
 

Jan 15,2021 Line bundles linear systems mapstoIP

This note is to help you think about some aspects of line
bundles and divisors There are no carvery few profs in
this note

Let k be an alg cloud field and V a finite dimensioned
vector space The projecture space of lines through the origin
in V is devoted PCV Scheme theoretically there are various

ways of defining Dcu Here are some

1 Pa ProgCkEV where Ktv is the polynomial ring
associated to V More precisely fer n O let THU't V p pV
the n fold tensor productof V't with itself with Tocutt k

and consider the tensor algebra V dual ofV
T Ut Tna

n 0
with obvious product Then

Ktv TCU't II
where I is the two sided ideal generated by elementsof the
form f g g f f g e V't The alg Ktv has the following
universal property if A is a k algebra and we have a

k linear map to V A then extends to a k algebra
map ka S A The elements of Ktv are regarded
a functions on V details left toyou If we pick a
basis ri unit ofV't equivalently a basis vi sumofV then

we have an isomorphism KEV Kesey run with



vi I s Ni

2 One can also define PCV as the Crassmarnian of
one drink subspecies ofV or what is the same thing
one drink quotients ofV't In greater detail consider
the functor

P v chip sets Ichiro Opp CatofBelyn

grin by
PCU T equivalence class of quotients of the

form V NOT D L where L
is a line bundle on T

Here two quotients V hot L and V pot M
are considered equivalent if there is an ieomorphmin
L n s U s t the following diagram commutes

L
V pot 2

v
µ

It is not hard to show PW is representable and one
can do it without the Prog construction The representing
scheme is then the definition of PCV in this approach
The result in EH p 150 Thu7 I GharTH Hartshorne's Alf Leon
is a way of saying there two constructions yield the
same thing take A k in loc cit



Remark Since Pcv represents PCU by definition for
every T E eh1p

Par T E Homayp T Ptv

Taking T P V we have a universal element 3uCPCU IPAD

corresponding to the identity map in Hoursafe Ptv Plus
3in is an equiv class of a quotient V µ0pµ Lu
The subscript u in Bu and Lu is for universal and Lu
is denoted commonly as 0PaCD or simply as OCD

None suppne SE Pcu CT say 3 is representedby
V y L La line bdle art

Then dualising we get
1 V POT

and this is sub bundle the quotient being the

natur bundle dural to the kernel of V not L

This means that for earle b rational point t on 1 we get
an inclusion 1 lay V and hence a one dime

subspane of V Using the naive classical defu of PW this

gnis a point Ltl in Rw So one shouldget a map
d T S Ba Representability of PW showsexactly this
We regard the quotient V not L as a familyof onedivull
subspanes of V parameterised by T

One further remark In EGA Grothendieck preferred

to call PCU the spare of 1 drill quotients ofV This has
some advantages and the literature post Grothendieck has



bolt conventions So Grothendieck's PCV is our PCV't

Facts c Ho Pw Opa k Ho Pw GCD V't and
the natural map

Ho PW V ropes s Ho Pcv OG

V n HYRH Opa

is the identity map
2 Recall V E KEV Weregard elementsof V as

degree 1 polynomials on V V't is also regarded from the

previous sation as the spareof suttons of the universal
line bundle 64 Combining the two viener if 0 f CVI
then regarding f as a sutton ofOCD the locus on

PW that f vanishes on is a hyperplane H Counsly
every hyperplane H in PCU is the zeroborns of a
non zuo Sutton f of OCD

3 Hyperplanes in PCU are efferture Cartier divisors Any
two are linearly equivalent and if D is an effuline
divisor on PCU

onMy4 Guice PCV is smooth Canonsingular every wail divisor µ
is locallyprincipal and hence is a Cartier divisor
book up definitions if the terminology is unfamiliar



Line bundles and divisors

The correspondence between line bundles and divisors
is something you

shouldlook up Not in great detail Just
the font that divisors always considered as locally
penneipal ie as Cartier divism grine rise to line bundles

and for the kind of schemes we are interested in one

can go the other waytoo see EH pp 144 145Rink 614 I Prop6.151

what follows can be read even if you haven't looked up
the correspondence

Given a Cartier divisor D on an integral scheme
X one can define an Ox module devoted OLD unfortunately
demoted LCD in Hartshorne as follow as follows

Tvr UME x Ut to

TCU 6 113 ft ka f to and A I Dluiseffuline UHu
Here k Kla is the function field of X namely
k Ox where S is the generic pointof X
One chubs that 0 113 is a locallyfreeOx module of
rank one in other words an invertible G module ie a line

bundle on X Thus we have a map
Dir X S Pie X iso damnoflineBellesonX

It turns out two divisors D and Dr give isomophre
line bundles on X if and only if they are linearly
equivalent ie F a non zero demult f E ka s t D f cDz
The map is snigature since X is integral The



idea is suppose L is a line bundle For simplicity first
assume HOW L to Let s be a non zero sutras of L
hit D be the scheme given by the vanishing of s Then

