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Last time het X be a completevariety Y SpaA
a scheme L a line bundle on XA Xy XxKY

So d
Lef O Fo F be ltre annul

Grothendieck complex Q Cohn F'T 5405
Krone that pz M 7 Homa Q M for any

A module M Let W ke the loins on whits L is
trivial ie y EY s t LI

Xy is trivial Fix a point y EW
Then shrinking Y around y if necessary Q

E Afg Let
in yl

Yi Spee Atg The locus on which the matte map
d pz pz 4 u LIxu

is an isomorphism contains the fibre pj y
Let 2 be the union of the support of ka d and
CohenCd Then 2 is closed in Xxky and

pity 92 4 Therefore pzG is closedsubset of Y
and does not contain y Therefore we can find an

open subschene Yc of 9 smh that 4 contains y and
4 4 PEM fer some M ein faut M Bel Shih

Y so that Yi is clued in 4
Since we are examining thesituation in a ubhd

of y we may assure M Oy
Clarin Suppore f 2 S Y is a morphismof R schemes
smh that F a line bundle k on Z and an isomorphism

p K e Lif t L on XxZ then f fatus as



Z y C Y
Proof of darrin WLOG can assume k Oz

Also can assume Z SpeeB We have a map
A B Z y and we want to prove it

fartms as A Ag SB

Q
Let FB F AB QB Q B It is clear that

Ffg is the Grothendieck complex for pz Xxp2 Z
Suire rodent is night exart Qpr cohn H AB Fou B

Herne for any B module N

HomBC AB N Ps Lz BN
Put 0 2 BN
P 0 2 N Cmoju ferula

Oz N
I N

In particular taking N B get
Hom BBB B E B cnn.eeQEAg

The left side is the sub module ofB consisting
of element be M S t J b O Therefore the RS.is also
killed by elements from J Thus 38 0 Herve
A s B wut falter as A Afg B

The discussion more or less proves the following
Proposition



Proposition Let be a completevariety Y any scheme
and L a line bundle on Xy XxY Then 7 clued
subsehane Y C Y having the following properties
Ca if 4 is the restriction of L to XxY there is a
l b M on L and an isomorphism pit MF 4 on

XxY
b if f 2 SY is any morphism s t T a line

bundle K on 2 and an isomorphism Hf L pi K
on Xx2 then f can be featured as 2 s 4 Ca Y
Proof Tf Y

t is another cloud subscheme with these

properties then 4 and YF are clued substances of
each other and have 47 7 So uniqueness is clear

Suppose 4 exists By the projection founla or

Kunneth if pz M t L then M T P 4 Thenfive

to shoe F M is equivalent to shouting Pz Li is

an invertible sheaf and the nat l may p pz 4 Li
is an isomorphism

In view of therestatements we are reduced to

proving that 3 an open corner Vi of Y s t the
proposition holds for Xxvi Vi and the vertudion

of L to Xxvi But we have proud exactly this

s P T O



Theorem Let X and Y be complete varieties 2 a

converted k scheme and L a line bundle on Xx4 2

where restrictions to Eko xYx2 XxEyo3x2 and xxyxf.to
are trivial for some no C X yoEY and Zo EZ Then
L is trivial

Proof Let 2 be the maximal cloud subrhene of 2
over whirls L is trivial Note z E Z and have 24 0
Wehave to shore 2 2 brine 2 is converted it is

enough to show that if a point belongs to 2 2 contains

an open neighbourhood opensubschune of2 of that point
Let us denote this point go

Set M Mezo the maximal ideal of Ozgo
Let I I where I is ideal sheafof Z30

Note I C M
We have to show that I _0

By Krull's Nu theorem
n m 0
orco

Suppore I 1 0 We know I C Me There exists
an integer n o smh that

Min I m DI
b Wtnh MI is a non zero

Mut l

k water spare Let Ii M e I We can

find Ja s t M't C 52 CJ smh that



drink L
to error

I Bet a k t
for some AE Ji Moreover T.at J I

Let To Me
Let Zi Churl sulsehane of 2 counting

of the single point go with shindire

sheaf Zito Ji

Z
r

C w
zig Zo C Z

c Z

22C

Let Lo Li Lz be the restrictions of L to 11 4 20XxYx2yXxYz
We have an errant sequence
o

multiplication Iya q
restriction

Oz so20
Therefore on the top Spare 4420 we have an

exent sequence of shearsmultbya retriiton LO s Lo 2 Lz 3 SO
we know 0 s

Xxy z d Li Therefore we have a

nowhere vanishing S N1 on Li It is easy
to see that Lz is tenvial if and only if s can



be lifted to a sations of Lz Sunk a ration S
is necessarily nowherevanishing

Therefore if we can shove that 5 E H cxxyxzo.to
is zero where 3 is the einage g s under
the commuting map Hockey Li H XxYZo
then Lz is trivial

Sine the restrictions of L to Xxhyo XZ

and m3xYx2 are trivial the redirection of L
to Xxfyo3X2 and EmtsX 4 2 are alwtimal
have the vertuctors ef s to Xx yo3x2 andGm3xYx2

can be lifted to llxxfyoyxzz.hr fm3xYx2z
This means that the mirageof 3 by the naps
H CXxY O y H X 0 1 and H XM Oxxy

H CYOy are few By the Kuwurth

fomin H Cxx4 Oxxy H X H 4 Oy
and heme 3 is zero

Thus Lz is trivial where 22C 2 a

contradiction K


