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Recall that if S is an integral Cnoetherian scheme
and F a coherent Os module such that

Si s dinnqa F qkCs SES

is constant then F is locally free of rank equal to
the common dimension above

The proof is an exercise in Nakayama's lemma
and here is how it goes without loss of generality
we may assume S SpeeA Let f F MethodA M is

PE A
a finitely generated A module hit pe A be a prime
ideal translation lets CS be a point and help Atygap
the residue field at p hit n be the common

dimension of M akCq as q varies over SpeeA

Pick a basis er en of M Ak p and lift e en

to generate my my C Mp Recall
Si Su

Mp M a k p Mp Ag
kegs is snigertin srinu

Ap shop is snigulin and product is right exact
By clearing denominators we may assure the gunners
one of the form Mf mis with mi EM
None conroder Mi mu EM

We have an A module inap
An s M

which sends the ith member of the standard



basis of A to me This is a surjection
at ie Anp Mp is snigate by
Nakayama's henna Jn fait then emits TEA p
smh that

faint p L.mil II gt A s t1M 7 TEA ps t t e O

is snigerline Replace A by b A if necessary
and assure

A s M
is sujerlin Let k her Au SM If ofCSpaA
weshare the exact sequence

k cq An akCq M akCq 30

Suire drin M a rig n it follows that
A a heap M akCq is an isomorphism
So the minage of K AND in An A hcg is

zero It follows that KE g Au ht qEspreA
Suire A is integral K O H

P T O O



Proposition Suppore T is an integral k scheme and X a

complete k variety Let L be a line bundle on Xxiii
and Lt LI µy Suppose Lt is tonvial for all b ET
Then there exists a line bundle M on 1 smh that
I pz M where p p are the projections from
XxpT to X and T respectively

Remark long hit us reduce to the care F SpeeA

Suppose the statement is true whenever T is affie
Let U Speed be an affine open subset of T

Weknow that LIp cu pfMu where Mu is

a line bundle on U and we write p for all
projections to the 2nd fentor By uniqueness
Mu Inn Mvluau for U U affine open sulsehemes

ofT Monona one dunks that this identification is

compatible on the Nn of three affine opensubuhemes
Use a k rational point noEX and restrict

Llpicum to misx Unu ett to see the patching
Home we get U on T Really the patching
is occurring on the copy of 1 grin by no xI and
one is using the font that Llemyqu Mu

From now on F SpaA
Let U fU be a finite affine open corner of X

Let V Va be the affine open corn VxT flax 1



on XxpT
Let C C V L be the Eah complexof 1

with resput to V Since U is a finite so is V
and hence 0 is bounded Monona sive X is

complete therefore HI co is f g as an A module for
j 20 So from general homological algerie we can

bonded
find an complex of f g progertne modules P Pi o
i O and a q isomorphism P d C with

P P2 fine
o s Po s p pm O

ou te ta
O S co S c s C 0

By shrinking T annul a grin point if necessary we

may assume PR is a complex of f g free modules
From general comiduations we discussed last

torture we know
Hi cc AM Hi XxpT L aM

where

I AM L o Pim

brine L is a line bundle on XxµT therefore
T V L is flat as TCU Q pe

module for every
affine open subuhene V of XxpT Moreover since

X speak is a flat map Lk is a field therefore



Xxpt s T is flat being a bare change In

particular V S T is flat Herne T YL
is a flat A module

All this goes to show that G is a flat
complex of A modules

Sine of P SC is a g in of flat
complexes of flat modules therefore for any MethodA

f M P AM 3 C AM
is also a quism f of ice

particular
Hi P am s Hic Xt L AM

where
XT Xx T

None let Q coker pi
t
por

Home

pie Dts Pov Q o art
Then for MENoda have
O Hour Q M Hour Pou m s Homa Pi MA Cexent

Now for any fme Carplogutro module P
we have

Homa PIM Homa A P AM P AM



Harrie we have an exent sequence
O Homa Q M P0AM S P AM

In particular sniee Hi P AM Hi XT L Ml
we see that

Homa Q M T X i L AM HOCHLpM
we will use this and the result we proved at
the beginning of the leuhire to shore that
Homa Q A is locally free of rank 1 ie a line kindly
and this is what we will need to prove the
theorem


