
 
Jan 2021 Lecture 2

Corollaries to the rigidity lerma we are working over analogcloud field k

Cor 1 Suppne A and B are abelian varieties f A B
a morphism of varieties smh that fCea eps where

EA is the identity in A and e the identity on B
Then f is a group homomorphism

Remarks I Since we are working over an alg cloud field
we do not distinguish between X and WH where X is
is a k variety

2 Technically eaEXCH EBEY K

Proof Connider

b hi Nz fCrNz fCnn fCaa t ni n E Alk

Clearly h EA n epz A RE A k

Ll n EA EB t see A k

By the rigidity lerma his a constant in faut
helm no ers f KE ACK

The theorem follows

PTO



Cor2 i Alk is an abeliangeopp
Proof Let f A SA be the map ni sa and
apply Cor1

g e d

Corso Let A be an abelian variety Regard it as a variety
with a bare point e te identity Let S and T be complete
varieties with bare points so and to Then the
natural map

Horn GA x HomCT A 3 Hour SxpT A

g I 7 Cn y I fin 1gag
is a bijection

Remarks The Horn here is to denotemorphisms in the
cat of varieties with base pt We are using the
additive notation for groupoperations

Proof Suppore first gig f Cn gCy for some

f f E Hom CSAl g g E HomCT A and t Cny CSxT
Set a _so Get

gty g ly t yet
Similary set y to Get

fins f n t NES

have the given map is iiyette



Suppne ht HornCsxT A

Set f s Lcs to

git how t

Anni du
Kcs E his t fcs g t

Setting s so get
Kiso E e

setting t to get
KCs to e

Thus by the rigidity line k cette Idina h
is the cringe of Hsg g e d

Basie sheaf cohomology
Let x be a top spare f a sheaf on X and

o F E Jo I
an injerture resolution of F Cie T is an ing
realm of F

Hi 7 Hi T X J tie 0,1 3

Generalities Suppose is an abelian categorywith

enough injelines every objet is a snootyart of an

eyeafiffhin objet Suppose T A B is an additive

a funtor from A to another abelian category B



The night derived funhts of T are defined as

follows Let A Et Let I be an Ivy realm ofA
Set

Ri 1 CA Hi TCI i 30

An objet A E A is said to be T acyclic if
Ri T A 0 t 271 Note ROT T

Easy font If
Ao A AZ

is an exent of T angelic objects then
TCAN c Ai TAZ

is an exact sequence Hint Use the font
that if A B c o is exert with A Taiyule
then O TCAs TCB TCC O is exart

Font Let E be an A anphi resolution of an
objet A CA Let I be an icy realm of A
Let

cf E I

be the homotopy 1 map lifting theidentitymA
O A Eo E
Il t t t

0 A IO I



Then Tlp TCEo TCI is a quasi isomorphic
In particular

Hi Tie Hi T Et Rit A
is an isomorphism
Prof

Let Cg be the mapping cone of Q
cf E IT Since d is a quasi iso
c p is exact Now Cce consistsof T angelic

From the easy font 1cop is exart
Recall µ Int En So TCCg TCI c En

It is easy to sue 1 Cee Corey
brine Chae is exent TCU is a quasi ie

g e d

Cale complexes

hit U be an open corner of the top spare X
Have Eah complex

c CU t
for any sheaf f on X

For an open set UEX let U n U denote

the open corner of A obtained by intersecting the
members of U with U

Have an assignment
ul s c Luau Flu

This assignment gives us a sheaf of complexes



complex of sheaves e CU F
TCU 7 is called the sheaf Eats complex

Note ee cu t t C Uff

Font The nat'd map F
E GOUtf gives a resolve

F Es LoCU F s b Uff
See Hart pp 220 221 Chaput henna4 2

Hence we have a homotopy quasi iso
E CU F E

where E is an injahie resolution of F
Herne have maps one for each 270

Hi PC x eecu t Hi TN E
11 Il
iI CU F Hi F

The result therefore is

F maps one for earlier
i Ii cuffs Hi F

Schemes Let X be a separated scheme U a corner ofX

consisting of affine opensubschenes ofX and F a

quasi coherent sheaf Then the maps i are

isomorphisms for all i



Kennethformula Suppore X and Y are finite type
K schemes P XxpY s X Pa Xxpy Y the

wigetous then
H CXxp4 F DXg a

Hick7 HIMG

Here F and G are quasicoherent on X andY resp
and I G pit q PEG


