
 

thank25,2021 Lecture 20

Lit X be a complete k variety k om algebraically clued

field and let 4 be a k scheme Let L be a line

bundle on Xxpy Xy
Aim To shore that the tours on 4 on while L is

trivial ie free has a natural scheme structure Recall that
the tours we are taking about is YEY S t L x yz is
trivial We have already seen it is a clued subset ofY
to this lens certainly has the reduced structure however
as we shall see there is a more natural scheme

structure
To begin with we assure 7 SpaA where A is a

k algebra We can do this by shrinking Y arond a point

y CY s t Ll egg is free We have the Grothendieck

complex
80 J Jn lF O to Fl Fn 0

of finite genanted free A modules projetue A modules

smh that for any A module M

Hi XxY L AM Hi f AM
Recall also that if Q colour El to V then

for any A module M
Ho Xx4 L M Homa Q M

Morona this isomorphism is funtonal in M



We can say more Suppose B is an A algebra
Terror the Grothendieck complex with B Cover A Cut

FO a B F AB F B 0

Let Xp be the bare change X kSpuB XxySpuB

XB Xy SX
D f D t

SpeeB s Y Speak

Using standard font
Hi F aB Es AiAB LB

where Lps is the pull bank of L underXB Xy
In particular
T KB LB Ho Xp LB EdHoff AB HomaQ B

HourB AB B
Recall we had point y C Y smh that L eyy

is

trivial Let D key the residue field at y Theabone
observations shone that

TIX Ll cyy Homa Q Aha
where M is the maximal ideal componding to y
Note kly Aby Srinu Ll qyy is trivial so

Ho X Ll cyy
T Hoa Q k

Sui ee X is a complete variety In particular
Homa Q Alin to T X Ll Eyy is one dimnional

as a water spare one k



None

Homa Q Aby Homa9mg Atm

Hom
aimCalma Aha

So drink HomaIQ Aby drnip.cl nsq
Hume

drink Qing L
hit of E Q be smh that q mQhelloA Q
be the map at Sag This is well defined

brine A is a free A module thrown by Nakayama
Am 0msQin the localisationmap is synhie

Since A Alm S Q Afn_91mg is snjulut
Aim

Home in a neighbourhood of y is my alive
Shrinking 7 further around y we may assume

A Q is snigatino Let J herd Then is

an ideal in A and we can identify 9 with Ats
Let cloud

Y Spu Atg Y
Let Lt be the restriction of L to Y



Lf Xy LH
XxnYf XyXyY Xy Xxny Pli J X

P D p D

u u w
Y C Y S Speak

Sitting D Alg in our computations we have

Pz Li E Homa Q B

Homa B B since A Q is sujutno

B J knot D Ag

Aly
More precisely pz Li is the coherent sheaf arsonated
with the Afg module Atg

We have shown therefore that pz L is

a free rank one Oy module ie it is a line
bundle on Yi Cowden the natural hair morphine

pit p Li s Li

Recall pz pz are an adjoint pair Hane

Homan pf F G Honey F put
hit F p ly in the oboe The right side
then is Harry pz G pz g which has a

distinguished element namely theidentity Hime we
we get an element in the right side



We want to prove that the map
d pit p Li Li

is an isomorphism This need not be here

By Nakayama and the font that both are line
bundles this map is an inomorphrin at at
point PE Xxny if and only if thenidundwarp

PF pz Li helps s L kcp
is snjutine

If p E pi ly where y is our spinal point
then the abone is bine Indeed we simply note
that Homa Atg Atg HomAlAtg Alm

Il 11
Atg Atm

is singular Therefore d is an isomorphism on

all points of pj ly
hit 2 be the union of the support of

trend and Wku d Wehave seen that 2h pi Cy
Swire p is a propermap this means p k is

Chul in Yi and does not contain y C Y
Shrinking SpuA further we can find 7 SpuAtg
on which Li pull bankof Lhto 4 is of the
form pz M where this a line bundle on 4

Using the above discussion we can prove



Proportion Let be a completevariety Y any shame
and I a line bundle on Xxl Then there exists a

uno que cloud subchane Yi Y having ttu following
properties
Ca If L is the restriction of 2 to XxYi there
is a bone bundle Mi on 4 and an icomophism
pz M Li on XxY
b if fi 2 SY is any morphism huh that
I a line bundle K or Z and an isomorphism

pit K E l x f L on Xx2 then f faults
as 2 y Y


