
 
Semi continuity

Let A be a noetherian erring Cnoetherian only needed sporadically
but it is convenient to make the blanket assumption Let

c be a flat bounded abovecomplex say
Cn s ch s o a o CN s CN O

Tor i E 2 and ME theda set ThecategoryofAmodules

Ti M HiCC AM
Then it is a 8 functor ie given a short exentecqof
A modules

0 s M S M S M 0 E

we have a long exart sequence
o Ti Mil Ti ni s Ti CN 3 Ti Mlt S s M

which is functional in CE This is became

c M s C AM s AM O E

is an errant sequence of complexes since each C is flat
and the correspondence E I Cc E is funtonal in CE
Notations

Tix ie Te and the Moda Set
Zi M beeCci AM sci AM
Bi M imageCci AM sci AM

coker Zi l M s Ci AM
wi m coker Bi M Ci AM



we have the following errantsequences
O Bi M Zi M Ti M s O

S Ti CN s wi M Bit em so

we have natural maps far ie 7L
Zi A AM Zi M Seebelow for
Bila AM s Bicm

existence

whence a nature map
Oi M Ti A M Til M

grier by filling in the dotted arrow in the
commutate diagram with escart rows

B A AM Zi A AM Ti A AM O
t Qi

v v f
o Bi M S Zi Cri S Ti M 0

The map Bila AM s Bich is defined as follows and
is in font swijerture Indeed we have an exact seq

Z A AM sci AM Bi A AM 0

which means C a M S Bi A AM is sujahie
On the other hand the commutatne diagram

Ci 1 di sci
singerbie 2 Bit



yields the comm diag

gi M Ci AMCi AM
surjective s Bi A AM

It follows that the north east pointing arrow

has einage equal to the einageof di M ie equal
to Bi M This defines BiCA AM s Bi M and
this is clearly snigerline

The map
Zi A AM Zi m

is defined by filling in the dotted arrow in the CD with
exart rows

inZi A AM Ci AM B A AM SO
i
t EitiZi M Ci AM B M 0

finallynotethat Coker Bila AM sci am coker Bi M sci AM
since BiCA AM Bi M is snigerture This means

with AM wi M c Important

Note The above discussion on Zi Bi did not requireflatness
of co Nevertheless let us persist with the assumption
The natality of Zi Bi Wi ie their functionality is



quite obvious

Lemma Suppose f P s V is an A modulemaps between finite
projative modules Then the functor Gr Moda Moda grin by
GCM her f M is of the foehn G Homa Q for a unique

Cupto isomorphism A moduleQ In particular G is left enact
Proof Let Q cohen VV t s P i.e the colonelof the transpire
off Then we have a CD with exail vous

O HomaQM HanaPYM HomaW M
11 H

O S G M P AM AM
covariant

Thus GCM Hour QM Uniquenessfollows since Qrepresents G bfet.nl

We none examine conditions under which Td is left exont

might exert or exert
Proposition1 Fir ie 7L The following are equivalent

d Ti is left exart
Cii wi A is flat equalto f g A modules

Moreover if C consists of finite A modules then and one

equivalent b
Ciii There exists a finite A module Q smh that

Ti Homa Q J
This Q is unique up to isomorphism



Proof's

Suppore M Cs N is an iiyentire map of complexes We
have a CD with exentners as indicated

0
wicm

U
o Ti M S wi a AM S Ci AM exart

u v v
O s Ti CN s wi A AN S C A N eexact

wi N exart

The column on the night is exart since C is flat This
is the first time we've used this hypothesis It follows from
the CD that the downward arrow on the left is injerline
if and only if the downward arrow on the night is injette
Thus i 2 3 Cii

None suppne Coconsists of finite A modules Suppose
it is time Then With beingfinite it must be projetine Soist Cit Setting wi A P Ci V and f equal to the map

with sci and applying the previous lemma we getCii Finally
Ciii clearly implies i a e d

Recall for ME Noda Cfi M is themap Ti A AM Film
Note that if the natural transformationQi is a funtonal
isomorphism then T is necessarily right exent since
Ti A a is This is in font an if and onlyif
condition as seen below



Proposition2 Gin ie 2 The following are equivalent
i Ti is right exart
Cii Cfi is an isomorphism
Ciii Cli M is surjahire for every ME Moda

If A is a local ring with residue field k andTHA are

finitelygaid over A Hj then Ci Cii andCiii above are equivalent to
iv pi K Ti A Ak 2 Tick is surjertine

