
 

Feb4,2021 Lecture9

We are continuing with our proof of the following themcounted
If X is a completevariety T a reduced scheme

L a line bundle on XT Xxyt smh that Lt _H qy

Emetine Famine name if7e.aisomveimseine
Reeallk k By a scheme we mean a finite

type scheme over k A point on T will mean a closed

point and since k E and T is of finitetype this is

the same as a k rational point of T
Recall we picked an affine open corner U Ella on X

and set V UxnT Va UaxµT We also had reduced
to the care F SpecA so that I is also an affine
open cover C CCV L We had a countalone

diagram with earh none complex
Po pi p2 P O

du e't of fl
o co S C CZ z 7 C O

smh that

q P s c is a quismf gP is a complexof aprojectue A modules
Wenoted that 0 is a flat complex and heme for

every MethodA

AM P AM S C aM



is a quism Moreover sirree Hi CC am Hick L aM
M therefore HiCF aM T Hicks L aM

Let

Q cohen Pyu t8 Cpo

Then we argued that
HOCXT L aM Homa Q M

F ME Moda
This is so because the errant sequence

Du
t dos Do s Q 0

guts on applying the left exart contravariant
funtor HomaC M to the above exent sequence the
errant sequins

S Homa Q M 2 P0aM Ms P M

brine Hom Pu M P aM

Home
Fr P projahire

Honma CQ M HO P M HOCXT L aM
Let TET Setting M kCt in the above we get

Homa Q Ket HO Xy kxoak.lt
Hock Huey
HOEXT Lt
HOCX Lt
Hock Ox



hire Lt Ox by our hypothesis
This means

duripeHoura Q belt drinkHocx07 1
None kit Ahq My wax't ideal ofTET

Hane Homa Q kits Homa Qlmeg Rct

Homie Q meQ k

Tt follows that

chimney Meg I f t ET

ie

divine Q AkCt L

Sime Tris reduced and converted this means

is a line bundle on T

Shrinking I can assume Q A as an A module

and all Pi are free A modules In particular
Hock L HomaCQ A

is free of rank one

This was a local computation on the bare

scheme T Globalise to get pz L is a

line bundle on T
None pit pz is an adjoint pair ie

for FE Ige and GEHT qc we have
Hom pot F G Horny F G



In particular we have a cononical map
PIN pz pz L L

as the adjoint to the identity map pz L pz L
Hom pz pz L L Hom pz L Pak

In partial tins the map is if 7 SpaA
the usual map HOCK b AO LXp

If we show that themap justdefined
PFM L Cie pzpz L L

is snigature we are done for a surjahir mapof
lime bundles is an inurophism

By Nakayama's lemma it is enough to show
that for NEXT the map

ENJxOqfeln1sLxOqyklnJissriyeelTne.hettpzCn7

A little thought shows that
the above in

a pz N 1 qkenXx4

KIN Q akHq T

This amounts to showing that

h
oata us kEfFuoo



Consider the map

PIN
µy Ll peers Lt

By shrinking 1 in a neighbourhood of t we may
assume as before that T is affine say F Spurt

and that we have a rank 1 free A module Q such that
Homa Q M HOCXT L AM NEModa The map
pz N pipe L S L is the natural map

H XT L AOx L
and H is the map

H XT L 0 ez Lt
This fits into a diagram

Hocxt L AOxy

Hocks aOyez
s
Le

The global sations of the south east pointing arrone ginsCD
HoCH L s H CXt Le

i ex
is a natural

Homa Q A Homa Q htt transformation

Srinu Q is a pyrite A module the horizontal errors

at the bottom is singultus Herne

HOCX1 L HoCX Le Ext
is sujentire Grote HOCH Le Hoi Le



Since Lt is trivial by hypothesis it has a nowhere

vanishing sutron r Since I is surjective there is a sutton

F of L such that F l qy Lt Consider the commutative

diagram H Since is nowhere vanishing one every affine open
submhene U ofXT it is nowhere verishing on UnKitty
and generates the line bundle Lt on Un Xxft Srinu flu maps
to rluncxxq.gg it follows that the south east pointy arrow
in H is snigate It follows thatCH is sngeline An

immediate consequence is that Hock 1 all kn s L KlaOx Oxy
is snigerture ie pz N o kln s L q.hn is surjerline
Since this is true for all x EXT by Nakayama's lemma
PIN L is sugate and sine this is a sujution
of line bundles it must be an isomorphism

Uniqueness is seen as follows Let N be another

line bundle on T such that pitt'T L Pick a point ne X
Then

µ pzN any Ilene time.gr
This gives uniquess

Remarks Forthese remarks k is nolonger alg closed
Complete

1 If X is a geometrically converted anelf Thenin
a line bundle L or X is trivial if and onlyif
its pull bark to some Xk is trival where



K is a field extensionof k
Lie 8 1 Xk

8 s x L

D
u v

Speek s Speck

By flat bare charge

HoCXic Lk HO X L K
Hane drinkH X L drinkHOCXK.LK Sr.igce

trivialFromthis it is easy to see L is trivial


