LECTURE 12

Date of Lecture: February 10, 2021

As always, K € {R, C}.

The symbol @ is for flagging a cautionary comment or a tricky argument. It
occurs in the margins and is Knuth’s version of Bourbaki’s “dangerous bend sym-
bol”.

An n-tuple (z1,...,z,) of symbols (z; not necessarily real or complex numbers)
will also be written as a column vector when convenient. Thus

Ty
(@10 s20) =
Ty
A map f from a set S to a product set Ty x --- x T;, will often be written as

an n-tuple f = (f1,..., fn), with f; a map from S to T}, and hence, by the above
convention, as a column vector

f
f=1:
fn
(See Remark 2.2.2 of Lecture 5 of ANA2.)

The default norm on Euclidean spaces of the form R™ is the Euclidean norm || ||2
and we will simply denote it as || ||. The space of K-linear transformations from
K" to K™ will be denoted Homg (K™, K™) and will be identified in the standard
way with the space of m x n matrices M,, ,,(K) and the operator norm' on both

spaces will be denoted || |lo. If m = n, we write M, (R) for M,, ,(R), and L(K")
for Homg (K™, K™).

Note that (z1,...,%,) # [%1... x,]. Each side is the transpose of the other.

1. Applications of real canonical forms to Linear ODEs

See [G, pp.37—40], [CL, Chapter 3] and [Al, Chapter3, §25] for other material
on this topic.

1.1. Exponentials. The following lemma is useful for “computing” exponentials
via Jordan decompositions.

Lemma 1.1.1. Let A€ M,(R), T € GL,(R).

(a) eFAT" = TeAT -1,

ISee §§2.1 of Lecture 5 of ANA2.


https://www.cmi.ac.in/~pramath/ANA2/Lectures/Lecture5.pdf
https://www.cmi.ac.in/~pramath/ANA2/Lectures/Lecture5.pdf

(b) If

A 0 0
Ay 0 0
A= As
0
Ay
then
e 0 0
eA2 0 0
et = eAs
0
eAt

Proof. For part (a), for each non-negative integer N we have

N

rAr-—1)n Yoam\
T ”(Z m)r_ -

n=0 n=0

From item 8 in §1 of [ANA2, Lecture 7] , the product of matrices respects limits.
Let N — oo in the above to get (a).

For (b), let B; be the block diagonal n X n matrix in which the Aj in A are
replaced by 0, for k # i, and the i*® block is A;. Then By,...,B; commute and
their sum is A. Therefore, we may assume, without loss of generality that Ay =0
for k > 2. Let the size of each block in the decompositions we are considering be
1, ..., s Let

AV a
.
n=0
Set
el 0 0
I, 0 0
E= I,
0
I,
Then
Zny O 0
N 0 0 0
ATL
S e
n!
n=0
0
0
Moreover, it is easy to see that the || - ||o of the matrix on the right is actually
| Zx|lo. Now, Zy — 0 as N — 00, and hence 300 4+ = E. Thus e = E, which

is what we had to show. O
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1.2. Structure of solutions of homogeneous linear equations. Let A be a
constant n X n matrix, i.e., A € M, (R). Consider the associated DE

(1.2.1) T = Ax.
Let the Jordan form of A be

Jg 0 0 0
Jo 0 0
J p—
Ji1 0
Ji

There exists I' € GL,(R) such that
A=TJr 1.

The block Jj, are either of the form [Lecture 11, (1.1.2)] (for real eigenvalues \)
or of the form [Lecture 11, (1.1.5)] with M of the form [Lecture 11, (1.1.6)], for
eigenvalues A\ = a + ib with b # 0. Since solutions of (1.2.1) are of the form ef4x,
X9 € R™, we can apply Lemma 1.1.1 to work out the solutions.

If J, is of the form [Lecture 11, (1.1.2)] with the diagonal entries being Ay € R,
then writing Ji = Al + B, and using results from Quiz2, (note AI,, and B

commute) we see that

(1t t2/20 o e (e — D)
1t oty = 2)!
etjk = ef)\k 1 e U 3/(Tk B 3)'
t2/2!
t
L 1 -

If J, is of the form [Lecture 11, (1.1.5)] with M of the form [Lecture 11, (1.1.6)]
with a = a;, and b = by, then we know from Problem 4) of HW 5 that

(B tB t2/2!B ... " Y/(ry —1)!B]
B tB ... t"7%/(r,—2)!B
e e B ... t%73)(r,—3)B
(& =€
t2/2!'B
tB
L B -

where
cos (bit)  sin (by)
—sin (bgt) cos (byt)

Using Lemma 1.1.1 we see that solutions are of the form ¢: R — R"™ where
or(t) is a linear combination of {t'e ! | i =0,...,r — 1, A\ € R}, {t'e®* cosbyt |
1=0,...,7. — 1, \p = ap + ibg, bi 7é 0} and {tiea’“tsinbkt | 1=0,...,r.— 1L, )\ =
ay + by, by # 0}, as k ranges from 1 to t. We are not claiming that every possible
linear combination is possible for each entry each independent of other entires.
That would give n? degrees of freedom for the number of solutions. Moreover, two
distinct real Jordan blocks Ji and J; may well have the same (real or complex)
associated eigenvalue(s).
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1.3. Scalar n'" order Linear Differential Equations. Consider the scalar n*!

order linear DE with constant coefficiants.
(1.3.1) Y™ + a1y Y+ iy +any = 0.

