
 

Jan28,2001 Lecture7
Workingoverk I
A abelian variety 1k

Last time we showed the following
If L is a line bundle on A with HoCA L 0 then

L is ample if and only if KCL is finite

Let U SpeeA be a non empty affine open subscherne

of A with OE U Let D be any effective divisor sunk
that UVB A huh a D clearly exists Bytranslating
D and U we may assume e dD Ce_identity forA

Let L OCD Since D is efferture HOCA L TO

Let s be a section of L whore zero hours is D Note

that sees to since e d D
It follows that sliceo is non vanishing since

ee KCL and see 0 Noro LtKayo is trivial
we saw this in an earlier lecture This means

St Kayo is nowhere vanishing became KCL is a

complete variety and heme sations Ok o are either

zero or non zero elements from k
This means KCL 0 A D Herve KIDO C GSpeed

A complete connected subvariety of an affine scheme1k is

necessarily a point This means KCL is finite where L
is ample Have A is projective y



Suppose T SpeeA where T is a completevariety
over k and A is a f g k algebra with being a

cloud cinnamon Then T is affine since all cloudsudscherries

of an affine scheme are affine they are all of the farm
Spu ALI where I is an ideal of A Hence

T SpuCTCT 6T Now T s Speck is a proper

map and hence TCTOT is a f g K module ie

it is a finite k module ie a finite drink K ratio space
Moreover TCTOT is an integral domain and heme
is a field But k I where T CT Ot k Herne

1 Spu T T OT Sprite is a point

Lemma Suppose X is a complete k variety and L a line
bundle on X Then L is trivial if and only if HOCA Uto
and HoCA t O
Proof If L is trivial then this is obvious

Conversely suppore Ho L and HOLLY are non zero
Let Ott C HO L and Otc CHO LD
Then r can be identified with a map

Ox
t L

and c with

L R Ox
Let U be the open horns on which neither r nor

e is zero Consider the composite



T L T Ox
This composite does not vanish on U and heme
is a non zero element of Horn Dx Dx T XUx k
Hume it is nowhere vanishing and Cor is an

isomorphism This means Z is sunjerhire Now

L and Ox are line bundles whence c is an isomorphism

Proportion Suppore L is a line bundle on XxnT with

X complete and T a k scheme Let Ll ge fer te 1
Then the laws on T where he is free is a clued
subset of T
Proof

By semi continuity the terms where drinkH X Lt 0

is closed as is the locus where drink AO X LE O y

Proposition Suppore T is an integral k scheme and X a

complete k variety Let L be a line bundle on Xxiii
and Lt L

µy Suppose Lt is tonvial for all b ET
Then there exists a line bundle M on 1 smh that
I pz M where p p are the projections from
XxpT to X and T respectively
Remark The line bundle Mon T is unique up to

isomorphism This can be seen by picking a k rational
point noEX and noting that Llewyn pEM qg µ

M



Proof

without loss of generality we may assume Tis affine

say T SpuA Pick an affine open corner U Us

of XxpT and corridor C E CU L We have
a natural isomorphism Ii CU L n Hi xxpt.tn i30

Moreover Srinu XxpT ST is proper Hicxxb.TL

is a finitely generated A module for all I We can

assure U is a finite cover and heme Hicxxat b D

fer i no fer some no
Then basic homological algehn says that there

is complex of free modules L Lm O m no and
a quasi isomorphism

of L s

Moreover Srinu C is flat over A QQ.AM L aM Exam
is a quasi isomorphism for every MEMode

Note that Hi cc AM Hi Xxpt L M

Hine L aM is shorthand for L p Mn
Note CPCU f M F AM Uio ipA o oc clip

Oeioc cip F Vio rip AM

CPCUF AM



From HW 3 we can truncate Lo to get
a quasi isomorphism

0 s Ko s Ki K O

Lao da fo
co C do so

with k a projatme A module Herne

Ki Li fer id and ko

Siree Ko is flat we have

Hild Hick MI Hice AM Hicxxpt h M
A

V MEModa


