
 

Jan 18,2021 Lecture5

Let 52 be a domain 112 112 ie R is a concreted

open subset of 112112 Let Lipschitz in the
Econet

v I R L variable
is said to be locally Lipschitz with resput to phase

if it is continuous and if for each ten C I 7 a

pontine number L Letoa and a product set IxU containy
Cto 8 as an interior point sunk that for each te I the
restriction of Fct 7 to U is Lipschitz continue with

Lipschitz constant L Leto et We say it is uniformly
Lipchitz Cor just Lipschitz if L Cto a does not depend

upon Cto a

Maximal intervals of existence

Let s be a domain in 112 112 and F R 2112 a

continuous map sunk that for each to a C 2 the WP
Es Fit n n Ceo aA to a

has a solution on some line interval I Copen

cloud halfopen containing to in its interior and
the solution is unique on this interval

Let us fix to a E D If I is an interval
on which a solution to a toas exists with to in

the interior of I we call I an interval of existence



for A to a

Suppose I Iz are open intervals of existence
hit elf and elf he solutions of to as in Ia Iz

respectively From the hypothesis the sit
te IN Iz dict elf t

is open Indeed if ees and a I c DICe
then dis and I are solutions of E e a so in

a neighbourhood of E 97 and elf agree On the
in I.tw

other hand S is clearly clouds and non empty
since to ES Sirree I RIZ is commuted this means

S I NIz
Conclusion dis and dis agree on IAIz
From the above the union of all open intervals

of existence for to as is also an interval of
aexistence Let

Imax Cw wt U I

where ltre union is taken over all open eritervals

of existence Then Imax is an interval of existence
None suppore I is an interval of evidence of to a

If I is open clearly I C Imax A little thought
shows that I is contained in Jinan even if I is not

open This is seen as followed Suppose I Ca b

other cases can be dealt with in a similar way
Now I Cab C w wt If I w wt then



clearly b wt since Cab C Cw wt Let Q I r be

a solve of our WP Then Cb lb C r and since it is

locally Lipschitz in the second variable then is a compact

rectangle R Eb 2K btw xD Rtb 2r C D smh that is is

uniformly Lipschitz in the sword variable on R Let

R Eb 2 b127 15Pcb r C R
Let M bethe supremumof Ptt n onR If 6 ER then clearly
Rce F Ee a ctDx BE r C R by the trayle inequality
Moreover it is uniformly Lipschitz in the swordvariable on Rte B

Set p min L Ma By Picard Lindelof on Rtew7 we see that

for each 6,70 ER the WP sit P It se EsCc wt has a unique
solution on EE P tip Guice Ct Ctl lb Oslb as ttb we

can find 2 E b Bz b such that T KD ER Let B Cz

None i the skit ofthe WP n7 PLt n Btc w has to

agree with 0T on Cbpz b by uniqueness of in and Cii
NP exists on Cc p et p Sui ee b f e c e b clearly Ctp b

EtB
Thus 07 exists on Ca b p But b wt Csceargument above
This gives a contradiction Hence I C Imax We thus ie

Theorem There is a maximal solution Ifnax Imax wit SL

of the WP ceoas in the sense that if I I R is any solve

A txtLto E with toC I then I C Imax and I Thrax z

Remark For us internals have non empty interiors



Return to the one variable autonomous care

consider again the WP

in n Recto No

Hine r R s R is ee map on an interval D and
wind1 0 Let CrmRm be the commuted component of TY
containing to hit Cw wt Imax O Quae et
be as before Recall if no 70

thing climaxIt Nm the Imax t Rm

Truther again assuming vlad O

NmE R wt D

Um C I w D

Suppore K is a compart set in Imax xD
Without loss of generality can assure K J X S with

T and S cloud intervals 3 containing to
If NME 5 then d t can never be Nm

and wt w In this case Ct t adits k

from the night at some point Let S En kid

If um 4 K then Nz Nm Kuro that bind t nmb wt
Hmu either Ct elCt exits K from the top er

from the right side
The argument using time venerals if necessary

shorts that Cts LED wut exit K
max



Theorem suppore r is a domainining112 112 and letyq.BE
D

F r s R a locally Lipschitzy continuous function Then
the WP

toas
Is P It n
n to af

has a maximal internal of existence and is of the

form w WH W E E D and not C C N a There

is a unique solution
97 Beto Cw wt s R

of 4 to Ef on Cw wt and any solution of too af
on an internal I containing to is the instruction of
QT to I The variable point It dolt leaves every
compart subset k of r as ttw and as t T wt
Proof

we only need to prove the last statement Everything
else has been proved

Let K C D be a compact alert It it a Ek

we can find ve numbers act et and plt et
smh that

t Zale as ft za Ct a x B Es Zf t.ae CD

and smh that vk.it is uniformly Lipschitz on

t 22 t.ae t 2xct.ae x a 2pct 8D Note the

faith of 2 everywhere Srinu the sets of the firm
t 22 t a b t 22 Lt of x B af 2e Lt as form an



open corner of K as Ct as varies in k there
exist Ei oil C k i i un smh that

m
K C It ai t do xBCai eu

where Li alto AI
ei ecti.at

Let K Et Hi Etui x B ai 2e

Then K is compant and K'CD Let
M Supt Ek XP It as H
2 Min Li

lei Em

r min
leism fi



Suppose Ce et E K Then Ce et C Eti ai ti t do xBCa3e

for some ie El in By the triangle inequality
Ee 2 2 27 x B et r C Eti Zai ti 124 x B Cai 2ei
Then is uniformly hopchitg wins on

Ee d tea x B Esp and further Ee a 7th x B air
C k By Picard Lindelof we in a solution

clce.ae to the WP Klee n't Flt u

x e a on Ee b Ct b where
b min 2 Im c eindependent J Ce

In particular Eto b totb is an interval of existence

for IT hit Cw wt be the maximal interval of
existence of ceo ao and Of the solve on this
interval hit CE w wt and a elf c

Then Fcc off and the maximal interval
of existence of Chloeas is also w wt

a a doea
T
yfAo 1

to

wjYdEIT