As is well-known this is equivalent to the first order linear autonomous DE of the
form

(1.3.2) &= Az.
0 1 0
0 1
A =
1
—ag —aq e —Qn—1]

If : R — R"™ is a solution of (1.3.2), then ¢ = v is a solution of (1.3.1). Con-
versely, if ¢: R — R is a solution of (1.3.1), then t: R — R™ with ¢; = (1,
i=1,...,n, is a solution of (1.3.2) where go(o) := ¢. Moroever, the characteristic

polynomial of A is & the characteristic polynomial of (1.3.1) according to Problem
1) of HW 5. Let

o(A) ={\ € C| A is an eigenvalue of A},

and
S5(A) =o(A)/R,

where R is the equivalence relation AR7 if either ¢ = 7 or ¢ = 7. Note that we
have a partition

g(A) = o1(A)Uoy(A)
where 01(A) = 0(A) N R, and 02(A) = 0(A) ~ 04(A). Under R, each element of
o1(A) is an equivalence class by itself, whereas, the equivalence classes of elements
of o2(A) consist of two elements, {\, A}. In the same way S(A) partitions into

S(A) = S1(A) U Sy (A).

According to Problem 2) of HW5 there is a one-to-one correspondence between
the number of Jordan blocks of A and o(A), because of the special form of A
associated with (1.3.2) and (1.3.1). Our discussion on real Jordan forms then
shows that there is a one-to-one correspondence between S(A) and the number of
real Jordan blocks.

Let [A] denote the R-equivalence class of A € o(A). If [\] € S1(A), then the
real Jordan form associated with [A] is as in [Lecture 11, (1.1.2)] the size being
equal to the multiplicity of the real root A of the characteristic polynomial of A. If
A =a+ib € 03(A), with b > 0 for definiteness, then the real Jordan form associated
with [A] € S2(A) is as in [Lecture 11, (1.1.5)] with M being the matrix in [Lecture
11, (1.1.6)].

Let the Jordan block associated with s € S(A) be denoted J,. With each
s € S(A) there is a well defined multiplicity r associated with s, namely the
multiplicity of any root A of the characteristic equation of A in the equivalence
class s. This is half the size of the Jordan block associated with Js if s € Sa(A),
and equal to the size of the Jordan block Jy if s € S1(A). If s € S5(A), let a, and

4


https://www.cmi.ac.in/~pramath/DEQN21/HW/HW5
https://www.cmi.ac.in/~pramath/DEQN21/HW/HW5
https://www.cmi.ac.in/~pramath/DEQN21/HW/HW5
https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture11.pdf
https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture11.pdf
https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture11.pdf
https://www.cmi.ac.in/~pramath/DEQN21/Lectures/Lecture11.pdf

bs be real numbers, with b > 0 such that s = [as + ibs]. Since we are insisting byi
is positive, it is well-defined.

From our earlier discussion, it follows that the solutions of (1.3.1) are in the
linear span of the set

re—1 re—1
Q= U U {thet} U U U {tie" cosbyt, t/e® " sinbyt}.

s€51(A) §=0 s€52(A) §=0

The space of solutions of (1.3.1) is an n-dimensional R-vector space, and the
cardinality of @) < n. It follows that the cardinality of ) is n and @) is a basis for
the space of solutions of (1.3.1). In particular, the general solution of (1.3.1) is

rs—1 rs—1
y(t) = Z Z copti et + Z Z (djstjeast cos bst + eg;t! ! sin bst),
s€S1(A) 7=0 s€S3(A) 7=0

with ¢;s, djs, and ejs being arbitrary real constants, uniquely determined by the
solution y(t).

1.3.3. The above proves the statements made in the section on (scalar) homoge-
neous linear DE’s with constant coefficients in DEQN Cookbook-II. In particular,
the union of the sets labelled R, C, and S in loc.cit. form a basis for the solution
space of such equations, a fact which is not a priori obvious.

REFERENCES

[AW] W.A. Adkins and A.H. Weintraub, Agebra, An Approach via Module Theory, Graduate
Texts in Mathematics 136, Springer-Verlag, New York, 1992.

[A1] V. I Arnold, Ordinary Differential Equations, translated by Richard A. Silverman, MIT
Press (also Prentice-Hall, India), Cambridge, MA, U.S.A., 1973.

[A2] V. I Arnold, Ordinary Differential Equations, translated by Roger Cooke, Universitext,
Springer-Verlag, Berlin, 2006.

[CL] E.A.Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw-
Hill, New York, 1955.

(G] C.P. Grant, Theory of Ordinary Differential Equations. https://www.math.utah.edu/
~treiberg/GrantTodes2008.pdf, Brigham Young University.


https://www.cmi.ac.in/~pramath/DEQN21/HW/ProbList_2.pdf
https://www.math.utah.edu/~treiberg/GrantTodes2008.pdf
https://www.math.utah.edu/~treiberg/GrantTodes2008.pdf

	1. Applications of real canonical forms to Linear ODEs
	1.1. Exponentials
	1.2. Structure of solutions of homogeneous linear equations
	1.3. Scalar nth order Linear Differential Equations

	References