Proof

Suppose Ti is right exont Let M be a f g A module
We have a presentation r Sco

Ar s As S M 20 exert
and hence a commtaline diagram with exat vows

Tift a Ar 7 TiCA AA Th A AM 0 exart

Pilar 2 Cliffs 2 di M
v u v

Ti Ar s Ti As Ti M s 0 exert

and it follows that film is an isomorphism
whenever M is f g Since every module is the direct
limit of f g modules and since tensorproducts and
cohomology cin particular Ti commute with diet limits it

follows that film is an isomorphism 7 MEModa Thus d Cii
Cii Ciii is obvious

Suppore di M is surjerture for all MethodA Let M be

f g Then we have a presentation as before

Ar AS M O Cexart



whence a commutative diagram with exart rows
Ti A aAr 7 Ti A AAS Ti A AM 0 exert

Qicar 2 Cliffs 2 di M
v u E
Ti Ar s Ti As Ti M exart

Since Qi M is snigatne therefore TiIAS TiLM is surjective
and it follows that Qi M is an isomorphismby the
3 lemma or uniquenessofcohernels By the none familiar
dinat limit argument it followsthat icon is an isomorphism
H M f g or not Thus Cii iii

Clearly Cii Ci Thus Lisa Cii Ciii
None suppose A is local with residue fieldk andTita isf g
clearly Ciii Cio By Lemma4 of the notes on
homological algebra somehomologicalalgebraCmappingconesetc

we see that lid Cii a e d

Proposition3 suppose pi is an isomorphism Then Q is

an isomorphism if and onlyif TilA is flat In particular
if Ti1A is f g then Qi is an isomorphism if andonly
if Ti 1A is a projahire A module

Profs
The map di is an isomorphism if and onlyif Ti is rightexent
ie if and only if Ti is left exart NoroQi is an isomorphism
and home Ti is rightexart and heme exent Thus Mrs TiA M
is exont since Tita E Ti This means Tim is flat g ed



Local globalprinciples we assume 0 has finite cohomology
from Lanna 2 and hammer3 in the note on homological

alg some homological algebra we may assume C

is a complex of f g A modules
i

hit 8 EspnA Let Tf be the restriction of
Ti to ModAp Note that Tig Hi Cf Ap since

C AM Cigs ApM for any ME Modap Abe note that
Ti Mp Tip Mp t MEModA

since localisation commutes with cohomology
Remark Theabove considerationsshowthat if k ArpAp the
residue field at 8 then TickCPD is a finitedimensional
rator spare

Definition We say Ti is rightexart Creep leftexart rep exart
at if Tig is right exart resp leftexart resp exent

Note that if f EA then we have the identifications
Ti M f Ti Mf Hi Cf AfMf Hi Cf AM

since cohomology counts with localisation and since
C AMf Coo A At AM Cf AM Cj AfMf ett

Definition we say Ti is eright
exart resp leftexart respexent

in a neighbourhoodof8 if Ff EA fiefs smh that
Mi s Ti M f is right exent Crisp left exent resp exart



Note that Mi s Ti Msf is right left or exert if
and only if Nl HiCcg Afro is right left or exart
on Maday This more or less follows from the font that
M Mf is exent

There is an obvious sheaftheoretic translation of
all of the above sirree fEtfs Speedy is an openWhdf f

Proposition4 Ti is right exent Cusp left exart resp exent at
EspnA if and only if it is so in a neighbourhoodoffs

Proof This is obvious 11

Proposition5 Suppne Ti A is f g Hi c I Then for eark
ie I and earle CSpaA the map

p i s during Ti Kp
is upper semi continuous Here as before kept AMGAp
Proof

Tm earh MEModa we have an exentsequence
O S ti LM s wi A AM Cit M s wit A AM 30

WiM wit m

set A Kgs We get
drink TickCPD duringWi kips drinkpwi kips drink CitAkcp
Since 81 s drink Ci aKip is constant on converted

components and since pi drinkp
WHA Kp is

upper semi continuous V j C I we are done ged



Semi continuity in Algebraic Geometry

In this satin

f X S Y SpeeA
is a proper map and F a coherent G modulewhich is flat
over 4 Since f is proper and Anoetherian X is necessarily
Noetherian In particular it has a finiteopencorner
U Wo Un with earh Uj an affineopen subscheme
of X Further since X is separated Clio in Uion Allin
is affine Since f Uio in is flat over A the
ah complex

con Eo Uit
is a bounded above flat complex Moreover for MeModA

C AM U Y f F
Since the Uio in are affine it follows that

Hicco AM HiCX F o t M

Finally since f is proper and H is coherent the

righthand side of the above isomorphism is a f g A
module

whenever M is f g and hence so is the left side
In particular taking M A Cee has f g cohomology
In sumaryCo is a bounded above flat complex with

biniety generated cohomology
Let Ti wi Zi Bi ete g the previous saltines

be computed with this C Note that
Ti Hi X t a f E5



Some notations Tor ye y let key be ltre undue field
at y Xy XxySpukcy and jy Xy X lte naturel

bare change map Let
notthestalk s F e jy't fofF atg Since y

yEY thestalkaty
ofF doesnotmakesense

Proposition I guiesEHpp284 285 Prop 12.4 Proposition 2 guis
EH p286Prop125 Proposition 5 girls EH p288 Prop 128
Proposition4 gnis EH p289 Prop 12 to and the cohomologyand
basechange theoremEH pp290291 Then12H follows from
Propositions 2 3 4 and5


