
 

April 15,2021 Lecture26

Suppose S SpeeB drinkB a N dim as a k v S

then the map T B S S is an isomorphism
Reminder Tf is the wax'd subdhune of SxF smh

that M past p L is trivial
1
on Sx xA

In all this L is a l b on Sx A with L Ies a CPico A

where S is the unique cloud pk of S The mapit
is the composite

Ps c sit P s S
Remarks

1 It is not necessary to assume drink CD It is

enough to assume B is a k algebra which is an

anilin local ring To see this let k Blimp and
I an algebraic closure of K Make the bare

change k s E ie SpeeE s Speck

Then B pE is a semi local ring say
B pF III Bi where earh Bi local and

Bihm Bi E and drineBi CN
Replace A by A AxpSpree and work with this
Chuk Ps is the b e of Ts Then
we have the CD in fail a fibre square



t's s Ts 5 Spu B pITT I f I
F s s

Suire it is an isomorphisms from our earlier

results and Sini 5 SS is faithfully flat
indeed K E is faithfully the assertion follow

2 In general with S any k scheme not necessary
online local or finite type our argument shows
that the fibers of it Ts S are singletionpls
Indeed have a CartesianSquare far SES

ti Cfs Tss Ts
D

IT

Spu Gyms Es s s

The amore on the left is an isomorphism
heme ti Estes is a Singleton In particular since
it is proper f proper 0 cloudimmersion thempere

it must be a finitemap In particular it is affine
3 From the above it is enough to prove that if

SE S and se is the unique point in it Is then
s s s 0ps n is an isomorphism where

the arrow is induced by it By faithful flatness
of completion and shine On n is a f g module



over legs it is enough to shown n
Oss ts.n Oss

Oss

is an isomorphism For this it is engh to
shore that

OtsuOss
mg MsnOtsu

is an isomorphism t n 1 But we hone

already proven this swine Os.sfm is an anlin
local ring

Conclusion I Ps S S is always an isomorphrin
for every k selvreme S

Define to S A as

s Ti'sTse Siti
Ha

THA
A n I graphof10 1 cylinderovenIs

If
Therestrictionof M
to theglider
oven Is istrivial

Ah bydefnqty
I

a
graph ofd is

S Krs



hire Mfg is trivial this means

pzz P I a RF t lps A
Pulling this bark to Sx A xD we get

01 1 P E L

We have therefore proved the following

Thuman hit S be anyscheme and 2 a line bundle on SxA
smh that 4 goy is trivial and 4esz E PicoCA

for every SES Then there is a unique morphism
of S sA smh that LI CdxD't P

Corollary Wehave
Hi AXA P

0 if it g
k if I _g

Proof

From our earlier computations we know that

Rip P is supported at OEF and heme is
athenian Clano module This is fur all i
A

Meany A Lei is a homog
non trivial l b home

n
HiClan O ti

tanto A



So as usual make a bone change to Io Spu Cla o
Note Hi A x A P HOCA Rip P Rip P o

Let

FO 1 9 O
on Ao

be the Crottendierle complex the pull bad 8 Pn

to FoxA Let F Oh o
From our earlier ohunations

Hi F O ri c g
suis R is regular load of dining HiCF RipDo

are artinian modules With S Spark we see that
Ps is a single point and here if Q coke Ei Eu
then Q k fer D Ms whereSpeRtg Ts so
f Mp fer Tg single pt Thurifne using
oldnotations home our heart seq

g 9 g 9 Q Qok
where Q i Ei k

I Q is a fine resolution of K
Let u ng E Mp be minimal gunntus Srinu
R is a regular local ring the large complexkiln
m n ng is also a free resolution g kintheder eal

t
v v v GER
k g K Ko k o

Dualrse I Cut another Koszd complex



o Ko K KG O

This also resolves k but k sitting in degreegin thedried cat
K e ke op
Thus Ko is the aoltendrich complex
It follows that

H CA OA Hi lotsx A PIgoya
Hi K pt4mp

Now K r Hmp has coboundains whirls are

zero maps since the coboundaries of K ane

matrices with entries in Mp It follows that

Hick p Hmp ki pHmp

RA p Hm
So
drin Iti CA Oa Fi ti

Aho Ri p P o Hi ko 0 if i y
k f i g

Note we have also proved
Corollary2 drink HiCADa Ai oeieg



Remark Note HicAXA P e Ripz P a where
a c Z

Z E A is the set of pets at A s t Playa is Clan

Setting i o we see that
k t AP

aezHnA Clan

k Hot Ix A P E aez RGpz P a

It follows that 2 is a single point and
in fat a reduced point In other winds 2 of


