
 

April1,2021 Lecture 22

Let k be an alg closed field
Let G be a group scheme over k

L An action of G on a finite type scheme X over K
is a map

µ Gx X X
smh that
1 the composite X Speck xx e s X n X

is the identity map where e Spock G
is the identity point or simply the identity
of the group Glk

ii the diagram
mx1GxaxX 7 GxX

l x µ u
u

Axx 2 X
M

Commutes

Equinalenty haCS arts on h Cs for every
SE Belye and this atom is frutorial

Equinaluty For
s k s X

an S valued point of X Cie see h Cs
we have

Tn Xs Xs



smh that
his Tn 0 Ty Try for my C hqCs
Cii Sf f Sz SS is a map of k schemes

and N S S G is an S valued

point of G then
Xxs Tn Xx s

Ix f Ix f
v

Xxsz XxSz
Tng

where self nof Sz S G

2 Suppose we have a G atom on X say
µ Gx X S X

A map f X Y in chk is said to be
G invariant car simply invariant if the diagram

axx n s X

p f
v v

X s yf
commutes

P T O S



3 Let F ke a coherent sheaf on X A lift of µ
to F is an isomorphism

D pit F pity
on G GxX smh that on Gx Gx X the

diagram below commutes

PzPD d s 3 tfpz of

m xD d Ku Ca
LS

n F
where

no Cpa Pz M no mxr µo Kp

The following picture may help with your bookkeeping
d pz 7 µ 7

a d pzF µ yX c
µ
Ax X 7C

next
PsPs

axaxx

m7lxµ i
s

IX S X
or

d pz F rant



Theorem a Let G be a finite group scheme artery
on a scheme X all schemes are f t 1k smh that
the orbit of any point is contained in an

affine open subset of X Then there is a pair
Y T where 7 is a scheme and it X 24 is

a morphism satisfying the following conditions
d As a top sp CY ti is the quotient of
X for the atom of the underlying fruit
group

ii the morphism I X SY is G invariant
and if tix G G denotes the sulshraf
of it Ox of G invariant futons the
natural map dy s IT G G is an

isomorphism
The morphism I X SY is by determined up to
isomorphism by these conditions The morphism it is

finite and sujature Y will be denoted HG and
it the funtmal property Every G invariant map
f X s Z fants uniquely as

X T s y G 2
b Suppose further that the atom of G is free
and G SpeeCRI ne drinkR Then it is flat of
degree n ie I Cox is a locally free dy module of
rank u and the subsehane of Xxx defined by



the cloud immersion

u Pa Axx s G x X

is equal to the subschevre Xxyx C Xxx Finally
if F is a coherent Oy module it F has a naturally
defined G artois lifting µ and

F I s it F
is an equivalence of the category of Dy modules

resp locally free dy modules of finite rank and
the category of coherent Ox modules with Gantrum

lifting µ resp locally free Ox modules with Gr arlion

lifting m

Delon µ is said to be a fine atom of
G on X if the map

Gxx Xxx
µ Pz

is a cloud immersion



µand
s

IT

guy NGT

We have Xxyx s XxpX Sui ee G is a group
scheme the isomorphism axkx Xxyx identifies
Xxyx as the graph of an equivalence relations
on X In greater detail if R Xxyx then

for earh SE Belyk
RCS C X xxes XxpX s

is the graph of an equivalence relation on XCS