D is an effective Cartier divisor and k OLD Incidentally

if D is an effective Cartier diviner on X then HocxOCD O
and D is indeed the zeroscheme of a non zero sution of
OLD Which one time generally one looks fer
meromorphicsections of 1 If s is a meromorphic serlion

of X then the divisor D CD where s is the divisor of
zeros and polesof X is a divisor smh that L UCD
Hume the map is surjerture The kernel of I is

the subgroup of principal divisors

Something similar can be done when X is not

integral One replaces kCx by the total quotient ring
There are technical points to be addressed The map I can

always be defined It need not be singultus but has all

the other propertiesmentioned If X is a projective scheme ounk
then is surjeline wereassumedto be a kvariety
Remark If D is divisor on X then IDI denotes the

collection of effective divisors linearly equivalent to X
IDI is non empty if and only if Hocx 607 10 and
in this case every member of IDI is obtained as the

zero locus of a non zero sutras of OCD Note that two

non zero sutions S and T give rise to the same effuturo



divisor of F a non zero scalar 2E k s t r ins Infant
this is an if and only if statement It follows that
IDL can be identified with IP Holt OCD

X a projalinscheme1k
Basepoint free linearsystems Fix 2 6CD andset V T X L

I The collection IDI is called a complete linear system
2 If W is a non zero vertor subspaneof V then the
collection of effete divisors D consistingofzero schemes

of sutions of L which are in W is called a

linear system It is a sub linear system of the

complete linear system Dl
3 A non empty linear system IDI is bare point free

if
B A D

DCIDI
is empty The set 13 is called the baseloans of
IDL and it has the naturalstructure of a cloud
subschune of X

Font hit V P X UCD There is a natural map
X PCV smh that IDI is the putt bank under

Q of the complete linear system IHI of hyperplanes in IP V
if and only if IDI is bare point free

This is best seen through line bundles and their
Suttons and below is a sketch of the ideas For



suirplicity X is a complete k variety
First note that there is canonical map

I Hock L kO L

fer any line bundle L There are many ways to
see this The slickest way is not that by abstract
nonsense and adjointners of the pair Ctx it where
it X s spunk is the structure map we have a

natural map T L L corresponding to

identity wrap on L Homs L it 2 Homo I h h

This grins since L T X L

A more naive but perhaps more illuminating way is this
Let G SpeeA be an affine opensulschune of X and
P TCU L The map I restricted toll corresponds to
a map HOGb p A P and this map is

i a 1 s aColu s C HEXL AEA

It is easy to cheek that these maps patch as we vary
U amongst affine opensulschemes ofX giving I

Let REX be a point k rational as always
Then tenuring with kin cover 6 1 we get
In HoH L b kin 2 L q Kca LIEn

11
HoCXL

and this corresponds to si s sie s a sulton of k
It is by Nakayama clear that s is



surjerline if and only if In is snigature A REX The

last condition is the same as saying that given
a point seek there exists a global sutron s of L or X

smh that s does not vanish at n This amounts to saying
that there is an effertin divisor D in the complete linear

system represented by L which doesnot pass through n
Let IDI be the linear system given by 2 We have jut
shown that is swigative if andonly if Dl is barefont free

Definition L is said to be generatedby globalsations if
is snigerline

we often in a loose way say that L is bare pointfree
instead of L is genid by global sutures

So suppore L is generated by global sutures Recall

we sit v T X L so that V MX LH By we

have a sugate map
µ6 L

By our earlier discussion regarding the abovequotient a

family of lines through the origin inv paramituised by X
we get a natural map

of X s Pcv

Here the view of DCU as the Gransmannian of 1dwell subspaces

of V is more useful than the Progdefinitionof DCU On



other occasions the Png construction is useful It is important
to know that the two constructions give the same objet and
are equivalent constructions
Ample line bundles L is said to be veryample if it is
generated by global sutures and the resulting map
X S P P L t is an embedding L is said

to be ample if 20 is very ample for some n l

Lamma Let X be a complete varietyand L a line bundle on

X generated by global rations Let f X PCV be the

resulting map where TIXLH A connoted reduced

subseheme Y contents to a point in Pcu under f if
and only if Lly is trivial
Proof

The only if part is obvious since LEO Ceci
and Lly is therefore the pull bark of OCDlepy where
pig CfLY All line kindles on a point are trivial

For the converse it is enoughto assume 4 is irreducibleby
restricting to eavh irreducible componentof the reduced connected
scheme Y Thus 4 is a subvariety ofX By assumption
T.ly Oy whence HoCY Lly 7 HOCYAy k Thus
HoCY Ny is one dimensional

Srinu L is generatedby global sution
Ho X h rlly s Hy



is also surjertne by Nakayama's henna indeed from
the sujutusty of HOCX.LI rlly L we get
HoCXLS key L key ly qkly ty EY
None consider the commutative diagram

HOCX.LI rlly
Lly

HOLYLly ROY
from its commutativity it is clear that HOG241 Oy Lly
is surjertine Since both one rank 1 line bundles it

follows that HOLYLly Cly sky is an isomorphism
It follows immediately from the above commutature

diagram that Hock 1 ray HOCY Ily ally is

surjutin Tensoring with key for a point yet we see that the

naturalmap Hock L HOLYNy is swigerline Sirree HOMEly is 2drink

bythe universal propertyofPW this correspondsto a point p CPcv Indeedthe

surjection Ho Ls so HotLtu can beregarded as a surjectionofvectorbundles on Speed

namely HockL speak M withM Hooghly a line bundleonspeak giving a map

Spak P sPCV i.e a point pelPW It is easytoseethat 4 contracts tothispoint
on PW underd In greater detail let 4 Y PW be the composite
Y sspeeckP sPCV where the first arrow is the shincture map Then as

p is the arrow corresponding to HoHL Holy Hy the pill back
Hoae kapu 77QCD is the swigation HockE belly 25HOLYHy Cly

This is the same as the full bank of the universal singerton on Phi

via Ily Thusdly U and so olly is a constantmap


