moreover

the following identities hold
a cosC z cosCz sin c z since zed
b cosh z cosht sinhCZ sinkz zed
c costcastsince l zed
d costz sink e L zed
e cost tea cosczicoscze sincesince ti te ee
f sincerity sinczycoscz t asczi since z t.ee

Proof

Thereareeasycomputationswhich are leftto you Wegivetwo
examplesofthe computations
cosetsince eitze

it t Lizzie
it

Leitee iz f
4

Ceit e izz
4

usingthefactthat it D

eft 2 t exit exit z t

Eg
L

Aho
costcz sink z e t Cet e t eyezeet 2 et

4 4 E L
Theremainingcalculations are leftforyou I



Differentiationofthesefutons
Theorem ca daycosCz sinz

b ofsince cosz

es dacoshz sinkCes
edofsinhz coshCz

Proof

Allthe assertionsfollowfromdaet et andthechainrule Thedetailsare lefttoyou y

Ottertrig functions
sece dosz 4Defined

where coscos 0
stance since

cosCz
cosecces

Iggy Definedwhen since to
cotcasecosces


