
 

Jan B 2021 Lecture 4

Last time we started proving

Proportion hit of a b s s be a solution ofCat with
no ETF Let 0 Imax Rm Rm W wt ete be as

above Then
a d takes values in Stf
b cab E w wt

A Climax
ca b

Prof
In the last lecture we showed that Cd implies b

and ed So we only have to prove Ca
Lrt G p be the converted component of

g SM containing to
takes values in SH From aNro Ole

Prop proved in the last letter it follows that
G B E W wt

and dls ImaxCD t SE G B
a is enough for us to show that a x and b p
Here is the situation
wouldlike to ca B
say this is an tryequality ca b w WH



WLOG enough to assume rind 0

We will prove b B The same proof mutates mutandis
will show that a L

Suppose Bob and Bent None by taking limits

clearly D Imax B CShot This contradicts the

fat that Ca is the largest open interval

containing to ein RM Therefore either f b
or D Wt

Next suppne p wt and p b buried is

defined on Ca b of B makes sense Clearly
Q B D Moreover 9 is increasing in CaB
became r is nowhere vanishing on cap and
detonated 0 A little thought shows that

B Km
This means nm E R which then einphis that
wt D and hence p w and Bcb This
is also a contradiction

So if B w then p b
The same argument shows that 2 9

g e d

P T O



Theorem Consider the WP
is Cn n to no

where r S a IR is a ee frinton and S is

an open interval in IR Then there a maximal

solution Imax elman of smh that if ee
is a solve of I then I C Imax and D dwarfs

Proof
Suppore rind to Then we have already seen this
is true Suppore rind _0 We claim that the

mail solution of is the constant fruition
It no AE 112

In this care Jmay IR
It is clean that the content fruition defined

above is a solution of Ct Comuscly suppve CS4 is
a solution of 1 Suppose Utd to for some CET
Then 4 Ct Errett in a neighbourhood of Z Let
N't ace Then he is a solve of the WP

in n z c N

From the previous Papa it takes rakes only in Mt
This is a contradiction a e d



Definition hit the 112 A fruition f A IR is

said to be Lipschitz if F L O smh that

HICE Tty Il E L KE FK t Buf EA
The constant L is called a Lipschutz constant fer F

Suppose I Ea b at C D o be ca so We say
Is I kn is ee if dat I at exists and the

resulting fruition Is I R is continuous Here

Is a is altre one sided derivative we jut mentioned
Suirarly we can make sense of G funlions
on Ca b Ea b

Notations

Let a CRu r O

B ta r Is C Ru Hoi a Her

B Cat a as ER I F other

hit I be a cloud and bonded interval in IR
CCI n The set of continuous futures on

2 taking values in Rn
We know from earlier courses that CCCI.nl Il HD is

a Banach space ie it is a complete normed valor

space



To prove the existence and ness of solutions to DE's
b 1UP's on I it is more convenient to work with a

different mourn denoted 11 Hue
hit to be the mid point point of I recall I

is none cloud bdd and III 2b Then
I Eto b to cb Let L be a positive number

Define
11 line H Hug to CCI m s Cop

by
IIIHw freq e

t t
lIce I

It is straightforward to drink that Il Kuo is a

mourn

Lemma Il Hur and H H are equivalent norms

Proof

e lb HEH E HIAw e HEH tf C CCI n
a e d

P T O



Theorem PicardLindelof Let a E Rn to E R and
ht

P Eto 2 to c a x B Fer Rn
be a continuous map with upper bound M for Hr tot 11

Suppose further that theme is a positive constant L

sunk that for each t e Eto a tota the fulton
F CE B Cat r 2112 is Lipschitz with Lipschitz

constant L Then the WP
of F Lt n Is Lto a

has a unique solution defined on Eto b to tb
where b ruin 2 Im
Proof

Let I Eto b to b where b min 2 Im
Let H Huo It Hug where L is the constant in the

statement of the theorem Read

the they e It to II I

Let x IE CCI n FCI E B cos r

I e ca n 11 Ict Eller bC I

Clearly X is cloud in CCL n Therefore CX I 16 is

complete Since HK and Il Huo are equivalent
X H line is also complete

P T O



Fr TEX and t C I define
Cf It at t feoticsf7sDds

The map t I TF t is diffble on 1 fund'l thru tf Cale and
hence Continous Now

NTI Ell lfeotvcs.fmdsIl e ft Hiscs.IM
ldsEMIftotds

E M It tol
E Mb
Etr since b NinfaIm

hence be EM
Thus Tf E X Hence we have a map

T X X

Suppose f g C X Then n

e 22 It tot Tfs t tg t

e
a't to

f fiscsIas PCsg4sD ds

e e ult tol ft Hiscs.IGD oscs.fmldss

e e
221T tot L ft 11 67 gets Il da



L e alt tot foot eats to lift gHwds I

2L It tot 2L It toL HE gHw e e I
2L

I HIE g Hw l e ult tol

I IIF g Hw
Thus

ATF 7811w E iz IIF g Hw
Have 1 is a contention map with contractionfenttrI

It follows that T has a unique fixedpoint say 9
This translates to

Flt oft feot P Cs odds
whence F is a solution of the given IVP
Conversely if Y is a solution of the given NP in

Eto b to b then by the fundamental ttm of calc ferTEI
I Ct at Fcs ok

at feot Pcs Fcs do

Hmeitia 3 E oscentands Emei'The
E M It to1 This is alreadya sober
E Mb E r as before

Thus I cX Your TUT_UP and heme I P g e d


