
 

Jan 14 2021 Lecture3

For today's lecture we work over an alg cloud field k
A variety abelian naivety scheme ete will mean

objets over K

Theorem Lrt X and Y be completevarieties 2 a converted

scheme and I a line bundle on 11 4 2 smh that

I restricted to mix 4 2 xx yo XZ XxYx to is

trivial for some no EX yoCY goC 2 Then L is trivial
Proof hater in the conure

Proportion hit be a complete variety 2 an arbitrary
variety hit to be a line bundle on Xx2 smh that

Llx zz is trivial Age 2 Then I pit it for
some line bundle µ on 2
Proof Later 11

hit A be an abelian variety hit pi pe ps AXAXA A
be the three projections hit

mij AXAXA A and m A x A xA A

be the maps not a good
Mij pi cPj m p tPztp Ttfhifullyreservedfor

multiplicationmap



Let L be a line bundle on A Define
it m L MEL MEL my L PFL pz L B L
Clarin µ is trivial
Pt Enough to show M goy A A i MlaxfoyxA I MIAXA403

are trinal By symuty it is enough to cheek

that Ml oy a a is trivial
Let 2 503 A x A

m LIZ BYLIZ_Most L Iz
Mii L Iz pz LIZ
mis'tLl z pz LIZ

From this it is clear that MIZ is trivial
g e d

Remark Let Lo fibre of L over OGA There

is a canonical isomorphism
M n y Lo k OA.xAxA

H't Lo where Ti As Speck
is the structure

map
Proposition M is trivial on AxAxA

PT O



Corollary hit be a variety f g h maps from Xto
A Then

Htgth t L g L fth L Cgth L f L g L h I
Proof Pull bark rt using the map

f g h X AxAXA g e d

Notations and definitions hit Abee an abelian variety
For a EA define

ta A A

by n I s aan

A line bundle L on A is called homogenous if
ta't L e L t aEA

Clearly isomorphism clauses of homogenous line bundles
form a group under

Pic A isomorphism classes of line bundles on A
Pic A isomorphism clauses of line bundles on A

alg equivalent to the trivial lui ie

We will see ELT C Pico A ES F converted fruit
later in type scheme S and a line beetle

Inafffen Ies aTkT EEaa
same

and L1 Axes L
is

3CA isomophurin classes of homog bundles



henna For n y C A and a line bundle L on A

we have
tn gL L tri L by L

Proof

In the corollary take f n g y h IA

For Le Pic A define
d a ta't L Li f REA2

It is easy to see that tent I L is homogenous

Indeed
ta't tnt L ti tattie L ta't ti

taint L L I talk
ta't L ta'tL Lt KatLt
An L L g

fer all AEA This shows
hammer Cfc takes values in J with one

additive
notation
hereLerma

you de t du

Proof Left to you Easy x



Proportion Let L be a line bundle on Axs where
S is variety Tw SES write L s fer Llaying
Suppve L so C ICA for some so CS Then

Ls C TCA for all SES
Proof

Consider the line belle µ on Ax Axs givinby
M p tpz t L pit L pit Lt

We need the following lemma
Lemma hit L E JCA Let pi pz be the projections
AXA A and m AXA A the group
operation Then

m LE p t L pit L
Prof
consider m L p t path on AXA It is

trivial on A x Ea t AEA We are using
homogeneity here Mone punchy

toil L OAmi L p t t Pitt IAxfay ta L L

GA Suiee L
is homey

By an earlier lenna stated today
with p

t L p't t e p t M

for some line bundle Mon A

By symmetry m L pt t pit o xA
is also



trivial But this is the same as M
pi M

FAx A

aAA

Henie M is trivial Thus
m L pitt pit

is turned Home the henna

Let us return to the proof the Proph
we were considering
M mi 2 p.tk pit L

on AXA x S

From the henna since Lso is homogenous

is trivial On thetherefore MI AxAx sis
other hand it is obvious that M qoy A s
and MIA Coy are trivial
Hime M is Tuinal 11

Proportion Let D be an effective divisor on an

abelian varietyA Then ZD is base point free
re N D dD C 12131



Proof het L OCD We have

titty L E toil ty L
Set y n Get

L2 tail tie L
So ZD tab t t E D

here tf D setD

t E D ntD

Gim a point at A we can find a sink
that act tn D and t ED This proves the
henna K

Suppose L D where D is an effective

divisor We have home map 0101207 pOa
A f z DN ORD

smh that f OCD L2 ORD This is sujahie
swine 12131 is bare pt free twice 12131 is bp free


