
 

Jan 19 2021 Lecture 4

hit k be an algebraically dined field
Theorem Let A be an abelian variety one k Then
A is smooth over k

Proof Since k E and A is a variety A hers a
non singular cloud point at A hit NEA
Consider the map

tn a A A

y l N a y
This is an inounphins of varieties and hence

A a s GA n It follows that Gage is a regular
local ring I

Fix an abelian variety A for the rest ofthis lecture
Recall

Pic A in classes of line bdles on A
L E PneCA is said to be homogenous if tn L L

for all NEA where t.se A A is the translation

map al s nta

JIA air clauses ofhoning line belles on A7
Denoted PicoCA in most books on abelian varieties



Sum any of where we are

1 hit I be a familyof line bundles on A parametinaed

by a b scheme T ie L is a line bundle on XxbT
Write Le fer Ll ez t a R rational point on T

Life is an informal array of devoting the family k
Suppore further T is converted If Leo CTCAS for
some to C TCH then Lt CJCA htt C c k

2 We showed last time that if LEJIA then
on Axp A we have

wit L I p
t L pit L

reametieAffoAnpTpaahonJ3
We showed that if b is an effective division on A
then ZD is base point free

Lemmon 1 hit X be a k scheme f g X A two
line

morphisms in Sidhe and L a homogeneousabundle
Then on AEA we have

ft g
t L f L g L

Prof
Consider the map Lf g X AxpA and

pull bark the relation with p L pz L to X



Lemma2 Suppore L is homogenous line bundle and
HoCA L 1 0 Then L is a trivial bundle ie Lt 6A
Proof Sirree Hola c to therefore L OCD for some
effective divisor D Wehave

Tx A A the identity map
Ix A A the map at S a

know

text C 1 3 L GEL C ID't L
ie OA e L C 2x L

6 Of 1 7 D
Sirree Ix A SA is an isomorphism therefore

C Ix D is efferline
Here D t C 2x D O

D O

Hume L O D A

Lemma3 Let L be a line bundle on A and
01L Ack 2 T.CA

the map al s tattle L t Then de is a homomophrin

of groups
Proof

Krone ta b L L t ta't L tf L
So ta b E e ta't L tf L L l

I Catb t deca CfCb a



The fixed subgroup of A associated to L
n is k CL herQL
Louisiana

definition
Consider the line bundle

NCL m'tL p
t t pz L

on A x A t ta't L L lnullgayxA

So ACL is a family on line bundles on A

parameterised by A On ofXA ACL GA
Krone

a EA NCD
gaya is trivial

is closed In other words kLL is cloud
We regard KCL as a finite type K scheme

by giving it its reduced structure
Note Kk is an abelian subvariety ofA

where Go is the converted component of the
identity for any group scheme G

Lemma4 Lef L be a line bundle on A Then Lt Kayo
is a homogeneous line bundle on KGO
Proof hit re KCL Then x C KCC and hame
ta't L L Note that



A try A
J J
K c KCC

tu

Herne ta'tDlKcc o t ta'tCtlKcc o
11
LIK L 0

11

Theorem If HoCA L 40 then LIKLL is trivial
Proof It is enoughto shoot that LtKayo is trivial why
ht 4 1440 Then Lly E J14 Let SEHo Ash be a non guo
sutton and D litre zero locus of s Then L OCD Suiee HoCAL 40

if 4 A then from what we proved earlier L is trivial and
and we are done Now assume 44A Then we can always
find a E A smh that D a Y i ie ta Y None we

have the easily verifiable
Fat K tattle K L ta C A easy

Suice Y d ta D it follows that tats is not everywhere

vanishing on Y Thus tasty is a non zero salion of tally
From the font above tally is a homogenous line bundle

on the abelian variety Y KCC From what we proved
earlier today it follows that tally is trivial This is

line for enemy at A suck that 44 D a burh elements

in A form a non empty open subut U in A since 7 A



This tally is trivial for a c U Now tally aeA
is a family of homogeneous bundles on4 parameterscut by

A curly is it a family
parametrused by A This

hours on A where membersof the family are trivial
on Y is a cloud set It follows from our observation

that a generic member is turiial that tally is trivial

for all a CA Taking a O we get Lly is trivial µ

Hint Consider p Pa L tyga


